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DYNAMICAL BEHAVIOR OF RANDOM FRACTIONAL 
INTEGRO-DIFFERENTIAL EQUATION VIA HILFER 

FRACTIONAL DERIVATIVE
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This article deals with the study of the random Hilfer fractional
integro-differential equation with integral boundary condition. Using Banach
and Schauder’s fixed point theorems we show that for the aforesaid model the
solution exists, is unique and is at least one. Also, Pachpatte’s inequality
is used in order to provide Hyers–Ulam and Hyers–Ulam–Rassias stability
results for the mentioned equation. Finally, an example is provided to verify
our results.

Keywords: Random fractional, Integro-differential equation, Existence the-
ory, Hilfer fractional derivative, Hyers–Ulam Stability, Banacah fixed point
theorem

MSC2020: 34B10; 34A12; 26A33; 45M10.

1. Introduction

Fractional derivatives (FD) are the generalized forms of integer order
derivatives. The idea about FD was introduced at the end of sixteenth cen-
tury (1695), when Leibniz used the notation dn

dxn
for nth order derivative. By

writing a letter to him, L’Hospital asked what we can say about n = 1
2
? Leib-

niz answered in such words, “An apparent Paradox, a day will come to get
benefits of this notion” and this question becomes the foundation of fractional
calculus (FC). In that time many mathematicians like Fourier and Laplace
contributed to the development of FC. After that when Riemann and Liou-
ville introduced Riemann-Liouville (R− L) derivative which is a fundamental
concept in FC, then FC became an important area for researchers. In 1891 it
was introduced Hadamard FDs and in 1997 Caputo presented a new FDs. FD
is a global operator, which is used as a tool for modelling different processes
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and physical phenomena like mathematical biology [19], electro-chemistry [11],
control theory [18], dynamical process [15], image and signal processing [14]
etc. For more applications of fractional differential equations (FDE)s, we refer
the reader to [1, 2, 6, 9, 13, 21, 22, 23, 24, 25, 26].

Recently, considerable attention has been given to the existence of so-
lutions of initial and boundary value problems for FDEs with different FDs.
Several mathematicians have been working on different random fractional dif-
ferential equations (RFDE)s with different random effects. In [4], El- Sayed
et al. introduced the existing theory and stability for the RFDE using Ca-
puto FD with non-local boundary condition. Vu et al. in [17] for the RFDE
with impulses proved existence and uniqueness (EU) of the solution by using
Banach and Schauder fixed point theorem. In [5] Harikrishnan et al. investi-
gated stability and dynamical behavior of RFDEs involving Ψ- Hilfer FD. For
the class of implicit RFDEs with non-local and impulsive conditions involving
Hilfer FD Jarad et al. in [7] studied EU of the solution and stability. Dong et
al. [3] showed the EU and Ulam stability for the following random fractional
integro-differential equation (RFIDE) by using mean square sense Caputo FD

Dα
0X(t) = F(t,X(t)) +

∫ t

0

G(t, r,X(r))dr, t, r ∈ J.

From the literature, it has been observed that in most of the time to
prove the exact solution of nonlinear differential equations is a tough job. To
overcome this difficulty different approximation techniques were introduced.
The difference between exact and approximate solutions is nowadays dealing
with the help of Ulam–Hyers (UH) stability, which was first initiated in 1940
by Ulam [16] and then extended by Hyers in the next year, in the context
of Banach spaces. Many researchers investigated both UH and Ulam–Hyers–
Rassias (UHR) stabilities for different problems with different approaches (see
[10, 20, 27, 28, 29, 30].)

Based on the motivation stated in the works of Dong et al. [3] in this
paper we study the existence and uniqueness of the solution for RFIDE via
Hilfer FD, using Banach and Schauder fixed point technique. UHR stability
and UH stability for RFIDE are also proved.

The rest of manuscript is organized as follows. Section 2 contains some
weighted and non weighted spaces, important definitions. In Section 3 by using
Banach fixed point theorems we derive the existence of at least one solution
of RFIDE (1), which is unique. In Section 4, using Pachpatte’s inequality we
study UH and UHR stability of RFIDE (1). Finally, in Section 5 we provide
an example to verify our results.

2. Notation and auxiliary results

Here, we define some spaces, definitions, which will be used throughout
this paper. These definitions and results are taken from [8, 12].
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Assume that (Ω,F,P) is a probabilistic space. Let η(u, ω) := {η(u), u ∈
J = [0, T ] and ω ∈ Ω}, T > 0 be a second-order stochastic process, i.e.,
E
(
η2(u)

)
< ∞ and L2(Ω) represents the Banach space of random variables

η : Ω → R. Consider the following model:

D
p,q
0+η(u) = F(u, η(u)) +

∫ u

0

G(u, r, η(r))dr, u, r ∈ J

I1−υη(u, ω)
∣∣
u=0

= µ, (1)

where D
p,q
0+ is Hilfer FD of order p ∈ (0, 1) and type q ∈ [0, 1], I1−υ is the

R− L fractional integral of order 1 − υ where υ = p + q − pq. In addition,
µ : J → L2(Ω) is the random variable with E(µ2) < ∞. Let F,G be two m.s.
continuous functions such that F : J × L2(Ω) → L2(Ω) and G : J × L2(Ω) →
L2(Ω), where J = {(u, r) ∈ J× J such that r ≤ u}.

Let C(J, L2(Ω)) be the Banach space of all continuous functions from
J× Ω into R with norm

||η||C = maxu∈J||η(u)||2, where ||η(u)||2 =
(
E(η2(u))

) 1
2 .

Definition 2.1. [8] The stochastic m.s. fractional integral of order p > 0 is
defined as

Ipη(s) =
1

Γ(p)

∫ s

0

(t− s)p−1η(s)ds.

Definition 2.2. [8] Let p ∈ (0, 1), q ∈ [0, 1] and ω ∈ Ω. The Hilfer fractional
derivative of order p and type q is defined as;(

D
p,q
0 η

)
(s) =

(
I
q(1−p)
0

d

dt
I
(1−p)(1−q)
0 η

)
(s)

Properties : Let p ∈ (0, 1), q ∈ [0, 1] and υ = p+ q − pq.
(1) The operator

(
D
p,q
0 η

)
(s) can be written as;(

D
p,q
0 η

)
(s) =

(
I
q(1−p)
0

d

dt
I
(1−υ)
0 η

)
(s) =

(
I
q(1−p)
0 Dυ

0η
)
(s). (2)

(2) The generalization of (2) for q = 0, coincides with the R − L derivative
D
p,0
0 = D

p
0and q = 1 with Caputo fractional derivative D

p,1
0 =c D

p
0.

(3) If
(
Dq(1−p)η

)
exists, then(

D
p,q
0 I

p
0η
)
(s) =

(
I
q(1−p)
0 D

q(1−p)
0 η

)
(s).

(4) If
(
Dυη

)
exists, then(
I
p
0D

p,q
0 η

)
(s) =

(
Iυ0D

υ
0η
)
(s) = η(s)− I1−υ(0+)

Γ(υ)
sυ−1;
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3. Main results

In this section, the existence of the solutions to Eq. (1) is presented. In
the sequel, we need the following hypotheses:
(H1) There exist positive constants A and B, such that∣∣∣∣F(u, η)− F(u, θ)

∣∣∣∣
2
≤ A

∣∣∣∣η − θ
∣∣∣∣
2

and ∣∣∣∣G(u, r, η)−G(u, r, θ)
∣∣∣∣
2
≤ B

∣∣∣∣η − θ
∣∣∣∣
2

(H2) There exist positive constant D such that

max{||F(u, 0)||2, ||G(u, r, 0)||2} ≤ D.

(H3) For functions F and G, we have that

||F(u, η)||2 ≤ sup{f(u)ϕ1(||η||C)}

and

||G(u, s, η)||2 ≤ sup{g(u, s)ϕ2(||η||C)},

where f, g, ϕ1 and ϕ2 lies in CC(J, L2(Ω)) are non-decreasing on J.

Lemma 3.1. A function η(u) is the solution of (1), if and only if η(u) satisfied
the random integral equation

η(u) =
µ

Γ(υ)
uυ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1F(s, η(s))ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, η(r))drds. (3)

Theorem 3.1. Assume that hypothesis (H1) and (H2) are satisfied. If

A ≤ Γ(1 + p)

6T p
and B ≤ (p+ 1)Γ(p)

6T p+1
, (4)

then (1) has a unique solution.

Proof. We divide the proof of this theorem in two steps.
Step:1 Define the operator Q : C(J, L2(Ω)) → C(J, L2(Ω)). Hence, η(u) is the
solution of (1), where the equivalent integral equation (3) can be written in
the operator form

(Qη)(u) =
µ

Γ(υ)
uυ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1F(s, η(s))ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, η(r))drds. (5)
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Set Bα =
{
η ∈ L2(Ω) : ||η||C ≤ α

}
. Now, we will prove that QBα ⊂ Bα, for

any η ∈ C(J, L2(Ω)). We have that

||(Qη)(u)||2 ≤
∣∣∣∣ µ

Γ(υ)
uυ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1F(s, η(s))ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, η(r))drds
∣∣∣∣
2

≤
∣∣∣∣µ∣∣∣∣

2

Γ(υ)
uυ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1
(∣∣∣∣F(s, η(s))− F(s, 0)

∣∣∣∣
2
+
∣∣∣∣F(s, 0)∣∣∣∣

2

)
ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

∣∣∣∣G(s, r, η(r))−G(s, r, 0)
∣∣∣∣
2
+ ||G(s, r, 0)

∣∣∣∣
2
drds

≤||µ||2
Γ(υ)

uυ−1 +
1

Γ(p)

∫ u

0

(u− s)p−1(A||η||2) + ||F(s, 0)||2ds

+
1

Γ(p)

∫ u

0

(u− s)p−1
(∫ s

0

(B||η||2) + ||G(s, r, 0)||2dr
)
ds

≤||µ||2
Γ(υ)

uυ−1 +
1

Γ(p)

∫ u

0

(u− s)p−1(A||η||2 +D)ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

(B||η||2 +D)drds

≤||µ||2
Γ(υ)

uυ−1 +
(Aα +D)up

(1 + p)Γ(p)
+

(Bα +D)up+1

(1 + p)Γ(p)
.

From the estimation, we have

||(Qη)(u)||2 ≤
||µ||C
Γ(υ)

uυ−1 +
(Aα +D)T p

(1 + p)Γ(p)
+

(Bα +D)T p+1

(1 + p)Γ(p)
= α, ∀u ∈ J.

This proves that Q transform the ballBα = {η ∈ C(J, L2(Ω)) : ||η||C(J, L2(Ω)) ≤
α} into itself, that is Q(Bα) ⊂ Bα.
Step:2 In this step, we are going to show that Q is contractive. For any
η, θ ∈ Bα, we get

||(Qη)(u)− (Qθ)(u)||2 =

=
∣∣∣∣ 1

Γ(p)

∫ u

0

(u− s)p−1F(s, η(s))ds+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, η(r))drds

− 1

Γ(p)

∫ u

0

(u− s)p−1F(s, θ(s))ds− 1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, θ(r))drds
∣∣∣∣
2

≤ 1

Γ(p)

∫ u

0

(u− s)p−1
∣∣∣∣F(s, η(s))− F(s, θ(s))

∣∣∣∣
2
ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

∣∣∣∣G(s, r, η(r))−G(s, r, θ(r))
∣∣∣∣
2
drds
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≤ Aup

Γ(1 + p)
||η − θ||C +

B

Γ(p)

(up+1

p
− up+1

p+ 1

)
||η − θ||C

≤
( AT p

Γ(1 + p)
+

BT p+1

(p+ 1)Γ(p)

)
||η − θ||C.

Therefore, by assumption (4), we imply that AT p

Γ(1+p)
+ BT p+1

(p+1)Γ(p)
< 1. Therefore,

we deduced that Q is a contraction. Finally, applying Banach contraction
theorem we deduce that there exists a unique solution of the problem (1). The
proof is completed. □

Theorem 3.2. Assume that the hypothesis from (H1), (H2) and (H3) are sa-
tisfied. Then the problem (1) has at least one solution.

Proof. By hypothesis (H3), the functions F and G are continuous. So, we can
find constants L1 and L2, such that

||F(u, η)||2 ≤ sup{f(u)ϕ1(||η||C)} := L1

and

||G(u, s, η)||2 ≤ sup{g(u, s)ϕ2(||η||C)} := L2.

Consider the operator, P : Bβ → Bβ given by

(Pη)(u) =
µ

Γ(υ)
uυ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1
(
F(s, η(s))ds+

∫ s

0

G(s, r, η(r))dr
)
ds,

where

Bβ := {η ∈ C(J, L2(Ω)) : ||η − µ||2 ≤ β},

such that β ≥ L1up

Γ(1+p)
+ L2up+1

(1+p)Γ(p)
.

Firstly, we see that the operator P maps into itself. For this we take any
u ∈ [0, T ] and η ∈ Bβ, we get

||(Pη)(u)||2 ≤
||µ||2
Γ(υ)

uυ−1 +
1

Γ(p)

∫ u

0

(u− s)p−1||F(s, η(s))||2ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

||G(s, r, η(r))||2drds

≤||µ||2
Γ(υ)

uυ−1 +
L1u

p

Γ(1 + p)
+

L2u
p+1

(1 + p)Γ(p)

≤||µ||2 +
L1u

p

Γ(1 + p)
+

L2u
p+1

(1 + p)Γ(p)
.

Thus, we have

||(Pη)(u)− µ||2 ≤
L1u

p

Γ(1 + p)
+

L2u
p+1

(1 + p)Γ(p)
≤ β.

That is, P(Bβ) is uniformly bounded. This proves that P(Bβ) ⊂ Bβ.
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Now, we shall show that the operator P satisfies all the conditions of 
Schauder’s theorem. The following are the steps of Schauder’s theorem.
Step 1: P is continuous.
Let ηn be a sequence such that ηn → η in Bβ .

||((Pηn)(u)− (Pη)(u))||2 ≤
1

Γ(p)

∫ u

0

(u− s)p−1||F(s, ηn(s))− F(s, η(s))||2ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

||G(s, r, ηn(r))−G(s, r, η(r))||2drds.

Since, F,G are continuous functions, by the the Lebesgue dominated conver-
gence theorem, we get

∥(Pηn)(u)− (Pη)(u)∥ → 0 as n→ ∞.

Hence, P is continuous in Bβ.
Step 2: P(Bβ) is uniformly bounded. This is clear since P(Bβ) ⊂ Bβ is
bounded.
Step 3: For any u1, u2 ∈ [0, T ] u1 < u2, we have

||(Pη)(u2)− (Pη)(u1)||2 =∣∣∣∣ 1

Γ(p)

∫ u2

0

(u− s)p−1
(
F(s, η(s))ds+

∫ s

0

G(s, r, η(r))dr
)
ds

−
( 1

Γ(p)

∫ u1

0

(u− s)p−1F(s, η(s))ds+
1

Γ(p)

∫ u1

0

(u− s)p−1∫ s

0

G(s, r, η(r))drds
)∣∣∣∣

2
≤ L1(u2

p − u1
p)

Γ(1 + p)
+
L2(u2

p+1 − u1
p+1)

(1 + p)Γ(p)
(6)

As u2 → u1, the right hand side of of Eq (6) tends to zero, i.e.,

||(Pη)(u2)− (Pη)(u1)|| → 0.

This means that (Pη)(u) is equi-continuous on [0, U ] and completely continu-
ous. So, by Schauder’s theorem together with the steps 1−3 we obtain that the
operator P has at least one fixed point in Bβ. This completes the proof. □

4. Ulam- Hyers stability

In this section of the manuscript, we will present the stability results for
the problem (1);

Definition 4.1. A system is UH stable, if there exists a real number C1 such
that for each ϵ and for each solution η ∈ C(J, L2(Ω)) of the following inequality

||Dp,q
0 η(u)− F(u, η(u))−

∫ u

0

G(u, r, η(r))dr||2 ≤ ϵ, (7)

there exists a solution θ ∈ C(J, L2(Ω)), with ||η − θ||2 ≤ C1ϵ.
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Definition 4.2. The problem (1) is UHR stable, if there exists a real number
C2 such that for each ϵ and for each solution η ∈ C(J, L2(Ω)) of the following
inequality

||Dp,q
0 η(u)− F(u, η(u))−

∫ u

0

G(u, r, η(r))dr||2 ≤ ϵψ(u), (8)

there exists a solution θ ∈ C(J, L2(Ω)), with ||η − θ||2 ≤ C2ϵψ(u).

Theorem 4.1. Under the hypotheses (H1), (H2) and (H3) we have that RFIDE
(1) is UH stable

Proof. Let η(u) be a solution of the inequality

||Dp,q
0 η(u)− F(u, η(u))−

∫ u

0

G(u, r, η(r))dr||2 ≤ ϵ. (9)

Let θ(u) be the solution of the following equation

D
p,q
0 θ(u) = F(u, θ(u)) +

∫ u

0

G(u, r, θ(r))dr (10)

and

I1−υ0 η(u)
∣∣
u=0

= µ and I1−υ0 θ(u)
∣∣
u=0

= λ.

Using Lemma 3.1 we obtain

θ(u) =
µ

Γ(υ)
(u)υ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1F(s, θ(s))ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, θ(r))drds.

By integration of (10), we have∣∣∣∣∣∣Ip0Dp,q
0 η(u)− I

p
0

(
F(u, η(u)) +

∫ s

0

G(s, r, η(r))dr
)∣∣∣∣∣∣

2
≤ I

p
0ϵ =

ϵup

Γ(1 + p)
.

On the other hand we obtain

||η(u)− θ(u)||2

≤
∣∣∣∣∣∣η(u)− µu1−υ

Γ(υ)
− 1

Γ(p)

∫ p

0

(u− s)p−1
(
F(u, θ(u)) +

∫ s

0

G(s, r, θ(r))dr
)
du

∣∣∣∣∣∣
2

≤
∣∣∣∣∣∣η(u)− µu1−υ

Γ(υ)
− 1

Γ(p)

∫ u

0

(u− s)p−1
(
F(u, η(u)) +

∫ s

0

G(u, r, η(r))dr
)∣∣∣∣∣∣

2

+
∣∣∣∣∣∣µu1−υ

Γ(υ)
+

1

Γ(p)

∫ u

0

(u− s)p−1
(
F(u, η(u)) +

∫ s

0

G(u, r, η(r))dr
)∣∣∣∣∣∣

2

− µu1−υ

Γ(υ)
− 1

Γ(p)

∫ u

0

(u− s)p−1
(
F(u, θ(u)) +

∫ s

0

G(u, r, θ(r))dr
)∣∣∣∣∣∣

2
,
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which implies that

||η(u)− θ(u)||2 ≤
ϵup

Γ(1 + p)
+

A

Γ(p)

∫ u

0

(u− s)p−1||η(u)− θ(u)||ds

+

∫ u

0

(u− s)p−1 A

Γ(p)

∫ u

0

B

A
||η(r)− θ(r)||drdu. (11)

Now, using Pachpatte’s inequality (see [12]), we get

||η(u)− θ(u)||

≤ ϵup

Γ(1 + p)

[
1 +

∫ u

0

A

Γ(p)
(u− s)p−1

(∫ u

o

( A

Γ(p)
(u− s)p−1 +

B

A

)
ds
)
du

]
≤ up

Γ(1 + p)

[
1 +

Aup

Γ2(p)

( Aup

Γ(1 + p)
+

Bu

A

)]
ϵ

≤ C1ϵ,

This provides that

C1 =
up

Γ(1 + p)

[
1 +

Aup

Γ2(p)

( Aup

Γ(1 + p)
+

Bu

A

)]
.

Finally, this implies that

||η(u)− θ(u)|| ≤ C1ϵ.

Thus, we may conclude that (1) is UH stable. □

Theorem 4.2. Under the hypotheses (H1), (H2) and (H3) there exists a con-
stant σψ > 0 such that∫ u

0

(u− s)p−1ψ(u)

Γ(p)
du ≤ σψψ(u),

where ψ is non decreasing. Then (1) is UHR stable.

Proof. Let η(u) be a solution for

||Dp,q
0 η(u)− F(u, η(u))−

∫ u

0

G(u, r, η(r))dr||2 ≤ ϵψ(u). (12)

Let θ(u) be a unique solution of the equation

D
p,q
0 θ(u) = F(u, θ(u)) +

∫ u

0

G(u, r, θ(r))dr. (13)

and

I1−υ0 η(u)
∣∣
u=0

= µ and I1−υ0 θ(u)
∣∣
u=0

= λ
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So, by using Lemma 3.1, we obtain

θ(u) =
µ

Γ(υ)
(u)υ−1 +

1

Γ(p)

∫ u

0

(u− s)p−1F(s, θ(s))ds

+
1

Γ(p)

∫ u

0

(u− s)p−1

∫ s

0

G(s, r, θ(r))drds.

By integration of (9), we have∣∣∣∣∣∣Ip0Dp,q
0 η(u)− I

p
0

(
F(u, η(u)) +

∫ u

0

G(u, r, η(r))dr
)∣∣∣∣∣∣ ≤ I

p
0ϵψ(u)

≤ ϵ

∫ u

0

(u− s)p−1ψ(u)

Γ(p)
du ≤ ϵσψψ(u)

Following the same procedure used in Theorem 4.1, we have

||η(u)− θ(u)|| ≤ϵσψψ(u) +
A

Γ(p)

∫ u

0

(u− s)p−1||η(u, ω)− θ(u, ω)||ds

+

∫ u

0

(u− s)p−1 A

Γ(p)

∫ u

0

B

A
||η(r)− θ(r)||drdu.

Now, using Pachpatte’s inequality (see [12]), we obtain

||η(u)− θ(u)|| ≤ϵσψψ(u)
[
1 +

Aup

Γ2(p)

( Aup

Γ(1 + p)
+

Bu

A

)]
ϵ

≤σψ
[
1 +

Aup

Γ2(p)

( Aup

Γ(1 + p)
+

Bu

A

)]
ϵψ(u)

≤C2ϵψ(u),

where,

C2 = σψ

[
1 +

Aup

Γ2(p)

( Aup

Γ(1 + p)
+

Bu

A

)]
.

Therefore, the equation (1) is UHR stable. □

5. Example

In this section, we provide an illustrative example to show the consistency
and validity of our results.

Example 5.1. In accordance with Equation (1), we design a RFIDE in the
following form

D
2
3
, 1
2

0+ η(s) =
tan(s4)ν4e−25−s

ν4 + sin(s) + 1
η(s) +

∫ s

0

esin(s)(1 + ν2)

1 + e25
η(r)dr,

I1−
7
6η(s, ω)

∣∣
s=0

= η(ω). (14)

From RFIDE (14), we see that p = 2
3
, q = 1

2
and υ = 7

6
. Also, for s ∈ [0, 1]

and η ∈ L2(Ω), we can easily find A = B = C1 = C2 = 1
e25

. From Theorem

3.1, we see that inequalities A ≤ Γ(5
3
) and B ≤ 5

3
Γ(2

3
) are satisfied. Hence
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(14) has a unique solution. Model (14) also satisfy the conditions of Theorem 
3.2, so (14) has at least one solution.

Conclusion

In this manuscript, we focus on the solution of RFIDE (1) and using
Banach contraction theorem we prove that it has a unique solution. With the
use of Schauder’s theorem we derived that at least one solution of (1) exists.
Next, Pachpatte’s inequality is used for the results of UH types stabilities of
the proposed model. We also verify our results through an example and proved
UH stability.
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