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THE MINIMAL ROTARY INERTIA MODIFIED MODEL
WITH ROTATION TIME CONSTRAINT FOR THE PITCH
CURVE WITH CONVEX CUSPS DEFECT FOR MULTI-LOBE
NON-CIRCULAR GEAR

Xin ZHANG! 2

Because the pitch curve with cuspidal points increase the manufacturing
complexity of multi-lobe non-circular gear, so in order to reduce the manufacturing
complexity of non-circular gear, a novel modified model of pitch curve with convex
cusps is established. The model is driven by rotation time constraint and considered
for minimal rotary inertia. Numerical example is implemented in MATLAB, and
simulation results demonstrate the validity of the proposed model for the pitch curve
design defect with convex cusps. Additionally, according to the analysis of modified
result, the modified accuracy is higher with the decrease of the given rotation time
constraint. Namely, the arbitrary modified accuracy requirement can be guaranteed
by choosing appropriate rotation time constraint.

Keywords: Non-circular gear, pitch curve, convex cusps, modified mathematical
model.

1. Introduction

Non-circular gears are used to transfer variable motion between two axes,
compared with cam and link mechanisms. They possess large advantages, such as
stable transmission, compact structure, high precision, excellent transmission
power and efficiency. A variety of relevant mechanisms with non-uniform
transmission characteristic have been developed in the last ten years. For example,
non-circular planetary gear mechanism for gear pumps and index device for
automation industry have been designed by Zheng, Hua and et al [1-2]. A pair of
gears comprised of the non-circular gear and its conjugated face gear with
orthogonal axes has been developed by Lin, Gong and Nie [3]. A new differential
composed of non-circular bevel gears for off-road vehicle has been investigated
by Jia, Gao and Suo [4]. In order to prevent the resonance oscillations, a new
design method of non-circular gear mechanisms has been presented by Karpov,
Nosko and et al [5]. A variable gear pump used the non-circular bevel gear, which
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possesses higher delivery and wider range of variation, has been developed by Lin,
Hou and Gong [6].

With the extensive application of non-circular gears in mechanical
products, non-circular gears with design defects may severely affect reliability and
safety of transmission system and even have potential dangerous problems, for
example, causing huge property losses and heavy casualties. Thus, it is imperative
to study modified theories and methods for design defects in non-circular gears,
which will be of great theoretical significance and practical value for non-circular
gears.

The shape of pitch curve determines the transmission performance of non-
circular gear. A constructing method of N-lode non-circular gear pitch curve by
using Bézier and B-spline nonparametric curve has been proposed by Quintero
Riaza, Foix and Nebot [7]. Identical multi-lobe non-circular gear pitch curves
have been obtained by Tong and Yang [8]. In order to extend the applications of
non-circular gears, a design method of pitch curve with epicycle constraint
constructed by plane regular multi-curve polygon for multi-lobe non-circular gear
has been proposed by Yao [9]. Recently, two novel design methods of the non-
circular gear pitch curve with minimal rotary inertia and steepest rotation
characteristics have been proposed by Zhang and Fan [10, 11].

Researchers at home and abroad have made some research in the modified
method of pitch curve design defect. For example, based on the design idea of Ref.
[11], the steepest rotation modified method of the pitch curve design defect with
discontinuity points can be proposed by Zhang and Fan [12]. Based on the
manufacturing principle of gear shaper and multi-lobe non-circular bevel gear, a
section pitch surface of the cutter can be used to replace the concave or convex
pitch surface of multi-lobe non-circular bevel gears [13].

We know that the transmission ratio function curve possesses cusps at
junctions between lobes of pitch curves with cusp points for multi-lobe non-
circular gears. Namely, there is a sudden change in the output angular acceleration
during the non-circular gears transmission [9, 14-15]. Therefore, in order to
improve the transmission stability of multi-lobe non-circular gears with convex
cusps pitch curves, the calculus of variations is used to establish a minimal rotary
inertia modified model of the pitch curve design defect with convex cusps for
multi-lobe non-circular gear with rotation time constraint in this paper. Numerical
example is shown to validate the feasibility and reasonability of the proposed
modified model.
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2. Minimal rotary inertia modified model with rotation time
constraint

As shown in Fig. 1, the fixed coordinate system /{o-xy) rigidly connected
with the rotation center o of the pitch curve 7(#) with convex cusps vi, v2, ..., Vv
for multi-lobe non-circular gear, and the polar angle 6 is measured
counterclockwise from the positive direction x-axis, then the polar equation for
the pitch curve r(6) with convex cusps and its constraint conditions can be
represented as [12]
r(6),0 €[0,2n/ N]
r@)=q : (1)
r(0)=r(0-2(k-N)n/N),0 e[2(k —1)n/ N,2kn/ N]
{rk (2kn/ N)=r,,,(2kn/ N)

’ ’ ! ! 2
r Qkn/ N)Y# 1, Qkn/ N), 1, 2kn/ N)> 0,1, (2kn/ N) <0 @

where N is the number of lobes of pitch curve #(6) for multi-lobe non-circular
gear, k=1,2,...,N and the following discussion relating to subscript £, if &=N, then
(k+1)=1.
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Fig. 1 Pitch curves with convex cusps and its modified model for multi-lobe non-circular gear
Referring to Fig. 1, we know that these convex cusps vi, v2, ..., vy have

certain period 2nt/N. In order to simplify the calculation, we just need to study the
modified model of convex cusp vi. Assuming the pitch curve rm1(6) can be used to
replace two tiny section pitch curves &y, and vb , a1 and b; are tangency points
that the modified pitch curve rmi(6) makes with pitch curves 71(6) and r2(6), their
corresponding polar angles are 6.1 and 61, respectively.

As shown in Fig. 2, assuming infinitesimal d7(6) is the rotation time of
non-circular gear through the arc length dS(6) on the modified pitch curve rmi(6)
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under the condition of input angular velocity @, then infinitesimal d7(6) and
rotation time constraint 7 can be, respectively, represented as

ar(6)=-SO Nt O+ 1O 4y o, i5(0)=r7 @)+ 1y (©)d0 3)

o, (0)  or,0)

bl bl : 0 - 9
T:.[H dT(G):.[H le ( )+rm] ( )dﬁ
w0 (0)

(4)

rmi(6)

Fig. 2 Solution of the minimum mean kinetic energy modified model with rotation time constraint

According to the kinematics principle, assuming the mass of the modified
pitch curve rmi1(0) is O, then the mass of an infinitesimal arc length dS on the
modified pitch curve rmi(6) is dQ (dQ=LdS), where L (L=0Q/S) is linear density,
then the rotary inertia dJ corresponding to the infinitesimal arc length dS can be
expressed as [10, 14]

ml

O, (O, (O) 1,7 (0)
W = a0 (%)
[\ @)+, ©)do

dJ=r 2(O)dQ=r

ml

2(O)LdS =

The integral to both sides of Eq. (5) at the same time, one obtains
o O’ (O1” (0) 11,7 (0) 40

6, [ 2 2 (6)
rml ml
[\ ©)+ 17 0)d0

From the Eq. (6), we know that the rotary inertia J under the constraint of
rotation time 7 is different for different modified pitch curve rmi(6), the minimum
Jmin Of rotary inertia J can be established according to the variational method with
integral constraint [16]

J =

S = min [ 0r,/ O 011 0) | 1ol O3 (0)
Sl YR O) 2 0)de @r,,(0)

Oy n
where Jmin is the minimal rotary inertia of non-circular gear through the modified

pitch curve rmi(6) under the rotation time constraint 7, x is an undetermined
Lagrange multiplier.

deé (7)
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Meanwhile, the following equation can also be represented as
0n.'(0) i I (0) _
V@ @[ @+ @60 or @)} 0) (®)
where fis an undetermined integral constant.
Assuming 7'mi1(0)=rmi1(f)tana, a€(-n/2, n/2), the following equations can
be represented as

3 fiseca - f,
R (0) =R g e () )
dr,,(0)= m{( )secatanada (10)
dr,,(0)= S ecatanada (11)

ml( )
where f1 and f> are undetermined parameters and they can be represented as

, =i- [} ri @+ i @e. 1, =ﬁ-j”"‘ Ll (0)+7,7(0)d0 (12)
According to Eq. (9)-Eq. (11), the second-derivative »"m1(#) and curvature

radius pj of minimum rotary inertia modified pitch curve rm1(60) with rotation time
constraint 7 can be represented as

70 = 1y Odsec’ a -1 -2 g o 2 7 (13)
_ra(@)sec’a nm
pj_%72seca’ae( 2’2) (14)
o 1

Integrating both sides of Eq. (11), we can obtain

20f, wal /2 arctan( \/ R PN C) )
Nofi-L\Neofi + 1, ofi =1 )
- fr—of
O(a)= tan(a / 2 ! 15
o fz—wflln an(a / 2) + frof " (wf) (15)
Nofi- D\ L+ of, tan(ar/2)— |2~ (£
fitof;
where f; is an undetermined integral constant.
Assuming
0(a,)=6,, («,) =6, (16)

where aa1 and ap1 are undetermined values of parameter a corresponding to polar
angles fa1 and Gy1, respectively.

Along with Eq. (4), Eq. (9) and Eq. (15), the minimal rotary inertia
modified model with rotation time constraint 7" for the pitch curve with convex
cusps and its constraint conditions can be represented as
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ey 2L,

20/, \/ Oh =2 rotan( \/ “’]f; ij;z tan(a / 2)) + ﬁ,(%)z >1

- o ot - o + . k- (17)
O(a)= tan(a / 2) + f?iwf‘.
of; fz—wfll Lrito) +f3,(%)2 <1
SCURE AL N N J.fz —ofi| T
L +of,

and
0¢€[6,.0,], acla,.a,], 0a,)=6,, 0(a,) =0,

(@) =1(6,), rm]'(aal) = rl,(aal)
T (@) = 13(6;)s rml’(abl):rz'(gbl) (18)

seca,, + tan o,

r= 2{2 -(6,, _9a1)+iln
30 f, 3w

secq,, +tanq,,

3. Parameter analysis of the minimal rotary inertia modified model
with rotation time constraint

According to Eq. (2), the first order derivatives r1'(6a1) and 72'(6y1) around
convex cusp vi should satisfy the following constraints:
1(0,)>0,1,(6,)<0 (19)
According to 7'm1(0)=rmi1(f)tana, a€(-n/2, n/2) and Eq. (18), the ranges of
undetermined parameters aa1 and ab1 can be represented as
a,€(0,n/2), o, €(-n/2,0) (20)
According to the meshing principle of non-circular gear, we know that the
value of modified pitch curve rmi(6) should be greater than zero, and the
parameter o is monotone decreasing at the range of [aa1, av1], therefore, Eq. (17)
should satisfy the following inequations
of
3wf, - f,cosa) max<0 (21)
Then, the ranges of undetermined parameters fi and f> can be solved
S>>0 Nf, <0
of, <0, of, <0 ors  wf,
of, - f,cosa,, of, - f,cosa, of, - f,
Referring to Fig. 1, it is only when the modified pitch curve rm1(6) is outer
convex, the convex point vi can be modified within a small margin of error, Eq.
(14) should satisfy the following inequation

(ofiseca-f,) >0and

0 (22)

[i—ZSeCa}M), Vaela,, ay] =

of,
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Then, the undetermined parameters fi and f» should also satisfy the
following constraint

h2 f

2
—>—=seca,,, —>—Ssecq,
a)f1 3 al a)fl bl (24)

Along with Eq. (22), therefore, the ranges of undetermined parameters aai,
ov1, f1 and f> can be represented as
n

n /;
€(0,9), a, e(-=,0), f <0, f, <0, 2= >seca,, ~=>secq,
( 2) bl (2 ), 11 <0, 1, of al of bl (25)

a

al

Along with Eq. (17), the minimal rotary inertia modified model with
rotation time constraint for the pitch curve with convex cusps of non-circular gear
can be represented as

(= fi-of;
o (6) o [ a0l (26)
O(a)= . In +f
3(wﬁ_fz) f2+a)f]. tan((l/2)— fz_a)fl
fi+of

According to Eq. (1), Eq. (18) and Eq. (26), the modified multi-lobe non-
circular pitch curve R(6) can be represented as

2
nwwewm—ﬁ“,el]

al

1 (0),0€[0,,6,]

RO)=y (27)
2eDm - -2 - k-1,
N N
25, g0 - 26t~ 0+ k-1
N N N

n(0)=r(0-

I (0)=r1,,(0- ]

4. Modified example of the minimal rotary inertia modified model
with rotation time constraint

Assuming the 3-lobe non-circular gear pitch curve rv(0) with convex cusps
satisfied the given transmission ratio iv(6) of Eq. (29) can be expressed as

rl(H)=4—x/§sin6’—cose, 0€l0, 2n/3]
r0)=1r(0)=1(0-2n/3), 8€[2n/3, 4n/3] (28)
r(0)=r(0-4n/3), O€[4n/3, 2n]
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4.7741-1(6)
i 0=1—"9_ pepaizaniy (29)

4.7741-1,(6)

5O etanszm
4.7741-1,(0)

Fig. 3 and Fig. 4 are transmission ratio iv(6) of Eq. (29) and 3-lobe non-
circular gear pitch curve rv(#) with convex cusps and its conjugated external
meshing non-circular gear pitch curve re(6.), respectively. The transmission ratio
curve of multi-lobe non-circular gears with convex cusps pitch curves is not
smooth, so there is a sudden change in the output angular velocity during the non-
circular gears transmission, as shown in Fig. 3. It is necessary to modify the pitch
curve with convex cusps for multi-lobe non-circular gear in order to improve
transmission stability.

T 26 2 21 22 41 42 43

6lrad

Fig. 3 Given transmission ratio i,(6) of Eq. (29)

yimm

xmm

(b)

Fig. 4 Non-circular gear pitch curve r,(#) with convex cusps and its conjugated external meshing
non-circular gear pitch curve r(6.)

According to the description of section 2 and section 3, the minimal rotary
inertia modified parameters with rotation time constraint for the pitch curve r(6)
with convex cusps are listed in Table 1, the center distance ar and the modified
transmission ratio function igy(#) of external meshing non-circular gears can be
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solved and they are listed in Table 2. For convenience, the units of parameters
listed in Table 1 and Table 2 are adopted by standard international unit (SIU).

Table 1
Minimal rotary inertia modified parameters with rotation time constraint
Constraint 7" and Undetermined parameters fi, f2, Minimal rotary inertia modified model for the
angular velocity @ J3, 6a1, 6v1, 01 and a1 pitch curve with convex cusps
=008 S =-18.1267, f, =—41.9562, f, =2n/3 rml(a)=i/—18.1267seca+41.9562
{m_l. 0, =2n/3-0.1430,6, = 2n/3+0.1430 . (@)= Oa)-—0.15971n tan(a / 2)+0.6298|  2n
a, =05172 e, =-0.5172 ’ tan(a /2)—0.6298| 3
= 0.09 f,=-18.8926, f, =-42.5779, f, =21/ 3 ;;“,(a)=%/—18.89265eca+42.5779
{a,:ll 6, =2m1/3-0.1500,8,, =21/ 3+0.1500 (@)= Oy~ — 016301 tan(ar /2)+0.6207|  2m
a, =05165 ,, =-0.5165 ’ tan(a /2)-0.6207| 3
{T—O | £, =-19.6490, £, = -43.1910, f, = 27/ 3 rm](a)=i/—l9.649OSeca+43.1910
B 0, =2n/3-0.1570,6, = 2n/3+0.1570 ., (0)= tan(ar /2)+0.6121] 2n
=1 6(a)=-0.17031 —
“ a,=05158 ., =-05158 (@) "lan(@/2)-06121]" 3
T £;=-20.3962, f, =-43.7960, f, = 2/ 3 1.1 (@)=3-20.3962seca + 43.7960
{a);l' 6, =2n/3-0.1640,6,, =2n/3+0.1640 1. (0)= Ba)=—0.17541n tan(cr/2) +0.6038| 2r
@, =05150 ,a,, =-0.5150 ’ tan(ar / 2)—0.6038| 3
012 £, =-21.1346, f, = —44.3930, f, = 2/ 3 1 (@)=(-21.1346sec o + 44.3930
{w; ’ 0, =2n/3-0.1710,6,, =2n/3+0.1710 r.(0)= 9(a)=—0.18051n tan(cr /2) +0.5958  2m
@, =0.5143 ¢, =-0.5143 ' tan(er /2)-0.5958| 3
Table 2
Solved center distance ax
Constraint 7 and T=0.08 T=0.09 {T =0.1 T=0.11 {T =0.12
angular velocity @ w=1 w=1 w=1 o= w=1
External meshing 9. =2 _ T_RO
. Ee — -
maximum polar 3% a-R()
angle G of one lobe 1(0) = 4—35in0 - cos0,0<[6, -0, ]
non-circular gear R(0)= N
pitch curve 1(0),0€[6,,6,]
Solved center
distance ag 4.7566 4.7550 4.7534 47516 4.7499
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Fig. 5 Changes of A8 and modified transmission ratio functions for the minimal rotary inertia
modified with different rotation time constraints
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Fig. 5(a)~(b) are the changes of AfA and modified transmission ratio
functions for the minimal rotary inertia modified with different rotation time
constraints of the pitch curve with convex cusps, respectively. Referring to Fig. 5,
we known that the Af is decreasing with gradual decrease of the rotation time
constraint 7 and the modified transmission ration function igv(6) is closer to the
original transmission ration function iv(6) of Eq. (29). It means that the modified
accuracy is higher with the decrease of the given rotation time constraint 7.
Therefore, the modified accuracy can be guaranteed by choosing appropriate
rotation tidme constraint 7 in practical engineering application.

4

3 i 71(6) 3t 1
= R(0), - Re (Fe)
2 ()] 2l ’ i
1 \ 1 \(\ }
o nd o (=(0) E 0 ) 1 o

4 / J A/ -
2 \ () 2 \ s g
5 Fa(@)™ Sl = |
44 3 2 -1 0 1 2 3 4 -4-4 -3 -2 A o 1 2 3 4 5 6 7 8

ximm x/mm
(®)

(a)
Fig. 6 Modified pitch curve R(#) and its conjugate external meshing non-circular gear pitch curve
Ree(Oke) of the minimal rotary inertia modified

In this paper, the rotation time constraint (7=0.08) is chosen as the
minimal rotary inertia modified example to illustrates the feasibility of the
minimal rotary inertia modified method. Fig. 6(a)~(b) are, respectively, the
modified pitch curve R(6) and its conjugate external meshing pitch curve Ree(Gke),
there corresponding modified parameters are listed in Table 1 and Table 2. And
the pitch curve equations R(6) and Rge(fke) are shown in Eq. (30) and Eq. (31),
respectively.

rl(e):4—ﬁsine—cose,ee[0.143o,%“—0.14301

1 (@)=-18.1267seca +41.9562

tan(ar/2) +0.6298
tan(er/2)-0.6298

n n 4n
(@) =r(0-—),0 e[—+0.1430,—-0.1430
2(0)=r( N) [3 3 ]

for= (30)
fmz(e)=';m(@—%),ae[?—o.1430,4?“+0.14301

rml(e):

02014302 1 0.1430]
8(a)=-0.15971n 3 3

‘+2n/3

r3(9):1](074?”),06[4%+0‘1430,2n70.0‘1430]

1‘“\3(0)=rm,(ﬂ—%n),@E[27:—0.0.1430,2n+0.0.1430]
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R, (6,.)=4.7566- R(0)

6, —0__g 31
47566 R(9)

5. Conclusions

The minimal rotary inertia modified model with rotation time constraint of
pitch curve design defect with convex cusps for multi-lobe non-circular gear is
proposed. A modified example is implemented in MATLAB, and its results
demonstrate the validity of the proposed modified method. Due to the modified
accuracy is higher with the decrease of the given rotation time constraint, so the
modified model driven by rotation time constraint is obviously superior to the
unconstrained modified model. Moreover, the modified accuracy can be
guaranteed by choosing appropriate rotation time constraint in practical
engineering application.

The appropriate rotation time constraint has two engineering applications:

1) Rotation time constraint can be used as an evaluation index of modified
accuracy of the minimal rotary inertia modified model for the pitch curve design
defect with convex cusps.

2) According to the different engineering applications of non-circular
gears transmission, the rotation time constraint can be arbitrarily selected in a
certain range under the condition of satisfying the modified accuracy.

Previous research on pitch curve design defect of non-circular gear focus
on design defects with discontinuity points [12] and concave cusps [14-15], and
these modified models are unconstrained driven modified model. However, the
pitch curve design defect with convex cusps can be effectively modified by the
proposed modified model with rotation time constraint in this paper, and the
modified accuracy can be guaranteed according to the rotation time constraint.
The modified models and theories of the design defects for the pitch curve with
non-differentiable points, including discontinuous points, concave cusps, and
convex cusps, are further improved.
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