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NEW INTEGRAL INEQUALITIES FOR RELATIVE
GEOMETRICALLY SEMI-CONVEX FUNCTIONS

Muhammad Aslam NOOR', Khalida Inayat NOOR?, Muhammad Uzair AWAN®"

In this paper, we introduce and study a new class of geometrically convex
functions which is called relative geometrically semi-convex functions. We derive
several new Hermite-Hadamard type inequalities for relative geometrically
semi-convex functions. It is shown that this class includes the class of relative
semi-convex functions as special case. Results proved in this paper may inspire future

research in this field.
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1. Introduction

Convexity plays a fundamental role in different fields of pure and applied
sciences. As a result the classical concepts of convex sets and convex functions
have been extended and generalized in several directions, (see [1, 2, 3, 8,9, 10, 11,
12, 13, 14, 16, 20, 21, 22]).

A significant generalization of the convex functions was the introduction of a new
class which is called relative convex functions by Youness [20]. It has been shown
[5, 10, 11, 12] that these relative convex functions plays an interesting role in theory
of variational inequalities and optimization theory. Noor [11] proved that the
minimum of a differentiable relative convex functions on the relative convex set
can be characterized by a class of variational inequalities, which is known as
general variational inequality. Another significant generalization of classical
convex functions was the introduction of relative semi-convex function by Chen
[1]. He has shown that the class of relative semi-convex functions is entirely
different from the class of relative convex functions. Noor et al. [13, 15] have
studied the class of relative semi-convex functions and derived many results for this
class. Noor et al. [14] introduced and studied the class of relative geometrically
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convex functions. It is shown that this class contains the class of geometrically
convex functions.
Let f:1cR —> R beaconvex function with a<b and a,bel. Then

f[a+bj£ 1 }f(x)dxs f(a)+ f(b)’
2 b-a< 2

which is called Hermite-Hadamard inequality. In recent years, much attention
has been given to derive the Hermite-Hadamard type inequalities for various types
of convex functions, (see [4, 6, 7, 8, 13, 14, 15, 16, 17, 18, 19, 21, 22]).

Inspired and motivated by the ongoing research in this field, we introduce and study
a new class of geometrically convex functions which is called relative
geometrically semi-convex functions. This is the main motivation of this paper. We
discuss several special cases, which can be obtained from relative geometrically
semi-convex functions. This class of nonconvex functions is quite general and
unifying one. The ideas and techniques of this paper may stimulate further research
in this area. We hope that interested readers may discover novel applications of the
relative geometrically semi-convex functions in other fields.

2. Preliminaries

In this section, we recall some known concepts and define the class of
relative geometrically (GG ) semi-convex functions and relative GA semi-convex
functions.

Definition 2.1 [14]. Let G < (0,0). Then G is said to be relative geometrically

convex set, if there exists an arbitrary function g:R" — R" such that

(9())'(@(y)'™ €G, Vg(x),9(y) €G.t[0,1].
Using AM —GM inequality, we have

(9O (9(y)™ <tg()+(1-1)g(y), Yg(x),9(y) €G.t[0,1].

Definition 2.2 [20]. A set M is said to be a relative convex ( g -convex) set, if
there exists an arbitrary function ¢:R" — R" such that,

g +(1-Hg(y)eM,, Vxy eR":g(x),9(y) e Mg, te[0,1]. (1)

Recently it has been shown in [5], that if M is a relative convex set then it is

possible that it may not be a classical convex set.

Definition 2.3. A function f:G— R (on subintervals of (0,%)) is said to be
relative geometrically semi-convex function (relative GG semi-convex function)
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if there exists an arbitrary function g:R" — R" such that,

F9(0) (gyN ™ ) <(FON'(F(y)"™, vg(x),9(y) € G,te[0,1]. 2)
From (2), it follows that

log f((9(x)"(g(y)"™") <tlog f (x)+(1-t)log F(y), Vg(x),9(y)eG,te[0,1].
Using AM —GM inequality, we have
F(9()) (g(yN™) < (F ()" (F ()™ <tf ) +(A-t) F(y).
This implies that every relative geometrically semi-convex function (that is
relative GG semi-convex function) is also relative GA semi-convex function,
but the converse is not true.

Definition 2.4. A function f:G— R (on subintervals of (0,00)) is said to be
relative GA semi-convex function if there exists an arbitrary function
g:R" > R" such that,
F(g)) (g(y) ) <tf () +(1-Df(y), vg(x),9(y)€g.te[0,1]. 3)
We note that if g(x)=e"*, then Definition 2.4 reduces to
f )<t (x)+(1-t)f(y), VX, yeR,te[0,1]. 4)

Definition 2.5 [1, 13]. A function f is said to be a relative semi-convex (semi ¢
-convex) function (that is relative AA semi-convex function) on a relative convex
(g -convex) set M, if there exists an arbitrary function g:R" — R" such that,

F(A-Dgx) +1g(y) < (1-Df () +tf (y),vg(x),9(y) e M.t €[0,1].  (5)

Definition 2.6. A function f:G— R (on subintervals of (0,%)) is said to be
relative geometrically quasi semi-convex function if there exists an arbitrary
function g:R" — R" such that

FgO' (g(y)™) <max{f(x), f(y)}, Vg(x),9(y) e My, te[0,1].(6)
From inequalities (2), (3) and (6), it follows that
F(9()) (g(yN™) < (F(x)) (f(yn™
<tF () +(1-1) f(y)
<max{f(x), f(y)}.
Essentially using the techniques of [8], one can easily show that the following

statements are equivalent:
I. f is relative geometrically semi-convex function on relative geometrically

convex set.
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IL f (a)log(g(b)) f (g(x))log(g(a)) f (b)log(g(X)) > f (a)log(g(x)) f (g(x))log(g(b)) f(b)log(g(a)) )
where g(x)=g(a)'g(b)'" and te[0,1].

We now recall the following definitions, see [7, 8].

Definition 2.7 [7, 8]. Forall a,beR and a#b, we have

I. Arithmetic Mean: A(a,b)= aTer.
I1. Geometric Mean: G(a,b)=+/ab.

I11. Extended Logarithmic Mean

1

p+1_ p+l
{b4i|p’ p?g_l’O’
(p+1)(b-a)
b-a
L.(a,b)= _— =-1,
» (8:0) logh—loga P

1
b \b-a
e e

Now we give an auxiliary result which plays key role in proving some of our main
results.

Lemma 2.1 [15]. Let f:l cR—>R be a differentiable function on 1° (the
interior of 1) and g:R — R be arbitrary function. If f'e £[g(a),g(b)] for
g(a)g(b)el with g(a)<g(b),then

g(b)
g(a)+g(b)]
S N dg(x)— f| 222
g(b)—g(a)g;[l) (9(x))dg(x) ( 5

=(9(b)- g(a)){ju(t) f'tg(a)+(1 —t)g(b))dt}

t’ {Oﬂljﬁ
2

where
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3. Main Results
Now we are in a position to derive our main results.

Theorem 3.1. Let f,w:[g(a),g(b)]—> (0,0) be relative geometrically
semi-convex functions, then

1 ‘”f” f(9(x))W(g(x)
ngb-lng@,,  gx

dg(x)

a

e w(a)+w(b)

< L (f(b)f(a))} e

B
< aM{L [L 1 (w(b),w(a))}lﬂ .
2 5D

Proof. Let f and W be relative geometrically semi-convex functions. Using
! 1
inequality xy <ax®+p8y”, a,pe[0,1],a+ =1, we have
! FERICIEOLTCTCS
Ing(b)-Ing(a) ;, 9(x)

f((g(@)'(g(b) " Hw((g(a)) (g (b)) ")t

INA
S~ O~ O —_—

{a( f((g@) (gb) ™) + Aw((g(a)' (g(b)"" )ﬂ}dt

IA

{a[(f(a)) (f (b)) t] + Bl(w(@) (w(b)) ™1 }

— a0y | (f("")] dt+ Aow(b))’ | [Wﬁgj

(1O | { f("")j du )’ | (%j v

_ (o) ~(f @ L g W)’ —(w(@)”
log f (b)—log f(a) logw(b)—logw(a)
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Lo O (@) | (e on (WD) — (W)

f(b)-f(a) w(b)—w(a) L(w(o), wi@))

a B
o -5
=a{L(1_l)(f(b),f<a)>} L<f<b>,f(a>)+ﬁ{L(l D(w(b),w(a»} L(w(b). w(a)

o

. £
< aM{L L (FO),f (a))}l_” +ﬂw[|- 1 (w(b),w(a))} '
2 (D 2 (5D
This completes the proof. o

Theorem 3.2. Let f,w:[g(a),g(b)]— (0,0) be increasing and relative

geometrically semi-convex functions, then,
| 9(b)

o) gt J, [ 0ECOLIME), W)

. ! g‘f)w[g(a)g(b)
ng®)-Ing@z, L 9

jdG(X)L[ f(a), f(b)]

1 9(b)

9@g()
TCETER (g(x))w( 9(x) jdg(x) +LIT @w(@), T (D)wb)].

Proof. Let f and W be relative geometrically convex functions. Then we have
f((g@)~(go)") <[ f @] [f O]
w((g(a))' (g(b)"™) < [w(@)] Tw(b)]".

Now, using (X, —X,, X; = X,) = 0,(X, X, X%;, X, € R) and X, <X, <X, <X,,wehave

f((g(a)"™ (g(d)"Hw(@T Tw(b)]™ +w((g(a) (g) I f (@1 [ f o)

< f((g(@)" (90N HMW((g(a) (g(0) )+ f (@)1 T (0)I [w@)] Tw(b)]™.

Integrating above inequalities with respectto t on [0,1], we have
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ff ((9(a)™" (90 w(@)] [w(b)] " dt + JW((Q (@) (9(b)) I f ()] f ()] dt

< [f (@)™ (g(b) w((g(@)' (gb))dt+ [[ (@)1 f (b)] [w(a)] [w(b)]dt,
which implies

[ ((g@)™ (g(o))")dt [Tw(@)I Tw(o)] ™ dt + [w((g(@))' (g(b))' )t [[ f ()] f (b)]'dt

< [f(g(@)"" (g(b) )w((g(@)' (g(0)dt+ [T f (@)]'[ f (o) [w(@)] Tw(b)] ™ dt.

This implies that
1 g(b)

o) -Ing(a), (J (009 ILLWa). WD)

. ! g‘*”w(g(mg(b)
ng®)-lng@),y, ( 900

]dQ(X)L[ f(a), f(b)]

L 9@g(b)
: Ing(b)-Ing(a) g;‘;)f (g(x))w[ g(x) dg(x)+ L[ f (a)w(a), f (b)w(b)].
This completes the proof. -

Theorem 3.3. Let f:1 cR—> R be a differentiable function on |° (the interior
of I ) and g:R—>R be arbitrary function. Let f'e L[g(a),g(b)] for
g(a),g(b)el with g(a)<g(b).If | f'| is decreasing and relative geometrically
semi-convex function, then

[ fae0)dg0- f

g(b)
PR [ S@LI < (g0 gran 110 [, )+ ¥, ]
9(a)

where
1

:;:2;§:=W, ‘Pl(w)=j)‘tw‘dt and lPz(w)=j:'(1—t)wtdt_

2
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Proof. Using Lemma 2.1 and the fact that | f'| is decreasing and relative
geometrically semi-convex function, we have

2 (g(a)+g(b)j
| f d —f| =
g(b)_g(a)g(ja) (9(x))dg(x) :

= ‘(g(b) - g(a)){jy(t) f'(tg(a)+(1-t)g(b))dt

1

<(g)-g@)| [ It]l F'((g@)'(gd)™) |dt+[|t-1)]| F'(g(@)(g(b)' ") dt

2

et

<(g(b)-g@)| f'(b)|

I
© —_ o | —

2

1

<(g(b)-g(@)| f'(b) | [tw'dt+ [(1-tywidt |.

2

This completes the proof. i

Theorem 3.4. Let f:1 cR— R be a differentiable function on 1° (the interior
of 1 ) and g:R—>R be arbitrary function. Let f’'e L[g(a),g(b)] for

g@),g(b)el with g(@)<g) . If |f'|" is decreasing and relative

geometrically semi-convex function for p,q> 1,l + l =1, then
p q

Loy (g(a)+g(b)j
— | f d -f| =
3@ g(ja) (9())dg(x) .

1 1

r 1 lp
<(gb)-g@)| f (b)l(ml (D@, (W))* +(D,(W))*],

where
1

! 2 .
@] v, o w)= [wdt and ®,(w)= [wdt.
0 1

| £'(D)]

2
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Proof. Using Lemma 2.1, Holder’s inequality and the fact that | f'|" is decreasing
and relative geometrically semi-convex function, we have

1 o) (g(a)+ g(b)j
— [ f dg(x) - f| 2=
3@ QL (9(x))dg(x) :

= ‘(g(b) - g(a))“y(t) f'(tg(a)+(1-t)g(b))dt

1

<(gd)-g@)| [It]l F'((g@)'(gd)™) |dt+[|t-1)]| F'(g@)'(g(b)' ") |dt

1 1

1
p(l q
2

<(g)-g@))| | Jtodt | | [If'((g@) (b)) [ dt

0

1

P q
{ [it-1p dtJ [I F'((9@)' (gb) [ dt}

! q

1 -

1 Pl 1
<(@gd-g@)| f'b)|| ——— whdt | +| [w*dt

(9(b)-g(@))| (>|[(p+1)2,,+1] j J

2

m
Theorem 3.5. Let f:l cR— R be a differentiable function on 1° (the
interior of 1) and g:R — R be arbitrary function. Let f'e £[g(a),g(b)] for
g(@),g)el with g(@)<g) . If |[f'|" is decreasing and relative
geometrically semi-convex function, then, for q>1, we have

T (g(a)+g(b)j

— | f d —f
g(b)_g(a)g(fa) (9(x))dg(x) :

<(g(b)y-g(ay| f'(b)] (%) ’ {‘Pl(w;q)q + ‘Pz(w;q)q},
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where
1

' 1 2
Lr@i_y, W, (i) = fowat and
| F'(D)] 0

1
W, (w;0)* = [(1-twdt.

1

2
Proof. Using Lemma 2.1, power mean inequality and the fact that | f'|" is
decreasing and relative geometrically semi-convex function, we have

(I (MM+MMJ
— | f d -f|
‘g(b)_g(a) QL (9(x))dg(x) )

(9(b)- g(a))“y(t) f'(tg(a)+(1-t)g(b))dt

< (g(b)—g(a){ft f'((9(2)) (g(0) )| dt+f [(t=DII f'((g@)' (9b)) ™| dt]

2

o |~

<(g(b)-g(2)) [ ftdt}

1 q
[ [1tl F(a@) (o)™ dt}

+[ j(lt)dt} { [It=11 (@) (gb)' ) [ dt}

1 1
' '
q | q
m%t-+ﬂknwm
1
p

= (g(b)-g(a))| f'(b)(éj ’ ‘Pl(w;quz(w;q)q}.

2

q

s<g(b)—g(a))|f’(b)|[§] {

O© L 1O | —
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This completes the proof.
For g=1 Theorem 3.5 reduces to Theorem 3.3.
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