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RESEARCH ON MATHEMATICAL MODEL AND 
EXPERIMENT OF INTERNAL GEAR BY POWER SKIVING 

Longlong GENG 1*, Xingzhao CHEN 2, Zhengyang HAN 3, Chuang JIANG 4 

In order to meet the large demand of internal gears for new energy vehicles 
and solve the efficient processing problems, a method to machine internal gear by 
power skiving is put forward. The principle of power skiving to internal gear was 
analyzed, and mathematical model was established. Then the tooth surface equation 
of cutter and internal gear was established and derived. An internal gear was 
simulated to verify the correctness of the model. Finally cut experiment was carried 
out and the workpiece was measured. The precision of internal gear meets the 
engineering requirements. The results proved the correctness and effectiveness of 
model proposed in this paper. It has theoretical and engineering application value 
for machine of internal gear. 
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1. Introduction 

With the development of low-carbon and environmental protection , new 
energy vehicles has become an important concern and attracting many experts and 
scholars to research. New energy vehicles is high-speed, miniaturization, and 
integration of electric drives, so the requirements of high-speed, high-power, and 
lightweight transmissions are put forward. Planetary reducer is widely used in 
new energy vehicles for the advantages of compactness, stable transmission, and 
large carrying capacity[1].Internal gears are key components of planetary 
reducers[2], and their efficient machining is even more important.  

Traditionally internal gears are machined by gear shaping. It is single-
tooth machining method for the movement of gear shaper cutter during the cutting 
process[3-5], which resulting in low efficiency and cannot match the demand to 
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internal gears. Gear skiving is based on the principle of spatial spiral gear meshing, 
the axes of tool and workpiece are crossed-axis in space.The relative motion speed 
between the axes is used to achieve cutting during machining. Not only the 
machining efficiency, but the machining accuracy is very high, so gear skiving is  
an efficient gear machining method. It is provided a potential solution to efficient 
and precise machining of internal gears. 

Experts and scholars had put forward the method of internal gear by 
skiving in 1970s in theory, such as Jiang Xuewen [6], Zhai Fenglai [7]. However, 
due to the limitations of cutting tools and machine tools, it is not used in industry. 
In recent years,with the development of the design and manufacturing of CNC 
machine tools and cutting tools, the gear skiving technology has been promoted in 
the field of gear processing. Yang [8] proposed a method for scraping cylindrical 
gears; Guo[9,10] introduced the cylindrical gear carving; Cao[11] established a 
mathematical model of helical cylindrical gear turning and analyzed the tooth 
surface error. Deng[12,13] studied the machining of face gears and non-
orthogonal surface gears. The above research has carried out the research on gear 
turning for different types of gears, which greatly enriches the gear processing 
technology. At the same time, domestic scholars have studied the design and 
technology of skiving tools, and Guo[14,15] designed a skiving cutter to complete 
the processing of involute cylindrical gears. Li[16] simulated and analyzed the 
dynamic characteristics of cutting force and temperature during the gear turning 
process. Guo [17] analyzed the influence of the error of the tooth turning tool on 
the accuracy of the tooth turning, and Yao [18] studied the simulation of the tooth 
turning. The above research has carried out in-depth research on the control of 
process parameters and the forming quality of the tooth surface in the gear turning 
process. Therefore, domestic experts and scholars have conducted in-depth 
research on the gear skiving technology, but the gear skiving processing 
technology of internal gears needs further discussion and research. 

On this basis, this paper proposes a method for the processing of internal 
gear for new energy vehicles, to solve the problem of low efficiency of traditional 
gear shaping and achieve efficient and high-quality machining of internal gears. In 
this paper, the principle of internal gear machining will be introduced, then  a 
mathematical model of gear cutting will be established, and the internal gear of 
the planetary reducer of new energy vehicles will be taken as an example to 
deduce the tooth surface equation of the internal gear and carry out simulation to 
verify the established gear cutting model through cutting experiment. 

2. Principle of internal gear by power skiving 

Skiving is based on the principle of staggered shaft meshing. During the 
machining process, the shaft intersection angle between the cutter and the 
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workpiece is generated, as shown in Fig.1. Its size is determined by the size of the 
helix angle between the workpiece and the skiving cutter. 1a is axis of  workpiece , 

ca  is axis of cutter, 1ω is the angular velocity of the workpiece, cω is the angular 
velocity of the tool. The tool pitch circle is tangent to the workpiece at the 
point O , 1β  is the helix angle of the workpiece, cβ the helix angle of cutter, and Σ 
is the axial intersection angle between cutter and workpiece. 
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Fig. 1. Principle of internal gear by power skiving 
 

When skiving gear, the tooth direction l  of the gear should be in the same 
direction as the cutter tooth direction, so it should be satisfied 

1= cΣ β β−                                                      (1) 
Where, the helix angle 1β is positive, it means left-handed, when the helix 

angle is negative, it means right-handed. 
The skiving motion is composed of two parts, 1cv  is the cutting motion of 

the workpiece and skiving cutter at the point O , which is synthesized by the 
rotation speed of the workpiece 1v  and the rotation speed of the tool cv ; The other 
is the feed movement v of the skiving cutter along the axis of the workpiece. The 
motion between the workpiece and the skiving cutter satisfies the following 
relationship 

1
1 2c

c

z v
z L

π= ±ω ω                                            (2) 

Where, cz is the teeth number of skiving cutter, 1z the teeth number of 
workpiece, and L the pitch of the workpiece. ‘-’ is applicable to the same helix 
direction of the cutter and the workpiece,‘+’is the opposite. 
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3. Mathematical model of power skiving 

3.1 Mathematical model of skiving cutter  
The skiving cutter can be seen as a cylindrical helical gear with a 

decreasing displacement coefficient from rake face to tool holder, and the cutting 
edge on rake face can be reduced to an end face involute, as shown in Fig. 2. br is 
the base circle radius of the end face involute, and 0r is reference circle radius of 
cutter. The starting point of the involute is the intersection point of base circle 
with 1X , and 1Z the direction  coincides with the direction of the cutter axis. 
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Fig. 2. Mathematical model of skiving cutter 
 
The homogeneous coordinates position vector and normal vector of  point 

P on the cutting edge in 1S  can be expressed as 
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Where, Sa=1 indicates the left cutting edge, and Sa=-1 indicates the right 
cutting edge. ϕ  is the profile parameter of the involute, and the relationship 
between the pressure angle pα  at the point of the involute P is as follows: = tan pϕ α . 

In coordinate system 2S , 2X  is the symmetry line of the left and right 
cutting edges, and the coordinates of point P  are represented in the 2S  coordinate 
system 
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3.2 Mathematical model of skiving 
The machining model of internal gear skiving is established as shown in 

Fig. 3. The coordinate system 6S  is fixed to the workpiece, and 6Z the direction 
coincides with the axis of the workpiece. The coordinate system 3 4 5S S S、 、 are 
auxiliary coordinate system, where 5Z and 6Z are coincide; the coordinate 
system 5S is parallel to 4S ; 3Z coincides with 2Z . cϕ  is rotate of the cutter, and 1ϕ  is 
rotate of the workpiece. a is the center distance between the cutter and the 
workpiece, and sd  is the axial position of the tangent contact in the direction Z of 

6S . 
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Fig. 3. Mathematical model of internal gear skiving 

 
The tooth surface of internal gear can be obtained by coordinate 

transformation as  
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6 62 2( , , ) ( , ) ( )c s c sd dϕ ϕ ϕ ϕ=r M r                                      (6) 
Where 62 65 54 43 32( , )= ( ) ( )c s s cd dϕ ϕM M M M M  
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According to eq. (2), the following relationship is satisfied 

1
1= 2 s

c
c

dz
z L

ϕ ϕ π±                                                (7) 

Where + apply to left-handed internal gear and - apply to the right-handed 
internal gear. 

Then meshing equation can be expressed according to eq. (6). 
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3.3 Tooth profile points solving 
According to tooth surface rotation projection, HO  is the projection point 

on 6Z  of tooth profile iP  which satisfies eq. (6) as showed in Fig. 4. iH  is the 
distance from point iP  to the 6 6X Y  plane, and iR  is the radius on the profile where 
point iP  is located. Then tooth profile iP  can be expressed as  
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                                               (9) 

A nonlinear equation system with three unknowns (ϕ , cϕ , sd ) are formed 
by eq.(8) and eq.(9). By giving an initial value, a set of exact solutions can be 
calculated. Substituted it into eq. (6), the tooth profile points can be obtained. 
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Fig. 4. Position of tooth profile points 

4. Numerical examples 

According to the established mathematical model of gear skiving, an 
internal gear of new energy planetary reducer is machined as example; the 
parameters of internal gear and skiving cutter are shown in Table 1. The tooth 
profile points of the internal gear are calculated by eq.(6)-eq.(9), and a model is 
established in UG[19], as shown in Fig. 5. 

 
 Table 1 

Parameters of Internal gear and skiving cutter  
Item value 
teeth number of workpiece 1z  97 
normal module nm /mm 2.5 
pressure angle α/(°) 17 
modification coefficient x /mm 0.2195 
tip diameter 1ad /mm 251.1 
root diameter 1fd /mm 262.4 
teeth number of skiving cutter cz  57 
helix Angle of cutter cβ /(°) 0 
shaft AngleΣ/(°) 18 
center distance a /(mm) 56.24 

 
4.1 Simulated machining 
Simulation machining can effectively verify the parameters of tool design, 

and predict the interference, installation and other problems that may occur in the 
actual machining process. VERICUT[20] was used to simulate the gear skiving. 

The profile of skiving cutter was modeled in UG and imported into 
VERICUT for simulated machining, as shown in Fig. 6. In VERICUT, an internal 
gear skiving machine tool is established, the skiving cutter and workpiece are 
assembled on the tool spindle and the workpiece spindle respectively, and the 
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machining program is written to carry out the internal gear skiving simulation, as 
shown in Fig. 7. 

        
 

Fig. 5. 3D model of internal gear              Fig .6. 3D model of skiving cutter 
 

In the process of simulated machining, there is no interference between 
skiving cutter, machine tool, and the fixture, etc. The simulated internal gear is 
shown in Fig. 8. 

       
 

Fig. 7. Simulate of machine                     Fig. 8. Simulation result 
 

Comparing Fig. 8 and Fig. 5, the internal gear of simulated and theoretical 
modeling are consistent in tooth profile and tooth direction, which proves the 
correctness of the mathematical model of skiving and the tooth CNC program. At 
the same time, the idle stroke in the machining process is optimized, the 
processing time is shortened, and the processing efficiency is further improved. 

4.2 Cut experiments 
The skiving cutter was manufactured according to Table 1, as shown in 

Fig. 9. The cut experiments were carried out on YK2260NC produced by 
Luoyang Keda gear Transmission Research Institute Co., Ltd., which is CNC 
skiving machine for gear. The internal gear was machined according to the 
optimized skiving program, as shown in Fig.10. 
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Fig. 9. Skiving cutter          Fig. 10. Machine of internal gear 
 

After the processed workpiece is chamfered. The processing accuracy is 
tested by the Gleason 650GMS, as shown in Fig.11. The measurement results are 
shown in Fig.12. 

 
 

Fig. 11. Measurement of internal gear 
 

（a） pitch deviation 
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(b) helix deviation 

 
(c) profile deviation 

Fig. 12. Measurement results 
 

The  pitch deviation, helix deviation and profile deviation of internal gear 
are showed in Fig.12. According to the calculation of CHINA GB-2001, the pitch 
deviation accuracy of the processed workpiece is 5 and 6 grades, the helix 
deviation accuracy is 5 and 7 grades, and the profile deviation accuracy is 6 and 7 
grades respectively. The reasons for the above errors include the motion error of 
the machine tool, the installation error of the workpiece, the profile error of the 
tool, etc., but all within the range of error requirements and meet the requirements 
of pre-machining accuracy. The measurement results verify the correctness of the 
established model. 

5. Conclusions 

In this paper, a method for internal gears by skiving was proposed to meet 
major engineering requirements. The mathematical model by skiving was 
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established. Theoretical analysis and experimental verification were carried out, 
and the results demonstrated the feasibility of this method. This paper provides 
theoretical and technical support for the efficient gear skiving of internal gears.  

At the same time, the parameters optimization of gear skiving will be 
carried out in the follow-up to further improve the service life and processing 
efficiency of skiving cutter. 
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