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ON THE ARITHMETIC PROPERTIES OF PARTITIONS
INTO PARTS SIMULTANEOUSLY 4-REGULAR AND
9-DISTINCT

Mohammed L. Nadji! and Moussa Ahmia?

In 2017, Keith presented a survey of several restricted partition func-
tions. Following this, the authors initiated an arithmetic and combinato-
rial study of partitions that are both (-regular (parts indivisible by ¢) and
t-distinct (parts appearing fewer than t times). Denoting the number of
such partitions of n by RD*Y) (n), Ramanujan-type congruences were ob-
tained for various pairs (£,t). In this paper we establish infinite families
of Ramanujan-type congruences modulo 4,6 and 12 for RD(4’9)(n) together
with a collection of congruences modulo 24.
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1. Introduction

A partition of a nonnegative integer n is a finite sequence of positive
integers which sum up to n. We denote a partition A by (AT*, A92, ..., %) if
A1 > Ay > --- > )\ are the distinct positive integers (called parts) appearing
in A\. Each part \; appears exactly «; times for 1 < i < k and a; > 1. Here
and throughout we shall use the following standard g-series notation.

n—1

1 —aq') ifn>0,
(@:0), = § L1700
1 if n=0.

Moreover, (a;q)oo = lim,_,o0(a;q), and fi is defined by
fro= (% q")e = [0 = ™).

n>1

For a positive integer ¢ > 1, a partition is called ¢-reqular if none of the
parts are divisible by . Let by(n) denote the number of f-regular partitions of
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n. The generating function for b,(n) satisfies the identity

Stk - 1.

n>0
The arithmetic of by(n) has been studied by many authors. For example, see
3, 5, 8, 10, 20, 21, 22].

For t > 1, a partition A is said to be an ¢-distinct partition if o; < t
for all 1 < ¢ < k. One can show by elementary techniques that the number
of ¢-distinct partitions of n is equal to by(n). For more details on ¢-distinct
partitions, we refer the reader to [6, 7].

Denote by RD!(n) the number of partitions of n that are simultane-
ously (-regular and ¢-distinct. For example, RD(*?) (n) = 9 since the partitions
of 6 into parts simultaneously 4-regular and 9-distinct are

(6), (5,1), (3%),(3,2,1),(3,1°), (2), (2%, 1%), (2,1%), (1°).

This class of partitions was first introduced by Keith in [11] and has since been
extensively studied by various authors. For example, see [1, 2, 12, 14, 15, 17,
18]. The generating function for RD?(n) satisfies the identity

)y n_ Jefe
2 RO = £ @

In [13] the authors explored these partitions combinatorially and arithmeti-
cally, and established the following Ramanujan-type congruences.

Theorem 1.1 (Nadji and Ahmia, 2025). For all n > 0, we have
RD™Y(4n + 3) = 0 (mod 3),
RD™ (61 4 2) = 0 (mod 2),
RD™Y(6n + 3) =0 (mod 3),
RD™9 (61 4 4) = 0 (mod 4),
)=0( )
)=0(

RD™ (61 4 5) = 0 (mod 6),
RD™Y(6n +7) = 0 (mod 12),
RD™(8n 4 5) = 0 (mod 6).

In this paper we establish infinite families of Ramanujan-type congru-
ences for RD™Y) (n) modulo 4, 6, and 12, as well as several congruences modulo
24. The rest of the paper is organized as follows. We collect in Section 2 the
essential preliminaries needed for the proofs in the subsequent sections. In
Section 3, we establish a family of congruences modulo 4. Sections 4 and 5 are
devoted to two infinite families of congruences modulo 6 and 12, respectively.
Finally, in Section 6, we present several Ramanujan-type congruences modulo
24.
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2. Preliminary results

In this section we list a few dissection formulas which are useful in proving
our main results. Ramanujan’s general theta function f(a,b) [4, p. 34, (18.1)]
is defined by

fla,b) = > a2 = (—a; ab) o (—b; ab)oo (abs ab) .

Two special cases are

© 2. .2 2
5(@) = flag) =S g = i) _ f
n=0

(66 f1
and .
f(=q) = f(=% =) = > (=1)"¢"®"™V = (g;¢)o = f1.
Lemma 2.1. The following 2-dissections hold.
Bl g BfEhsh o)
i fofsfa fafie
R fh

fi o fihe a Ja 3)

Xia and Yao [23] proved Equation (2) and Hirschhorn et al. [9] proved
Equation (3).
The following result appears in the work of Ramanujan [16, p. 212].

Lemma 2.2. We have the 5-dissection
fi = fasla —q—¢*/a), (4)
where
a=(q"¢"10")/ (0", 01 ).
The next two results are due to Cui and Gu [5, Thm. 2.1 and Thm. 2.2].

Lemma 2.3. For any odd prime p, we have
(p—3)/2

24 (2k+1) 2_(2k+1) -1 2
Yig) = Y PfqT g ) g s (). (5)

k=0

Furthermore, ’”224”” £ I% (mod p) for 0 <m < (p—3)/2.

Lemma 2.4. For any prime p > 5, we have
(p_l)/2 k k(3k)+1)/2 3P2+(6k+1)l’ 3172*(6’“4’1)17 p—1 P2—1
fi= ). (=D fl=a" 7 T=¢ 2 )+ (=1)7F ¢ fp,

b=(1_p)/2
k;é :‘:pﬁfl

(6)
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where
tp—1 _ p%,lif p= 1 (mod 6),
6 _p6_ ,if p= —1 (mod 6).
Lemma 2.5. For all primes p and all k,m > 1, we have
o =0 (mod pf). (7)

The following generating function dissections were proved by the authors
in [13].

Theorem 2.1 (Nadji and Ahmia [13], 2025). We have

7T 6 r£4 5
RD*?) n_ fo fo f6f9 4 o [ fof18

Z ()" =G, + 2 HACT (8)
(4.9) w_ of3fs

> RDUI(6n + 2)¢" = 222, (©)
n>0 fl 6

> RDUI(6n + 4)¢" = 4f§;§f6, (10)
n>0 1

> _RD™(6n +5)q" = 6f§;§f62. (11)
1

n>0
Let p be any odd prime and § be any integer relatively prime to p. The
Legendre symbol (g) is defined by
((5) B {1, if 0 is a quadratic residue of p,

D —1, if § is a quadratic non-residue of p.

3. Congruences for RD*?(n) modulo 4

Theorem 3.1. Let p =3 (mod 4) be a prime, 1 <i<p—1anda > 0. Then
for all n > 0 we have

RD () (12p2a+1(pn +i) 2t 4 1) = 0 (mod 4).
Proof. In view of (7) and (8), with p = 2 and k£ = 1, we have

513 fofs fofofis _ fifs

RD(4’9)(2n)q" = Jo /g +2¢=829 4 44725 = 2829 4 9¢f2 (mod 4).
; Bt TR A Vi
Extracting the terms where the exponent of ¢ is congruent to 1 modulo 3 from
both sides of the above congruence yields

> "RD)(6n + 2)¢" = 2f3 (mod 4),

n>0




On the arithmetic properties of partitions into parts simultaneously 4-regular and 9-distinct 99

and since the right hand side of this congruence is a series in ¢, it follows that
> RDUI(12n + 2)¢" = 2f7 (mod 4). (12)
n>0

Define a(n) for n > 0 by
> a(n)g" = f}. (13)

n>0
Combining Equations (12) and (13), we deduce that
RD®9(12n + 2) = 2a(n) (mod 4). (14)

Let —(p—1)/2 < k,m < (p—1)/2. Then the congruence
3k2+k+3m2+m _pP—1
2 2 12

(mod p)

is equivalent to

(6k +1)* + (6m + 1)> = 0 (mod p). (15)
Since p = 3 (mod 4), we have (’71) = —1, which implies that (15) holds if and
only if K = m = (£p — 1)/6. Substituting (6) into (13) and then extracting
the terms in Which the power of ¢ is congruent to (p? — 1)/12 modulo p, and

then divide by ¢" P 7 yields
2
1N
Z (pn+ T) " = fp22'
n>0
Therefore,

2
P 1
> a(p2n+—12 )q = i,

n>0
and for all n > 0,

2 q
(pn+pz+p12 )ZO, (16)

where 1 < i < p — 1. By induction on (16) we can prove that for n > 0 and
a >0,

a (pgo‘n + pgau_ 1) = a(n). (17)

Replacing n by p*n + pi + p 1 (1 <i < p-—1)in Equation (17) and using
(16), we find that for all nonnegatlve integers n and «,

p2a+2 -1
a (p2a+2n +p2a+1 + 5 ) —0.

Finally, replacing n by p2°‘+2n—|—p20‘+1z+p Lin Equation (14) (1 <i < p—1)
we obtain the desired result. 0
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4. Congruences for RD“?(n) modulo 6
Theorem 4.1. For all integers o > 0 and n > 0,
RD™9 (6. 52%2n 4 6 - 5201 4 52272 1 1) = 0 (mod 6), (18)
where 1 <1 < 4.

Proof. By (7) and (9), with p = 3 and k = 1, we arrive at

> RDUI(6n + 2)¢" = 222;5 = 2f} (mod 6). (19)
n>0

Employing (4) into (19), and then extracting the terms of the form ¢°*** from
both sides of the resulting equation, we get

> "RD™)(30n + 26)¢" = 2fs (mod 6), (20)
n>0

which implies that
> RD™)(150n + 26)¢" = 2f; (mod 6). (21)
n>0

From (19) and (21), we conclude that
RD“)(6n + 2) = RDW (150n + 26) (mod 6),
for all n > 0, from which it follows by induction that for all a > 0,

RD™Y(6n + 2) = RDW (6 - 520+2p, 4 52042 4 1) (mod 6). (22)

Finally, (20) also yields that
RD®(150n 4 30i + 26) = 0 (mod 6) (23)
for 1 <i <4, and (18) follows immediately from (22) and (23). O

5. Congruences for RD*?(n) modulo 12
Theorem 5.1. For any prime p =5 (mod 6), a« > 0, and n > 0, we have
RD™9 (6p* ™ (pn + i) + 3p** ™ + 1) = 0 (mod 12),
foralll1<i<p-—1.
Proof. In view of (7) and (10), with p = 3 and k = 1, we find that
S RO G0 + 4y — 4202T0 _ (S3F

n>0

Define b(n) for n > 0 by

o= = 4)(q)1b(¢°) (mod 12).  (24)

> b(n)g" = p(q)v(q’). (25)

n>0
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From Equations (24) and (25) we have

RD™ (61 4 4) = 4b(n) (mod 12). (26)
Now, consider the congruence equation
k* +k m?+m  4p?—4
. = d p).
5 +3 5 3 (mod p)
which is equivalent to
(2k +1)*+3-(2m +1)* =0 (mod p), (27)

where 0 < k;m < (p —1)/2 and p is a prime number such that (’73): —1.
Since (_73): —1 for p = 5 (mod 6), the congruence relation (27) holds if and
only if K = m = (p — 1)/2. Substituting (5) into (25) and extract the terms in
which the powers of ¢ are congruent to (p? — 1)/2 modulo p, and then divide

p?-1
by ¢z, we find that

which implies that

n>0
and for n > 0,
2 o p-1
b{pn+pi+ 5 =0, (28)
where 1 < ¢ < p— 1. By induction on (28) we obtain that for all n,a > 0,
p2a -1
b (p%‘n + 5 ) = b(n). (29)

Replacing n by p?n + pi + ’% (1 <i<p-=1)in (29) and using (28), we
deduce that for n > 0 and o > 0,

p204+2 -1
b (pQOJ-‘rQn +p2a+1i _|_ 2 ) — 0

Replacing n by p2a+2n+p2a+1i+’$ in Equation (26), we obtain the desired
result. 0
6. Congruences for RD%(n) modulo 24
Theorem 6.1. For alln > 0,
RD*9(24n 4 23) = 0 (mod 24), (30)
RD™(48n 4 29) = 0 (mod 24), (31)
RD™9(96n + 89) = 0 (mod 24). (32)
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Proof. Applying (7) on (11), with p = k = 2, we find that

ZRD(49 6n—|—5) f2f3f6 = f32f62 (rnod 24).
2 I I

Substituting (2) into the above equation, we get

(4,9) f4f6f12 Jafe fsfau
;RD (6n + 5)¢" f2 Tt 12¢g e (mod 24).  (33)

If we extract the even and the odd powers from both sides of (33), we find
that

(4.9) n_ 2318 _ f2 f3 13
2 RDII(120 +5)q" = 6777 5% S 67757, (med 24, (34
and
;RD 49 (120 + 11)¢" f")ﬁflf;f(sf” = 12f4§62f” (mod 24). (35)
Employing (3) in (34), we arrive at
Z RD™9) (12n + 5)¢" = fi f6 f22f622f122 (mod 24). (36)
>0 f12 W

Extracting the terms involving the odd and the even powers from both sides
of (36), we obtain

> RD“)(24n 4 5)¢" 6! }f 3 = 6f2 (mod 24), (37)
n>0 6

and

BRI S
RD49 24 17 1J3J6 __ 3/6
2 N =67 =60

Congruence (30) follows from (35) by collecting the terms involving ¢*"** from
both sides, and congruence (31) follows from (37) by equating the odd powers
on both sides.

If we substitute (2) into (38), and then extract the odd powers from both
sides of the resulting equation, we arrive at

(mod 24). (38)

f4f6f12
f2

> RDUI(48n 4 41)q"

n>0

(mod 24). (39)

Congruence (32) follows immediately from (39). O
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