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D-SHADOWING PROPERTY OF G-SPACES AND THEIR ORBIT
SPACES

Yingcui ZHAO?

We introduce the definitions of d-shadowing, asymptotic average shadowing
properties and study various of transitive, chain transitive properties for the map f
on G-spaces. We show that d-shadowing of f is iteration-invariant, and f and its
corresponding induced map f are equivalent in terms of the above dynamical properties
under certain additional conditions.
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1. Introduction

Shadowing properties originally stem from differential dynamical systems. When
studying dynamical systems, exact solutions can often be elusive due to various influencing
factors, leading researchers to approximate system orbits using numerical methods. The
errors that arise during this process result in ”pseudo-orbits.” Therefore, investigating the
shadowing properties of dynamical systems aids in understanding the impact of errors gen-
erated by numerical computations on the approximation of system orbits, thereby enabling
better handling and correction of ”pseudo-orbits” and enhancing the accuracy of under-
standing and predicting the behavior of dynamical systems. Recently, various shadowing
properties are being defined and studied for group actions, set-valued maps, iterated funtion
system and so on. The present paper focuses on G-space.

In the realm of topological dynamical systems, the concept of G-spaces serves as a
framework for exploring the dynamic impact of group actions on topological spaces. Delv-
ing into the realm of G-spaces enables researchers to delve deeper into how dynamical
systems behave and interact under the influence of group actions, offering a more profound
understanding of the interplay between topology and dynamics across various contexts.
Furthermore, the study of G-spaces can lead to the discovery of novel phenomena, unveil
connections between diverse mathematical domains, and establish a theoretical basis for
applications in physics, engineering, biology, and other fields. In recent times, an increasing
number of scholars have turned their attention to investigating G-spaces. Ali and Ekta in-
troduced and examined the concept of chain transitivity for mappings on G-spaces in their
work referenced as [2]. Phinao and Khundrakpam explored the G-mixing, G-sensitive, and
G-shadowing characteristics of f in [9]. Raad and Iftichar delved into the G-asymptotic
average shadowing sequence alongside G-chain transitivity in their publication mentioned
as [11]. For additional sources, kindly refer to [4, 7, 8]. The aim of the present paper is to de-
fine d-shadowing, asymptotic average shadowing properties and study various of transitive,
chain transitive properties for maps on G-spaces. The specific layout of the present paper
is as follows. In Section 2, we introduce some preliminaries and definitions. In Section 3,
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we study the implications between f and fin terms of d-shadowing and asymptotic average
shadowing, and we show d-shadowing of f is iteration-invariant. In Section 4, we study the
implications between f and fin terms of transitive, weakly mixing, mixing, totally transitive
and totally chain transitive.

2. Preliminaries and Basic Concepts

Let X be a compact metric space with metric d, f : X — X be a self-continuous
map and N = {1,2,---}, Z* = {0,1,2,3,---}. Consider G as a topological group and
p: G x X — X as a continuous mapping [1]. We can say that (X, G, ) or simply X forms
a metric G-space if the given conditions are satisfied:

(1) p(e,z) =z, Vo € X, in which e is the identity of G.

(2) (g1, ¢(92: 7)) = (9192, 2), Vo € X,Vg1,92 € G.
Then X is said to be compact metric G-space. To facilitate notation, the expression (g, x)
is commonly shortened to gz.

For z € X, the G — orbit of x, denoted by Gy (z), is given as the set {gf*(z)|g €
G,k > 0}. The set X/G of all G-orbits in X with the quotient topology induced by the
quotient map 7w : X — X/G defined by n(z) = G(x), is called the orbit space of X and
the map ¢ is called the orbit map. Note that 7 is open and continuous. We say f is a
pseudoequivariant map, if f(G(x)) = G(f(x)) for any © € X. A pseudoequivariant map f
can naturally induces a continuous map f : X/G — X/G, given by f(G(x)) = G(f(z)), and
the metric d can induce a metric d on X/G.

Firstly, we review the definitions of d-shadowing and asymptotic average shadowing
properties of f: X — X and extend them to G-space.

Definition 2.1. The sequence {x;}52, C X is a d-ergodic pseudo orbit, if

1
lim —|[{i € ZT:0<i<n,d(f(z;),zi41) <6} =1,
n—oo N
in which | Al is the cardinal number of A. We say that f has d-shadowing property, if for
any € > 0, there exists 6 > 0 such that for any d-ergodic pseudo orbit {x;}52,, there exists
z € X satisfying

1 . 1
limsup —[{i € Z1 : 0 <i < n,d(f'(2),2;) < €}| > =.
n—oo T 2
Definition 2.2. The sequence {x;}5°, C X is a (G, d)-ergodic pseudo orbit, if there exists
{gi}i2o C G
1
lim —|[{i € Z":0<i<n,d(gf(r:),riz1) <} = 1.

n—o00 N,

We say that f has G — d-shadowing property, if for any € > 0, there exists 6 > 0 such that
for any (G, §)-ergodic pseudo orbit {x;}5°,, there exist z € X and {g;}2, C G satisfying

1 . 1
limsup —|[{i € Z1 : 0 <i < n,d(f'(2),g:w;) < e} > =.
n—oo T 2

Definition 2.3. [5] The sequence {z;}32, C X is said to be a asymptotic average pseudo

orbit, if lim, %Z?;()ld(f(xi), xit1) = 0. We say that f has asymptotic average shadowing

property (AASP, for short), if for any asymptotic average pseudo orbit {x;}32,, there exists
z € X such that

1 .
lim —%7d(f%(2),z;) = 0.

n—oo N
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Definition 2.4. [6] The sequence {z;}32, C X is said to be an G-asymptotic average pseudo
orbit, if there exists {t;}32, C G such that
1
lim — X7 d(ti f (i), 2ig1) = 0.

n—o00 N,

We say that f has G-asymptotic average shadowing property (G-AASP, for short), if for
any G-asymptotic average pseudo orbit {z;}2,, there exist z € X and {g;}52, C G such
that lim,, oo 7112?: Yd(fi(2), gixi) = 0.

Now, we review the definitions of some kinds of transitivity and chain transitivity of
f: X — X and extend them to G-space. For § > 0 and z,y € X, a é-chain of f from x to y
of length n € N is a finite sequence xg = z, 1, - , T, = y satisfying for any 0 <i <n —1,
d(f(z:),zi41) < 6. Let N(U,V)={neN: f(U)V # 0}. we say that f is

(1) (topologically) transitive, if for any nonempty open sets U,V C X, N(U,V) # 0.

(2) (topologically) weakly mizing, if for any nonempty open sets U,V C X, N(U,V) con-
tains arbitrarily long runs of positive integers, that is, there is a strictly increasing
subsequence {n;} of N such that ;2 {n;,n; +1,--- ,n; + i} C N(U,V), (see [3] for
details).

(3) (topologically) mixing, if for any nonempty open sets U,V C X, there exists N € N
such that for any positive integer n > N, f*(U)NV # (.

(4) totally transitive, if for any n € N, f™ is transitive.

(5) chain transitive, if for any z,y € X and any € > 0, there is an e-chain from z to y.

(6) totally chain transitive, if for any n € N, f™ is chain transitive.

(7) chain mizing, if for any z,y € X and any e > 0, there is N € N such that for any
positive integer n > N, there is an e-chain from z to y with length n.

It is easy to see that transitivity = chain transitivity, and mixing = chain mixing.

Definition 2.5. Let (X, d) be a metric G-space. f is said to be

(1) G-transitive[10], if for any non-empty open sets U,V C X, there exist n € ZT and
g € G such that gf™(U)V # 0.

(2) G-weakly mixing, if for any nonempty open sets U,V C X, there is a strictly increasing
subsequence {n;} of N and {gn,} C G such that g,, f"(U)V # 0,¥i > 0, (see [3]
for details).

(3) G-mixing, if for any nonempty open sets U,V C X, there exists N € N such that for
any positive integer n > N, there exists g, € G such that g, f"(U) NV # (.

(4) G-totally transitive, if for any n € N, f™ is G-transitive.

(5) G-chain transitive, if for any z,y € X and any € > 0, there is an (G, €)-chain from x
to y.

(6) G-totally chain transitive, if for any n € N, f™ is G-chain transitive.

(7) G-chain mixing, if for any x,y € X and any € > 0, there is N € N such that for any
positive integer n > N, there is an (G, €)-chain from x to y with length n.

3. Shadowing properties

Ekta Shah [10] studied that if f : X — X is a pseudo-equivariant map and 7 :
X — X/G is a covering map, then f has G-shadowing if and only if the induced map
f X/G — X/@G has shadowing. Raad Safah Abood and Iftichar M. T. proved that under
the same assumptions, the G-average shadowing of f i is equivalent to the average shadowing
of f Now we study the implications between f and f in terms of d-shadowing and AASP.

Theorem 3.1. Let X be a compact metric G-space and f : X — X be a pseudo-equivariant
map. Suppose that m: X — X/G is a covering map. Then f: X — X has G — d-shadowing
property if and only if f : X/G — X/G has d-shadowing property.
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Proof. Sufficiency <: Suppose that f: X/G — X/G has d-shadowing property. Let € > 0.
Since 7 is a covering map and X is compact, there exists 6 > 0 such that for any w(x) € X/G,
7 (Us(m(2))) = Unep Ua, where each Uy in X, a € A, o # 8 = Uy Uz = 0 and
m|u, : Uy = Uq(m(x)) is a homeomorphism. For e-neighborhood U.(x) of x, consider U,
which contains z if diamU, < €, we have 7=}y (Un(7(2))) C Uy C U(z). If diamU, > e,
then choose U/, C U, such that diamU/, < € and = € U}, we have |y, (Ua(7(2))) =

Ul C Uc(x). Since f has d-shadowing property, there is an 1 > 0 such that every n-ergodic
pseudo orbit of f is 0 — d-shadowed by a point of X/G. Since 7 is continuous and X is
compact, there is v > 0 such that d(z,y) < vy = l;l\(ﬂ'(l‘), m(y)) < n.

Next, to complete the sufficiency of the proof, it is sufficient to prove that any (G,~)-
ergodic pseudo orbit of f is € — d shadowed by some point of X.

Let {z;}325 C X be a (G,~)-ergodic pseudo orbit of f. Then there is {g;}3°, C
G such that lim, .o %|z >0:0 < i < ndgif(z),xir1) < v = 1. Since for any

i€ ZF, dlgif(wi)win) < v = dn(f),w@in) < 0 = dG(f@), Gli) < n
= d(f(G(z:)), G(zit1)) <,

o1 .
Jim i > 0:0< 7 <0, d(F(G), Glris)) <ul =1
That is {G(x;)}52, is a n-ergodic pseudo orbit of f. Since f has d-shadowing, there exists
G(x) € X/G such that
1 ~ 1
lim sup ﬁ|{z €ZT:0<i<nd(f(Gx)),G(x;)) <5} > 3
n— oo

~ -~

For any i € Z™, since d(G(f'(2)), G(z;)) = c?(fl(G(a:)),G(:Ly)) < dand w(f(z)) € Us(m(z;)) =
) C Uc(x;) implies d(f*(z), z;

fix) € 7= H(Us(m ()
hrrlnﬁsotipﬂ{zez+ 0<i<mn,d(f(x ):ci)<e}\>%.

So, f has G — d-shadowing.

Necessity =: Suppose that f has G — d-shadowing. Let ¢ > 0. Since 7 is continuous
and X is compact, there exists » > 0 such that for any z,y € X, d(z,y) < r implies
di(m(z),7(y)) < e. Since f has G — d-shadowing, there is an i > 0 such that any (G,7)-
ergodic pseudo orbit of f can be d — r-shadowed by some point of X. Since 7 is a covering
map and X is compact, there exists 6 > 0 such that for any € X, there exists a, such
that

(7]v., )™ (Ualn(2))) C Uy(2).
Next, to complete the necessity of the proof, it is sufficient to prove that any d-ergodic

pseudo orbit of f is € — d-shadowed by some point of X/G.
Let {G(z;)}32, be a (G, d)-ergodic pseudo orbit of f. Then

A~ o~

lim ~[{i € Z+: 0 < i < n, d(F(Glas)), Glain)) < 8} = 1.

n—o00 N,

o~

Note that for any i € ZT, c?(f(G(xz)) G(ri41)) < 6 implies that there exists a,,, such that
i1 € (nlu,, )7 (Ualr(f(2:)))) € Up(f(z:)). That is for any n € N,

{0 <i <n:d(f(z:), wivr) <nil = {0 <@ <n:d(f(G(2:), G(wiga)) < G}

Then
1
lim —[{i € Z" :0 <i < n,d(f(2:),vis1) <n}| = 1.

n—oo n
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Thus {z;}2, is a n-ergodic pseudo orbit of f. Also, it is a (G, n)-ergodic pseudo orbit of f.
Since f has G — d-shadowing, there exist x € X and {¢;}32, € G such that
1 . 1
limsup —|i € Z7: 0 <i < n,d(f"(z), giz;) <v| > =.
n—oo N 2

Note that for any i € Z*+, d(f*(z), g;x;) < 7, then

~

(f1(G(x)),G(x;)) = d(G(fi(x), G(x:))) = d(m(f'(x)), m(giw:)) < .
Thus,

1 ~ 1
limsup —|i € ZT : 0 <i < n,d(f(G(x)),G(z;)) < | > =.
n—oo T 2
So, ]? has d-shadowing property.
|

To establish the equivalence between the G-AASP of f and AASP of f, we first
introduce the following two definitions.

Definition 3.1. f: X — Y is strong continuous, if for any € > 0 and any x € X, there
exists 6 > 0 such that d(x,y) < rd implies d(f(z), f(y)) < re, Yo,y € X,Vr > 0.

Definition 3.2. A strong continuous map f : X — Y is called a strong covering map, if
for each y € Y, there exists 6 > 0 such that for any r > 0

fﬁl(B(yv 7“5)) = UaEAB(x(M ’I"O(),

where vo € X, o, f € A, o # [ implies B(zq,re) (\B(xg,r8) =0 and
[ 1B@a,ra): B(za,ma)) = B(y,r0)

18 a homeomorphism.

Clearly, if f is strong continuous then it is continuous. If f is a strong covering map
then it is a covering map.

Theorem 3.2. Let (X,d) be a compact metric G-space, f: X — X be pseudoequi variant
and m: X — X/G be a strong covering map. Then f: X — X has G-AASP if and only if
f:X/G— X/G has AASP.

Proof. <:Suppose that f : X/G — X/G has AASP. Let ¢ > 0. Since X is compact and 7
is a strong covering map, there exists 6 > 0 such that for any r > 0, d(z,y) < ré implies

d(m(x),7(y)) < re, Va,y € X. And there exists n > 0 such that for any » > 0 and any
7(z) € X/G, n=Y(B(rw(x),)) = UseaB(za,70), where z, € X, o, 8 € A, a # 3 implies
B(zq,ra)(\B(zg,r8) = 0 and
f |B(z(,,ro¢): B(ifa,TOé) — B(yﬂ"??)

is a homeomorphism. For B(z,r€), consider B(x4,ra) which contains x if o < €, then

7(-71 |B(1;a,7‘oc) (B(%”l)) C B(:COHTOZ) C B(I7T€)'
If a > ¢, then choose o/ < a such that o/ < € and © € B(z,,ra’). Then

Tr_l |B(:L’a,ra’) (B(Z%TTI)) - B(l‘a,TO/) C B(J?,TE).

Let {z;}2, be a G-asymptotic average pseudo orbit. Then there exists {t;}5°, such
that

1
lim —X7td(t f(2i), zi41) = 0.

n—oo N
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Thus for § > 0, there exists N € N such that 13771 d(t; f(;), 241) < 0, ¥n > N. Let for
each i > 0, d(t; f(x;),xi11) < 130, then

d(m(tif(2:)), m(2i41)) = d(G(f(23)), G(wis1)) = d(F(G (1)), G(2i11)) < 7€,
and when n > N, 7~/ < 1. Thus %E?;OIJ(]?(G(%)),G(xiﬂ)) < e. Then
lim 22 d(F(G ), Glais)) = 0.

n—,oo N
That is, {G(x;)}52, is an asymptotic average pseudo orbit of 7.
Since f has AASP, there exists G(z) € X/G such that
1 ~
lim —Xd(f(G(2)),G(z:)) = 0.

n—oo N
Then for n > 0, there exists N € N such that for any n > N,
o157

Ezizold(f (G(2)),G(x:)) <.
Let for any i > 0, d(f1(G(2)), G(x:)) < rin. Then d(x(fi(2)), m(z:)) < rin and when n > N,
%Zg;‘olr; < 1. Thus, 7(f%(2)) € B(n(x;),rin) = fi(z) € n=Y(B(n(x;),rin)) C B(x;,rle) =
d(fi(z),z;) <rle = %E?:_Old(fi(z),xi) < %2?;011";6 = lim, 0o %E?:_Old(fi(z),xi) = 0. So,
f has G-AASP.

=-: Suppose that f has G-AASP. Let ¢ > 0. Since X is compact and 7 is a strong
covering map, there exists § > 0 such that for any r > 0, d(z,y) < rd implies d(7(z), 7(y)) <

re, Vax,y € X. And there exists 7 > 0 such that for any r > 0 and any = € X, there exists
To € X such that

T—1 ‘B(wa,ra) (B(ﬂ-(x) )) C B(l‘ TE)
Let {G(z;)}2, be an asymptotic average pseudo orbit of f. Then

lim S d(f(G ), Glaiin)) = 0.

n—o00 N,

For n > 0, there exists N € N such that for any n > N,
Lt
gzi:old(f(G(l”i))’ G(wit1)) <.

Suppose that for any ¢ > 0, d(f(G(xi)),G(a:iH)) = C/i\(ﬂ'(f(l'i)),ﬂ'(xi_irl)) < r;n. Then for
any n > N, X7 1 2’ < 1. And for any ¢ > 0, there exists x;41,o € X such that

Tis1 €T | Blasyrara) (Br(f(2:)), 1)) C B(f(2:), ).

Then d(f(x;), zi41) < i€, Vi > 0. Thus, lim, o 2577 d(f(;), 2441) = 0. That is {z;}3%,
is an asymptotic average pseudo orbit of f.
Since f has G-AASP, there exist z € X and {t;}$2, C G such that

lim 72?;01d(fi(z)vtimi) =0.

n—,oo N
Then for § > 0, there exists N € N such that for any n > N, 1377 1d(f’(z) t;x;) < d. Let
for any i > 0, d(f*(z), tiz;) < r}d, then d(r(fi(2)), m(tiz:)) < rie = d(fI(G(2)), G(z)) < rie
= X1l d(fI(G(2)), G(xs)) < e Thus,
1 o
lim -~ S350 d(F(G(2)), Glwi) = 0.

n—oo n
So, f has AASP.

Wau [12] proved that d-shadowing of f : X — X is iteratively invariant. Now we show
that G — d-shadowing of f : X — X is also iteratively invariant.
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Theorem 3.3. Let (X,d) be a compact metric G-space, then the following statements are
equivalent.

(1) f has G — E;shadowing,
(2) f* has G — d-shadowing for any k € N,
(3) f* has G — d-shadowing for some k € N,

Proof. (1) = (2): Suppose that f : X — X has G — d-shadowing property. Let k € N. By
Theorem 3.1, f: X/G — X/G has d-shadowing property. By Lemma 2.1 of [12], J/ﬂ“ has
d-shadowing property. By Theorem 3.1, f* has G' — d-shadowing property.

(2) = (3) is obvious.

(3) = (1): Suppose that f* has G — d-shadowing property for some k € N. By
Theorem 3.1, ]/”7“ has d-shadowing property. By Lemma 2.1 of [12], ]? has d-shadowing
property. By Theorem 3.1, fhas d-shadowing property. O

O

4. G-transitive properties and transitive properties

Ekta Shah[10] proved that if f : X — X is G-transitive then f : X/G — X/G is
transitive. Now we study the converse.

Theorem 4.1. Suppose that m: X — X/G is a homeomorphic map. Iff: X/G — X/G is
transitive then f : X — X s transitive. In particular, f is G-transitive.

Proof. Let U,V C X be two nonempty open sets. Then 7(U) and n(V') are two nonempty
open sets of X/G. Let x € U,y € V,e > 0 such that B(x,¢) C U and B(y,e) C V. Since 7
is homeomorphic and X is compact, there exists § > 0 such that for any G(u), G(v) € X/G,
d(G(u), G(v)) < & implies d(m~(G(u)), 7" (G(v))) = d(u,v) < e. Since f is transitive,
there exists n > 0 such that f"(B(G(z),)) ( B(G(y), ) # 0. Then there exists G(z) € X/G
such that d(G(z),G(z)) < ¢ and d(f”(G(z)),G(y)) < 0. Furthermore, d(x,z) < e and
d(f™(z),y) < e. That is, f"(B(z,€))(B(y,e) # 0. So, f is transitive. Particularly, it is
G-transitive. 0

Theorem 4.2. Suppose that 7 : X — X/G is a homeomorphic map. f: X — X is G-totally
chain transitive if and only if f : X/G — X/G is totally chain transitive.

Proof. Necessity: Suppose that f is G-totally chain transitive. Let n € N, G(z),G(y) € X/G
and € > 0. Then z,y € X. Since 7 is continuous, there exists > 0 such that for any
u,v € X, d(u,v) < d implies d(G(u),G(v)) < e. Since f is G-totally chain transitive, f™
is G-chain transitive. Then there exists a (G, d)-chain of f" from z to y, denoted it by
{ag, 28, - 2P}, And there exists {g,i}*-) C G such that for any 0 < i < k — 1,
d(gn,i f"(x}), 2}1,) < 6. Then for any 0 <i < k — 1, d(G(gn,if"(2})),G(x}4 1)) < €. Since

7

Glgn,if"(x})) = G(f (=) = F(G(a})),
d(f*(G(aD)), G(aly)) < .

That is {G(zf), G(27), -+ ,G(z})} is a e-chain of f™ from G(z) to G(y). So, [ is totally
chain transitive. R

Sufficiency: Suppose that f is totally chain transitive. Let n € N, z,y € X and
e > 0. Then 7(z) = G(x),n(y) = G(y) € X/G. Since Since 7 is homeomorphic and X
is compact, there exists 6 > 0 such that for any G(u),G(v) € X/G, d(G(u),G(v)) < §
implies d(7~1(G(u)), 7~ (G(v))) = d(u,v) < e. Since f is totally chain transitive, there
exists a d-chain of f™ from G(z) to G(y), denoted it by {G(xo), G(z1),G(z2), - ,G(xk)}.
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Then for any 0 < i < k — 1, d(f*(G(z;)), G(zis1)) < 6. Furthermore, d(f™(z;), zi41) < €,
V0 <i < k—1. That is {zg, 21, - ,x%} is a (G, €)-chain of f™ from z to y. So, f is totally
chain transitive. Particularly, it is G-totally chain transitive ]

By [10] and the proof of Theorem 4.1 and Theorem 4.2, we can similarly obtain the
following theorem.
Theorem 4.3. Suppose that m: X — X/G is a homeomorphic map. f: X — X is G-chain
mizing (weakly mizing, mizing, totally transitive, respectively) if and only if f : X/G — X/G
is chain mizing (weakly mizing, mizing, totally transitive, respectively).
Theorem 4.4. If f : X — X has G — d-shadowing property, then f : X — X is G-chain
mizing.
Proof. Suppose that f : X — X has G —d-shadowing property. By Theorem 3.1, f: X/G —
X/G has d-shadowing property. Then f : X/G — X/G is chain mixing. So, f is G-chain

mixing. (]
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