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AN EXTENSION OF HIGHER ORDER RIESZ TRANSFORMS

ASSOCIATED WITH BESSEL OPERATORS

Ismail EKINCIOGLU1, Salim USMANOV2, A. Burcu Ozyurt SERIM3

In this paper, we introduce the class of fractional integral operators generated by

the generalized shift operator with the kernel satisfying the Dini condition. Furthermore,

the focus of this work is that these operators are obtained via a high-order Riesz-Bessel

transform and are related to the generalized shift operator. Subsequently, we prove the

boundedness of fractional singular integral operators with a kernel associated with non-

negative, regular, and compactly supported functions in BMO spaces.
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1. Introduction and main results

In [24], Y.Xin and S.Yang studied the classical Calderon Zygmund singular integral

operators known as

I(f)(x) := p.v.

∫
Rn

Ω(y)

|y|n
f(x− y)dy := lim

ε→0+

∫
|y|≥ε

Ω(y)

|y|n
f(x− y)dy, (1)

in BMO space. In this paper, rather than considering the singular integral operator defined

by equation (1), we will present a boundedness estimate for the fractional singular integral

redefined by a higher-order singular integral operator. This operator is known as the Riesz-

Bessel transform on Rn
+. Specifically, the Riesz Bessel transform for any y ∈ Rn

+, γ > 0 and

a function f on Rn
+ are defined by

R(k)
γ (f)(x) : = p.v.

∫
Rn

+

Ω(y)

|y|n+k+γ
T yf(x)yγndy, 1 ≤ k ≤ n

= p.v.

∫
Rn

+

K(y)T yf(x)yγndy, γ > 0 (2)

where T y generalized translate operator associated with Laplace Bessel differential operator

(see [6, 18]). It should be noted that in (1) the function f(x − y), which corresponds to

the ordinary translation, is replaced by the generalized translation operator T yf(x). In

the other important case Ω is related to a homogeneous polynomial Pk of order k and

we will show it as Ω(y) = Pk(y)|y|−k. Therefore, a new singular integral operator of the

Calderon-Zygmund type has been adapted. This singular integral operator is the high-order
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Riesz-Bessel transform give in (2), and its kernel is defined as K(y) = Ω(y)|y|−Q. For

simplicity throughout our study, we will take Q = n+ γ.

If K(x) is such that the L1-modulus of continuity w(t) of its characteristic Ω satisfies

the Dini condition. Therefore, we should also note that, for the purposes of this study, we

are also assuming that Ω satisfies the following Dini-type condition:∫ 1

0

ω(δ)

δ
dδ < ∞, (3)

where ω is defined as

ω(δ) := sup
{
|T ξΩ(x)− Ω

(
x
)
| : |x− ξ| ≤ δ, |x| = |ξ| = 1

}
for any 0 < δ < ∞. In this paper, the Dini-type condition is replaced by the following

continuity condition: For ξ ∈ Sn−1, 0 < δ < l/n, we denotes usual

w(t) = sup
|t|≤t

∫
Sn−1

|T ξΩ(θ)− Ω(θ)|dθ ≤ Cnδ

∫
Sn−1

|Ω(θ)|dθ, (4)

where C is independent of dimension. Condition (4) allows specification of the constant,

and it is shown below that the high order Riesz Bessel transform satisfies this condition with

Ω(y) = Pk(y)|y|−k. Then the singular integral operator (2) exists a.e. for f ∈ Lp,γ(Rn) (

see [1, 11]). However, note that Ω satisfies the following conditions.

i) Ω is a homogeneous function of degree zero on Rn\{0}, that is, for any given λ ∈ (0,∞)

and x ∈ Rn\{0},
Ω(λx) = Ω(x). (5)

ii) Ω ∈ L1
(
Sn−1

)
satisfies the cancellation condition∫

Sn+
Ω(θ)(θ′)γdθ = 0, (6)

where θ = y/|y| and Sn+ :=
{
y ∈ Rn

+ : |y| = 1
}
denotes the unit sphere in Rn

+.

The Laplace-Bessel differential operator ∆γ which is an important technical tool in harmonic

analysis is defined by

∆γ =
n−1∑
k=1

∂2

∂x2
k

+

(
∂2

∂x2
n

+
γ

xn

∂

∂xn

)
.

This operator is a hybrid differential operator which is obtained by applying the Laplace

differential operator in the first n−1 variable and the Bessel differential operator in the last

variable.

Denote by T y the generalized translate operator, acting according to the law

T yf(x) =
Γ
(
γ+1
2

)
Γ(γ/2)Γ

(
1
2

) ∫ π

0

f
(
x′ − y′,

√
(x2

n − 2xnyn cos θ + y2n)
)
sinγ−1 θdθ,

where x = (x′, xn) , y = (y′, yn) , x
′, y′ ∈ Rn−1 and(

Γ
(
γ+1
2

)
Γ(γ/2)Γ

(
1
2

))−1

=

∫ π

0

sinγ−1 θdθ.

Note that the generalized translation operator T y is closely related with the Laplace-Bessel

differential operator ∆γ (see [4, 6, 18, 20]).
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Denote Rn
+ = {x ∈ Rn : x = (x1, · · · , xn−1, xn) , xn > 0}. The Lebesgue measure of a

measurable set B ⊂ Rn
+ is denoted by

|B|γ =

∫
B

yγndy,

and γ > 0 is a fixed parameter. Suppose that B(x, r) =
{
y ∈ Rn

+ : |x− y| < r
}
denotes the

ball of radius r > 0 centered at x ∈ Rn
+. It is known that |B(0, r)|γ = rn+γω(n, γ) where

ω(n, γ) = |B(0, 1)|γ .
Let Lp,γ ≡ Lp,γ (Rn) , 1 ≤ p < ∞ be the space of all measurable functions on Rn

with the norm

∥f∥Lp,γ
=

(∫
Rn

|f(x)|p (xn)
γ

dx

) 1
p

< ∞.

In the case p = ∞, the space L∞,γ (Rn) is defined by means of the usual modification

∥f∥L∞ = ess sup |f(x)|, x ∈ Rn.

The weak- Lp,γ space WLp,γ ≡ WLp,γ (Rn) is defined by

∥f∥WLp,γ = sup
r>0

r |{x ∈ Rn : |f(x)| > r}|1/pγ , 1 ≤ p < ∞.

Let 0 < α < Q+ k and Ω ∈ L1
(
Sn−1

)
satisfy (5) and (6). Now, for the boundedness of the

high order Riesz Bessel transform generated by the generalized translate operator T y given

in (2), we consider the following singular integral operator

R(k)∗
γ (f)(x) := p.v.

∫
Rn

+

Ω(y)

|y|Q+k−α
T yf(x)yγndy, 1 ≤ k ≤ n (7)

on the space BMO(Rn
+). In our study, we investigate the boundedness of the singular integral

operator generated by the generalized translate operator given in (7). This is a fractional sin-

gular intagral operator and formally, the Calderón-Zygmund type singular integral operator

R
(k)∗
γ as in (7) becomes the Riesz Bessel transform R

(k)
γ when α = 0.

Before stating the main results of our study, we first briefly recall partial known results

on the boundedness of the singular integral operator R
(k)∗
γ as in (7).

Assume further that Ω ∈ L∞(
Sn−1

)
and there exists a positive constant A such that

∥Ω∥
L∞

(
Sn−1

) ≤ A. (8)

Using the boundedness results of fractional integral operators (see, [12, 13]), we find that,

for any given 0 < α < Q+ k,

∥R(k)∗
γ f∥Lq,γ(Rn

+) ≤ C∥f∥Lp,γ(Rn
+), (9)

where 1 < p < Q
α and 1 < q < ∞ is given by 1

q = 1
p − α

Q+k . Here, the positive constant C

depends on n, p, γ, and α, and the constant C → ∞ when α → 0.

Moreover, for the extreme case p = (Q+k)/α, it is easy to verify that high order Riesz

Bessel potential operator R
(k)∗
γ is not bounded from L(Q+k)/α,γ(Rn) to L∞,γ(Rn. However,

as its substitute, we know that R
(k)∗
γ is bounded from L(Q+k)/α,γ(Rn) to BMO(Rn). From

[5], we proved that for any given 0 < α < Q−n
q , high order Riesz Bessel transform is bounded

from LQ−n
q
(Rn) to the space BMO(Rn) when Ω satisfies some smoothness conditions on

Sn−1. Meng and Chen [21] obtained that, under some smoothness assumptions on Ω, for
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any given α ∈ (0, n) and λ ∈ (0, n), the Calderon Zygmund operator is bounded from the

Morrey space Lλ/α,λ(Rn) to BMO(Rn). Therefore, from [21], we obtain that

∥R(k)
γ f∥BMO(Rn

+) ≤ C∥f∥LQ−n
q
(Rn

+), (10)

where the positive constant C depends only on n and γ, α, k.

Therefore, an interesting question arises for the singular integral operator R
(k)∗
γ de-

fined as in (7), which is generated by generalized shift operator T y for y ∈ Rn
+ whether or

not there exists an alternative inequality for (9) or (10) such that the boundedness constant

appearing in such inequalities does not depend on the parameter α. We can give a posi-

tive answer to this question for (9) on under Ω different assumptions. We should also note

that Chen and Guo [2] obtained a boundedness estimate for the Calderón-Zygmund singular

integral operator on Ω without any regularity assumption.

Finally, we have established some rules regarding representations. Throu-ghout the

study, we will denote a positive constant C, that is independent of the main parameters.

However, according to this fixed inequality, it may vary from one row to another. The

symbol f ≲ g means f ≤ Cg. If f ≲ g and g ≲ f , then f ∼ g is written. For any subset

B ⊂ Rn
+, we denote the complement of B∁ and its characteristic function by 1B . For any

given q ∈ [1,∞], the conjugate exponent is denoted by q′; 1/q + 1/q′ = 1.

2. Main Results

In order to present the main results of this study, we will first recall some necessary

concepts. Firstly, we will recall the definition of the BMO space.

Definition 2.1. Let T y be generalized shift operator for y ∈ Rn
+, and f ∈ L1

loc,γ(Rn
+). Then

f is said to belong to the space BMO(Rn
+) if

∥f∥BMO(Rn
+) := sup

r>0
x∈Rn

+

1

|B(0, r)|ν

∫
B(0,r)

∣∣T yf(x)− fB(0,r)

∣∣yγndy < ∞, (11)

where the supremum is taken over all balls B ⊂ Rn
+, and

fB(0,r) :=
1

|B|γ

∫
B(0,r)

T yf(x)yγndy,

(see [7, 8]).

The BMO(Rn) space plays a very important role in harmonic analysis. It is well

known that the BMO(Rn) space is the dual of the Hardy space H1(Rn). Furthermore, the

BMO(Rn) space is a suitable alternative to the Lebesgue space L∞(Rn) for examining the

boundedness of certain operators or solving certain partial differential equations. It is also

known that high order Riesz transforms are not bounded in Lebesgue spaces for 0 < p < 1.

This study will therefore facilitate the investigation of the boundedness of these transforms

in Hardy spaces for 0 < p < 1. It should be noted that the singular integral operators

studied here have been obtained using generalized shift operators T y associated with the

Laplace-Bessel operator.

Then, for the space BMO(Rn
+) with respect to norm, we have the following bounded-

ness estimate for higher order the Riesz Bessel transform R
(k)∗
γ .
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Theorem 2.1. Let 1 < q < ∞, 0 < α < Q − n
q , and 1 < q′ < ∞ be such that 1

q + 1
q′ = 1.

We assume that Ω ∈ L∞(
Sn−1

)
satisfies (5), (6), and (8). Then there exists a positive

constants C1(Q, q) and C2 =
(
n− q(Q− α)

)−1/q
αQ−n

q such that

∥R(k)∗
γ f∥BMO(Rn

+) ≤ C1

[
∥f∥BMO(Rn

+) + C2∥f∥Lq′,γ(Rn
+)

]
(12)

for any f ∈ BMO(Rn
+) ∩ Lq′,γ(Rn

+), R
(k)∗
γ f ∈ BMO(Rn

+).

Proof. To prove the theorem, we shall consider the approach used in [26, 27, 28] and split

the singular integral operator R
(k)∗
γ into two parts. Let us denote the part near the origin

as R
(k)
γ1 and the part far from the origin as R

(k)
γ2 . Obtaining an estimate for R

(k)
γ2 f∥BMO(Rn

+)

is straightforward. However, to estimate ∥R(k)
γ1 f

∥∥
BMO(Rn

+)
, we apply the Dini-type condition

given in equation (3). Let Φ ∈ C∞
c (R) be a nonnegative, smooth and compactly supported

function. Then, for any t ∈ R, let us take

Φ(t) :=

{
1 when |t| ≤ 1,

0 when |t| ≥ 2.

For given λ ∈ (0,∞) and t ∈ R. let Φλ(t) := Φ(λt). Furthermore, let us define

R(k)
γ1

f(x) := p.v.

∫
Rn

+

Ω(y)

|y|Q−α
Φα(|y|)T yf(x)yγndy (13)

and

R(k)
γ2

f(x) := p.v.

∫
Rn

+

Ω(y)

|y|Q−α

[
1− Φα(|y|)

]
T yf(x)yγndy (14)

for a suitable function f on Rn
+ and any y ∈ Rn

+. Then the singular integral operator R
(k)∗
γ

in (7) can be written as R
(k)∗
γ = R

(k)
γ1 + R

(k)
γ2 . Hence, we obtain the following boundedness

results for the operators R
(k)
γ1 and R

(k)
γ2 . □

Lemma 2.1. Let 1 < q < ∞, 0 < α < Q − n
q , and Ω ∈ L∞(

Sn−1
)
satisfies (5), (6) and

(3). There exists a positive constant C(Q, q) such that∥∥R(k)
γ1

f
∥∥
BMO(Rn

+)
≤ C∥f∥BMO(Rn

+)

for any f ∈ BMO(Rn
+) ∩ Lq′,γ(Rn

+) and R
(k)
γ1 f ∈ BMO(Rn

+).

Lemma 2.2. Let 1 ≤ p < ∞ and any B := B(x, r) ⊂ Rn
+ be a ball. There exists a positive

constant C(Q, q) such that the inequality[
1

2k|B|γ

∫
2kB

|T yf(x)− fB |pyγndy
] 1

p

≤ C∥f∥BMO(Rn
+)

holds for any f ∈ BMO(Rn
+) and k ∈ N.

Now, we prove Lemma 2.1 using Lemma 2.2.

Proof of Lemma 2.1. Let 1 < q < ∞, 0 < α < Q − n
q , and f ∈ BMO(Rn

+)∩ Lq′,γ(Rn
+).

By [2, Theorem 2.1], we obtain the result that R
(k)
γ1 is bounded on Lq′,γ(Rn

+). This implies

that R
(k)
γ1 f ∈ Lq′,γ(Rn

+). Therefore, for almost every x ∈ Rn
+, we obtain the result that

|R(k)
γ1 f(x)| < ∞. Without loss of generality, we may assume that

|R(k)
γ1

f(x)| < ∞
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for any x ∈ Rn
+. Let B := B

(
x0, r

)
be an arbitrary ball in Rn

+. Then we get

T yf = fB +
(
T yf − fB

)
14B +

(
T yf − fB

)
1(4B)c

= fB + gB + hB ,

where

fB :=

∫
B

T yf(x)yγndy,

and 1(4B)c is the characteristic function of (4B)c.

Since fB is a constant, it follows that R
(k)
γ1 fB = 0. Now, we obtain the R

(k)
γ1 gB

estimate. By Hölder’s inequality and the boundedness of the operator R
(k)
γ1 on L2,γ(Rn

+)

(see [6]), we have

∫
B

∣∣R(k)
γ1

gB(y)
∣∣dy ≤ |B| 12

[ ∫
B

∣∣R(k)
γ1

gB(y)
∣∣2dy] 1

2 ≤ C|B| 12
∥∥gB∥∥L2(Rn

+)

= C|B| 12
[ ∫

4B

∣∣T yf(x)− fB
∣∣2yγndy] 1

2

≤ C|B| 12
{[∫

4B

∣∣T yf(x)− f4B
∣∣2yγndy] 1

2 +
[ ∫

4B

∣∣f4B − fB
∣∣2yγndy] 1

2

}
= C|B| 12

(
I1 + I2

)
. (15)

From Definition 2.1, it follows that

I1 =
[ ∫

4B

∣∣T yf(x)− f4B
∣∣2yγndy] 1

2 ≤ C|B| 12 ∥f∥BMO(Rn
+) (16)

and

I2 =
[ ∫

4B

∣∣f4B − fB
∣∣2yγndy] 1

2 ≤
[ 1

|B|

∫
B

∣∣T yf(x)− f4B
∣∣yγndy]|4B| 12

≤ C
[ 1

|4B|

∫
4B

∣∣T yf(x)− f4B
∣∣yγndy]|B| 12 ≤ C|B| 12 ∥f∥BMO(Rn

+). (17)

By (15)-(17), we get

∫
B

∣∣R(k)
γ1

gB(y)
∣∣dy ≤ C∥f∥BMO(Rn

+). (18)
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Now let’s study R
(k)
γ1 hB . Let x ∈ B. Then, we have

R(k)
γ1

hB(x)− R(k)
γ1

hB(x0) =

=

∫
(Rn

+)

[T yΩ(x)

|y|Q−α
− T yΩ(x0)

|y|Q−α

]
Φα(|y|)hB(y)y

γ
ndy

=

∫
(Rn

+)

[
Ω(y)T y|x|−Q+α − Ω(y)T y|x0|−Q+α

]
Φα(|y|)hB(y)y

γ
ndy

=

∫
(Rn

+)

Ω(y)
[
T y|x|−Q+α − T y|x0|−Q+α

]
hB(y)Φα(|y|)yγndy

=

∫
(Rn

+)

Ω(y)
[
|x− y|−Q+α − |x0 − y|−Q+α

]
T yhB(x)Φα(|y|)yγndy

≤
∫
(Rn

+)

Ω(y)
[
|y|−Q+α

]
T yhB(x)Φα(|y|)yγndy

≤
∫
(4B)∁

Ω(y)

|y|Q−α
T yhB(x)Φα(|y|)yγndy

≤
∫
(4B)∁

Ω(y)

|y|Q−α

[
T yf(x)− fB

]
Φα(|y|)yγndy

+

∫
(4B)∁

Ω(y)

|y|Q−α

[
fB − f(4B)∁

][
Φα(|y|)

]
yγndy

=: J1 + J2.

Furthermore, based on the fact that limα→0+ α−α = 1, we obtain that there exists a constant

C > 0 such that, for any given 0 < α < Q− n
q ,

α−α ≤ C (19)

Now let’s obtain the J1 estimate. For any j ∈ N with j ≥ 2, let Aj :=
(
2j+1B

)
\
(
2jB

)
. By

Hölder’s inequality and (2.8), we have that∣∣J1∣∣ ≤ C
[ ∫

(4B)∁

∣∣ Ω(y)

|y|Q−α

∣∣ Q
Q−α

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

]1− α
Q

×
[ ∫

(4B)∁

∣∣Φα(|y|)
∣∣Q
α yγndy

] α
Q

≤ Cγ

[ ∞∑
j=2

∫ ∣∣ Ω(y)

|y|Q−α

∣∣ Q
Q−α

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

]1− α
Q

≤ Cγ

[ ∞∑
j=2

∫ ∣∣ Ω(y)

|y|Q−α

∣∣ Q
Q−α

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

]1− α
Q . (20)

Moreover, for y ∈ B and any given x ∈ Aj with j ∈ N, in [6], by Theorem 3 and 4, we obtain

that there exists y′ ∈ B such that ∣∣ Ω(y)

|y|Q−α

∣∣ ≤ A

|y|Q−α
. (21)

Furthermore, it is easy to find that, for any y ∈ B and x ∈ Aj with j ≥ 1,

|x|/4 ≤ |y|, (22)
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and

|x− y| ≥ 4|y|. (23)

Thus, by (21), (23) and |y| ≤ r, for any x ∈ Aj with j ≥ 2, it follows that

∣∣ Ω(y)

|y|Q−α

∣∣ Q
Q−α ≤

[ A.Cα

|y|Q−α

] Q
Q−α ≤

[ A.Cα(
2jr

)Q−α

] Q
Q−α =

A.Cα,Q(
2jr

)Q
≤ A.Cα,Q

(2j)QrQ
≤ A.Cα,Q2

−j∣∣2j+1B
∣∣ .

Using previous estimate and Lemma 2.2, we find that

∞∑
j=2

∫
Aj

∣∣ Ω(y)

|y|Q−α

∣∣ Q
Q−α

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

≤ Cα,Q

∞∑
j=2

2−j∣∣2j+1B
∣∣ ∫

2j+1B

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

≤ Cα,Q

∞∑
j=2

2−j(j + 1)
Q

Q−α ∥f∥
Q

Q−α

BMO(Rn
+). (24)

By previous estimate and (20), we conclude that

∣∣J1∣∣ ≤ C∥f∥BMO(Rn
+)

[ ∞∑
j=2

2−j(j + 1)
Q

Q−α
]1− α

Q ≤ C∥f∥BMO(Rn
+). (25)

Now, we will try to obtain J2. By Hölder’s inequality and (19), we have

∣∣J2∣∣ ≤ C
[ ∫

(4B)∁

|Ω(y)|
Q

Q−α

|y|Q
|fB − f(4B)∁ |

Q
Q−α yγndy

]1− α
Q
[ ∫

(4B)∁
|Φα(|y|)|

Q
α yγndy

] α
Q

≤ Cα,Q

[ ∫
(4B)∁

|Ω(y)|
Q

Q−α

|y|Q
|fB − f(4B)∁ |

Q
Q−α yγndy

]1− α
Q . (26)

Similarly to (21), in [6], by Theorem 3 and 4, we find that, for y ∈ B, there exists a constant

C such that ∣∣Ω(y)
|y|

∣∣ ≤ A

|y|
.

If our previous estimate and (23) holds, for any given y ∈ B, and x ∈ Aj with j ≥ 2, then

we see easily that

∣∣Ω(y)∣∣ = ∣∣Ω( y

|y|
)∣∣ ≤ ω

( y

|y|
)
≤ ω

(16r
|y|

)
≤ ω

( 16

2j−1

)
. (27)
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By (27) and Lemma 2.2, we have

[ ∫
(4B)∁

∣∣Ω(y)∣∣ Q
Q−α

|y|Q
∣∣f(4B)∁ − fB

∣∣ Q
Q−α yγndy

]1− α
Q

=
[ ∞∑
j=2

∫
Aj

∣∣Ω(y)∣∣ Q
Q−α

|y|Q
∣∣f(4B)∁ − fB

∣∣ Q
Q−α yγndy

]1− α
Q

≤ Cα,Q

∞∑
j=2

ω
( 16

2j−1

)[ ∫
Aj

1

|y|Q+k

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

]1− α
Q

≤ Cα,Q

∞∑
j=2

ω
( 16

2j−1

)[ ∫
2j+1B

∣∣T yf(x)− fB
∣∣ Q
Q−α yγndy

]1− α
Q

≤ Cα,Q

∞∑
j=2

ω
( 16

2j−1

)
(j + 1)∥f∥BMO(Rn

+). (28)

If we now combine the estimates (25), (27), and (28), we have∣∣J2∣∣ ≤ C∥f∥BMO(Rn
+). (29)

∫
B

∣∣R(k)
γ1

f(y)− R(k)
γ1

hB

(
x0

)∣∣dy ≤
∫
B

∣∣R(k)
γ1

gB(y)
∣∣dy

+

∫
B

∣∣R(k)
γ1

hB(x)− R(k)
γ1

hB

(
y0
)∣∣dy

≤ C∥f∥BMO(Rn
+). (30)

Thus we conclude that∫
B

∣∣R(k)
γ1

f(y)−
(
R(k)

γ1
f
)
B

∣∣dy ≤ 2

∫
B

∣∣R(k)
γ1

f(y)− R(k)
γ1

hB

(
x0

)∣∣dy
≤ C∥f∥BMO(Rn

+).

Finally, we obtain R
(k)
γ1 f ∈ BMO(Rn

+) and∥∥R(k)
γ1

f
∥∥
BMO(Rn

+)
≤ C∥f∥BMO(Rn

+).

Thus, Lemma 2.1 is proved.

□

Lemma 2.3. Let 1 < q < ∞, 0 < α < Q− n
q , and suppose that Ω ∈ L∞(

Sn−1
)
satisfies (5)

and (6). Then there exists a positive constant C(Q, q) such that,∥∥R(k)
γ2

f
∥∥
BMO(Rn

+)
≤ CαQ−n

q
[
n− q(Q− α)

]−1/q∥f∥Lq′,γ(Rn
+) (31)

for any f ∈ BMO(Rn
+) ∩ Lq′,γ(Rn

+), R
(k)
γ2 f ∈ BMO(Rn

+).
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Proof. Let f ∈ BMO(Rn
+) ∩ Lq′,γ(Rn

+). First assume that Ω ∈ L∞(
Sn−1

)
and (19), Then

we have, for any ball B ⊂ (Rn
+),

1

|B|

∫
B

∣∣R(k)
γ2

f(x)−
(
R(k)

γ2
f
)
B

∣∣dx ≤ 2

|B|

∫
B

∣∣R(k)
γ2

f(x)
∣∣dx

≤ C

|B|

∫
B

∫
{y∈(Rn

+):|y|> 1
α}

|Ω(y)|
|y|(Q−α)

[
1− Φα(|y|)

]
T y|f(y)|yγndydx

≤ C

|B|

∫
B

[ ∫
(Rn

+)

|T yf(x)|q
′
yγndy

] 1
q′
[ ∫

{y∈(Rn
+):|y|> 1

α}
|Ω(y)|q

|y|q(Q−α)

[
1− Φα(|y|)

]q
dy

] 1
q dx

≤ CQ,q

|B|

∫
B

[ ∫
(Rn

+)

T y|f(x))|q
′
yγndy

] 1
q′
[ ∫

Sn−1

∫ ∞

1
α

t−q(Q−α)tn−1dtdσ
(
t′
)] 1

q dx

≤ CQ,q

|B|

∫
B

[ ∫
(Rn

+)

|f(y))|q
′
yγndy

] 1
q′
[ ∫

Sn−1

∫ ∞

1
α

t−q(Q−α)tn−1dtdσ
(
t′
)] 1

q dx

≤ CQ,q

|B|
∥f∥Lq′,γ(Rn

+)α
Q−n

q
[
n− q(Q− α)

]−1/q
α−α|B|

≤ CQ,qα
Q−n

q
[
n− q(Q− α)

]−1/q∥f∥Lq′,γ(Rn
+)

which implies that R
(k)
γ2 f ∈ BMO(Rn

+) and∥∥R(k)
γ2

f
∥∥
BMO(Rn

+)
≤ CαQ−n

q
[
n− q(Q− α)

]−1/q∥f∥Lq′,γ(Rn
+),

where the constant C is independent of f and α. This finishes the proof of Lemma 2.3. □

By Lemmas 2.1 and 2.2, it is easy to prove the Theorem 2.1

Proof of Theorem 2.1. Let 1 < q < ∞ and 0 < α < Q − n
q . Assume that f ∈ BMO(Rn

+) ∩
Lq′,γ(Rn

+). Using Lemma 2.1, we deduce that that there exits a constant C such that∥∥R(k)
γ1

f
∥∥
BMO(Rn

+)
≤ C∥f∥BMO(Rn

+).

Moreover, by Lemma 2.3, we see easily that there exists a constant C such that∥∥R(k)
γ2

f
∥∥
BMO(Rn

+)
≤ CαQ−n

q
[
n− q(Q− α)

]−1/q∥f∥Lq′,γ(Rn
+),

where C is finite constant that are independent of f and that depend only on only on q, Q,

and A. Therefore, we have

∥R(k)
γ,αf∥BMO(Rn

+) ≤
∥∥R(k)

γ1
f
∥∥
BMO(Rn

+)
+

∥∥R(k)
γ2

f
∥∥
BMO(Rn

+)

≤ C
[
∥f∥BMO(Rn

+) + αQ−n
q
[
n− q(Q− α)

]−1/q∥f∥Lq′,γ(Rn
+)

]
.

as desired. □
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