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EXISTENCE OF INFINITE SOLUTIONS FOR A NEUMANN PROBLEM
WITH «(-)-LAPLACIAN-LIKE OPERATORS

Ahmed AHMED!

We study a class of nonlocal Kirchhoff-type elliptic problems driven by a k(-)-
Laplacian-like operator with variable exponent growth and Neumann boundary condi-
tions. These arise in models of capillarity and non-Newtonian fluids, where k(-) reflects
anisotropy. Using critical point theory in variable exponent Sobolev spaces and an ab-
stract variational principle of B. Ricceri, we prove existence and multiplicity of weak
solutions, extending known constant-exponent results to a variable exponent setting.
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1. Introduction

In this article, we consider the following Kirchhoff-type quasilinear elliptic equation
with Neumann boundary conditions:

YV o|26(y)
—Mm <f® <K(1y)|v¢|n(y) 4 VIHVOPE) dy + [, W) | (3| @) dy)

w(y) K(y)
x (AL 0(0) +6)|6w)¥26(y) ) = (3, 6(y)) in D, M
g—f =0on 90D,
where
1 . 1 rk(y)—2
ALid = dw(<1+ — d)(y)'%(y)) V()| w(y)),

is referred to as a k(-)-Laplacian-like operator. Here, D C RY (N > 1) is a bounded domain
with a boundary 9D of class @!, and v denotes the outward unit normal vector to 9D. The
variable exponent function k € C(D) satisfies the following bounds:

1<k~ := inf k(y) < K(y) < kT = sup K(y) < +oo. (2)
y€D yeD

We also consider a measurable function § : D — R satisfying
0(-) € L*®(D), and 0~ :=ess %lf d(y) > 0. (3)
TE

ensuring that ¢ is essentially bounded and strictly positive almost everywhere in D.
The nonlinear source term 6 : D x R — R is assumed to be a Carathéodory function,
that is, measurable in y for every fixed r € R, and continuous in r for almost every y € D.
Furthermore, we assume the following integrability condition:
sup |0(y,r)| € L*(D) for all 7 > 0. (4)
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We set
t
O.t) = [ 0. ds.
0

The Kirchhoff function 9 : Rt — R™ is assumed to satisfy the following hypotheses:
(M1) There exists a constant mg > 0 such that

M(t) > mo for all t > 0. (5)
(M2) There exist constants v > 1 and mq,mg > 0 such that

—

t
M(t) == / M(s)ds < mit” +me for all t > 0. (6)
0

To illustrate these assumptions, consider the specific example MM(t) = (1+1¢)?~! with
v > 1. Clearly,
M(t) >1 forallt>0,

which satisfies (5) with mo = 1. Furthermore, the primitive function is given by

(14+1)Y —1 - (1+1)
v v

—

M(t) = /Ot(l +5)' " lds = < 297H(1 4-1Y),

so (6) is satisfied with v = v and m; = mg = 2V~ 1.

Kirchhoff-type problems, first proposed by Kirchhoff [14] as a generalization of d’Alembert’s
wave equation, account for the influence of changes in the length of a vibrating string. A
key feature of these models is a nonlocal coefficient that depends on the averaged kinetic
energy density, adding both mathematical complexity and physical realism. For further
developments and generalizations, see [3, 11].

In the study of nonlinear elliptic problems exhibiting nonstandard growth condi-
tions, several differential operators have been developed as generalizations of the classical
k-Laplacian to account for spatially dependent exponents. These (k(-))-Laplacian-like op-
erators reflect the complexity of real-world models and introduce rich analytical structures.
Below, we present several important examples, emphasizing both their mathematical for-
mulation and their relevance to physical or applied contexts.

A prototypical instance is the standard variable exponent Laplacian

A = div (V61" *Ve(y))

which plays a key role in modeling electrorheological fluids and image processing [12]. An-
other important operator is the relativistic-type (x(-))-Laplacian

I — i 1 r(y)—2
ALy = div ((l = |V¢(y)|2~<y>> [Ve(y)™ V¢(y)> :

which introduces a regularization inspired by relativistic field theory, capturing phenomena
with bounded propagation speed or saturation effects, and appears in models of nonlinear
diffusion and phase transitions.

Another variant is the logarithmic (x(y))-Laplacian

A6 = div ((1+log(1 + [Va())) V)" >Vo() ).

used to describe slow diffusion in population dynamics and turbulent flows, where the gra-
dient response grows mildly [5].
A more complex structure is provided by the double-phase operator

Aly, Vo) := [V 2V6 + a(y)| V| =2V,
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which models materials with two competing behaviors such as hard/soft composites [2, 4].
Here, a(y) > 0 governs the transition between the two growth regimes. Finally, in anisotropic
media, one encounters

N
Aanico(9) 1= D2 8y, (10,010 720,,0)
i=1

where direction-dependent growth is relevant, as in crystal mechanics or directional diffusion
[1, 9].

The study of x(-)-Laplacian-type operators was initiated by Rodrigues using varia-
tional methods [16]. Since then, numerous works have addressed related boundary value
problems, establishing existence and multiplicity results for both Dirichlet and Neumann
conditions [10, 13, 17, 6]. In particular, recent studies have demonstrated the existence of
infinitely many weak solutions and extended these results to nonlocal Kirchhoff-type prob-
lems under variable exponent settings.

It is worth noting that the formulations in the above works differ substantially from
our current setting, particularly in the structure of the source term € and the role of the
variable exponent function x. Moreover, the analytical techniques employed therein diverge
significantly from those used in our approach.

We recall below a fundamental result due to Ricceri [15], which plays a crucial role
in establishing our main results.

Theorem 1.1 (See [8], Theorem 2.2). Let Y be a reflexive real Banach space, and let
Hi,Hs : Y — R be two Gateaux differentiable and sequentially weakly lower semicontinuous
functionals. Assume that Hy is continuous with respect to the norm topology and satisfies

lim  H;(¢) = +o0.

ll¢lly —o0
For any k > infy Hy, define
Ho(o)— _ inf  Ha(¥)
. YEHT ! ((—00.k))
K) = inf , 7
) $EHT ! ((—o0,r)) rk —Hi(¢) ™)

— weak
where H ' ((—o0, K)) denotes the weak closure of Hy'((—o0,k)) in Y. The following
assertions hold:
(a): Suppose there exist ko > infy Hy and ¢g €Y such that

Hi(¢o) < ko, (8)
and
Ha(¢o) — inf  Hy(¢) < ro—Hi(go). (9)
YeH; H((—00,k0))
Then the restriction of the functional Hy + Hy to Hy*((—o0, ko)) admits at least one
global minimum.
(b): Assume there exist two sequences (fn)n C (infy Hy, +00) with £, — 0o and (Ny)n C
Y such that for every n € N,
Hl(nn) < Kn, (10)
and

HQ(nn) - inf weak H2(¢) < Kp — Hl (7771)7 (11)
YEeH; ((—00,kn))

together with the condition

liminf (Hy(n) + Ha(n)) = —oc. (12)

lInlly —o0
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Then, there exists a sequence (Vn)n of local minimizers of Hy +Hsy such that Hy(¢,,) —
+0o as n — oo.

(c): Assume there exist two sequences (kyp)n C (infy Hy, 4+00) with k, — infy H; and
(Nn)n C Y such that for each n, conditions (10) and (11) are satisfied. Additionally,
suppose that

the global minimizers of Hy are not local minimizers of Hy + Ha. (13)

Then, there exists a sequence (V) of pairwise distinct local minimizers of Hy + Hay
such that

nhﬁngo Hy(v,) = 11}}f H,,
and (Yn)n converges weakly in'Y to a global minimizer of Hy.

The remainder of the paper is structured as follows. In Section 2, we recall the
definitions and fundamental properties of variable exponent Sobolev spaces. Section 3 is
devoted to the statements and proofs of the main results, namely Theorems 3.1 and 3.2.

2. Preliminary Results

Let D C RY be a bounded open domain with smooth boundary, and let x(-) € L>(D)
satisfy condition (2). Denote by S(D) the set of all measurable real-valued functions defined
on D. Two functions in S(D) are considered equivalent if they are equal almost everywhere.

The variable exponent Lebesgue space L”(‘)(ZD) is defined as

150 (D) = {¢es [ ot dy<oo}

equipped with the Luxemburg norm
w(y)
dy<1,.

||¢||Ln<->(@) = inf {/L >0: /
D

The corresponding variable exponent Sobolev space Wl”‘(')(D) is defined by
Wi O(D) = {¢ € L*O(D) : |Vg| € L*(D)},

o(y)

1

and endowed with the norm
9llwrre 0y = 9l e @y + IVAl e (p)-

The spaces L*()(D) and W) (D) are separable and reflexive Banach spaces. For
foundational properties and further details, we refer the reader to [7, 9].

Assume now that the function §(y) satisfies assumption (3). For each ¢ € W) (D),
we define the modular-based norm

N LIV ()<
1630 .mf{u>0. | (w”(y) e

It is well known that || - defines a norm on W1*()(D), which is equivalent

||W(31(vf;'<'>(®)
to the standard norm || - [|yy1.x¢) (p). Moreover, the following inequalities hold:
For H(ZS”W;(’;()(D) > 1,
wt w(y) r(y) )
6010y < [ (190G + 800" ) dy < 16l
For ”QS”W;()N)()(,D) < 1;

903000y < / (VI + 8wl dy < Nl
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Throughout this work, we assume that
k= > N. (14)
Since W*()(D) is continuously embedded in W'* (D), and the latter is compactly

embedded in C°(D), it follows that W*()(D) is compactly embedded in C°(D).
Define the constant

co = sup @l Loe (D), (15)
pew O (D)N {0}
where @] po(p) = maxy65|¢(y)|. Then ¢y is a positive constant due to the compact
embedding.

3. Main results

We define, for every ¢ € W) (D), the functionals

— m L n(y) L 2r(y
M) = 3| [ (el + 1 Vo) dy
M w(y)
+ [ 2o . (16)
Ha(6) =~ [ ©(.0() do a7)

Definition 3.1. A measurable function ¢ € WH+()(D) is said to be a weak solution to the
Neumann-type elliptic problem (1) if the following identity holds:

L n(y) L k(Y M n(y)
21 ( [ (96 + L Do + Z a0 ) ay)

k(y)—2 |v¢(y)|n(y)—2v¢(y)
( /| {<v¢<y> Vo + i

- Vib(y) + 5(1/)|¢(y)\”(y)‘2¢(y)¢(y)} dy)

- /D 0y, 6(u))(y) dy, (18)

for all test functions 1 € WH+() (D).

It is easy to verify that the functionals H; and Hy belong to the class C'* (Wl’“(') (D), R).
Furthermore, a function ¢ € W*()(D) is a weak solution of (1) if and only if it is a crit-
ical point of the energy functional H; + Hs. In addition, both functionals H; and Hs are
sequentially weakly lower semicontinuous on W*()(D) (see [6]).

Definition 3.2. We say that a function ©(y,t) satisfies condition (19) if, for every compact
subset Y C R, there exists a point ( € Y such that

(S)
O(y,¢) =supO(y,t) for a.e. y € D. (19)
tey

We now show that the functional H; is coercive.

Lemma 3.1. Assume that conditions (5) and (6) are satisfied. Then the functional Hy is
coercive.
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> 1. Observe that the integrand

\/ 2(y)
K(y) K(y)
implies that the entire energy density dominates the variable exponent norm. Consequently,

11(6) = (| (9ol + L [T 9o + o)1) ay)

/OT M(s)ds

PT’OOf. Let ||¢||W51("§()(’D)

2m0 mo
- 2mo R() g 7/ 5 K() g
> 200 [ vy + 22 [ sw)lotl
mo P
> 0y (20)

where

— L K (y) L 2k () (5(y) w(y)
b /rja<'€(y)|v¢| +ﬂ(y)W> dy+/®,€(y)|¢(y)| dy.

Therefore, Hy is coercive. In particular, there exist constants o1, 09 > 0 such that
-
Hi(0) 2 01|61y 107 0L [y 1500y 2 2. )
O
We are now in a position to present our first main result.

Theorem 3.1. Let assumptions (2)-(6) be satisfied, and suppose that the function © fulfills
condition (19). Furthermore, assume that

iminf |9 Lk )_ }:_
|1<|a+ofo {zm (/D /{(y)‘c| Yy /DG(y,C)dy 0, (22)

and that there exist sequences of positive real numbers (ay)n and (By)n satisfying
ot
lim 3, = +oo, lim =2 =0. (23)

n—o00 n—oo 57

In addition, assume there exist a nonnegative function f € L'(D) with || f|| 1 (p) = 1,
and constants A1, Aa > 0 such that for every n € N and almost every y € D, the following
hold:

Oy, ) + 1(1) <01 <5) Alaf”Az) > w600, (24)
S

€o [@n,Bn]
Oy, —an) + (y) <o-1 (ﬁ) —Alaz*”—xz>> sp Ol (25)
Co te[_ﬁn;_an]

D
m| J, and Ay = ma.

where o1 1is the coercivity constant from (21), A\ =

Moreover, the inequalities (24) and (25) are strict on a subset of D of positive mea-
sure.

Then, there exists a sequence (Vn)n of local minima of the functional Hy + Ha such
that

lim H;(¢,) = +o0.
n— oo

Consequently, the problem (1) admits an unbounded sequence of weak solutions.
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Proof. Let 9 > inf,cpy1.nc)(py Hi(¢). Define

R(Y) := inf {T > 0:Hy L ((—o00, ) C 0(0,7)} , (26)

where O(0,7) := {¢ € WHeG)(D) ||¢||W51(,3<.>(,D) < T}, and O(0,7) is the norm closure of

this ball.
Due to the coercivity of Hy, we have 0 < R(¥) < 400 for every such 9. From (21),
we obtain

If Hy (¢) < UlH(b”W;(’f;(')(D)’ then ||¢||W51<';()(D) < 02.
Using (26), it follows that
Hy (=00, 7)) € O(0,R(¥)) € {¢ € C(D) : [l Le() < coR(V)},

due to the embedding estimate ||¢| o (p) < co||¢||W1,N<.)(D). Hence,
50)

inf M) > imf Ha(w). (21)
YE(HT ((—00,9))w) 191l Loe (py <coR(D)

Let 7 > o104 ¥ and suppose ¢ € W1=() (D) satisfies H (¢p) < 7. Then, if ||¢|| > o2,
inequality (21) gives:

B r 1/(k"v)
P> H() > on|dlF, s ¢ns(m) .

The same bound holds trivially if ||¢|| < oz. Thus,
- 1/(k"v)
R(r) < () . (28)
01
Since O(y, -) satisfies (19), for each n there exists ¢, € [—ay, a,,] such that
O(y,C(n) = sup O(y,t), forae. yeD. (29)

tE[—an,an]

To apply condition (b) of Theorem 1.1, consider the constant function ¢, (y) = (.,

and let ¥, := o (5) , which diverges as n — oco. By (28),

R(¥,) < i—", and hence coR(9,,) < SB,. (30)
0

Using assumption (6), we estimate

— 1
e =M (/ |<n|”‘(y)dy> < Man]® Y + Ao,
D ff(y)

which by (23) implies e,, < ¥, for n sufficiently large.

Combining (24)—(25) and (29), we obtain:

O(y,Cn) + fly) (W, —en) > sup O(y,t), a.e. in D, (31)
[t|<pn

with strict inequality on a subset of positive measure. Using (30) and (31), we obtain
condition (11), and condition (12) follows directly from (22).

Therefore, all assumptions of Theorem 1.1 (b) are satisfied, and the proof of Theorem
3.1 is complete. O

Our second main result is stated below.
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Theorem 3.2. Assume that conditions (2)-(6) hold. Moreover, suppose the function ©
satisfies condition (19), and that

Oy, )dy  — 1
lim sup M > M (/ — dy) . (32)
<10 [l » K(Y)
Let (an)n and (Bn)n be sequences of positive real numbers such that
. . ap
nh_}ngo Bn=0 and nh—{%o ot 0. (33)

Assume that there exists a nonnegative function f € LY(D) with ||f|r1¢py =1 such
that, for every n € N and almost every y € D, the following inequalities are satisfied:

O(y, an) + f(y) ()\3 (fg) — )\4a7'?;l’ _ m2> > sup Of(y,t), (34)

tE[an,Bn]

O(y, —ap) + f(y) ()\3 (i:) . Aol v — mg) > sup O(y, t), (35)

B te[fﬂnvfan]

where A\ = % and Ay = 7;;1'3'
of positive measure.

Then, there exists a sequence (y,)n of pairwise distinct local minima of the functional
H; + Hy such that 1, — 0 strongly in W5*()(D). Consequently, the problem (1) admits a

sequence of nontrivial weak solutions converging strongly to zero in WH+() (D).

. Additionally, both inequalities are strict on a subset of D

Proof. We verify the hypotheses of Theorem 1.1, item (c). For ||¢)HW1,N<.)(,D) < 1, we esti-
50)

110) = 5 ([ (0o + 1 Woen + S o)) 0y

mo T kt
> — (- =A e
s ||¢HW51(,.),< (D) 3”¢HW§<’.5( (DY’

mate:

showing that H; is coercive and attains its minimum value at zero. Hence, infyy1,x¢)(p) H1 =
H;(0) =0, and 0 is the unique global minimizer.
Moreover, assumption (32) implies

lim sup {H, (¢) + Ha(¢)} = limsup {ﬁ ( /| 'i'(y()) dy) - [ w0 dy}

I¢|—=0 I¢|—=0
<0,

which shows that 0 is not a local minimizer of Hy + Hy, i.e., (13) holds.
For r > 0 small enough, the inequality Hy(¢) < r implies that

r 1/(ktv)
s < N )
”¢”Wo‘l<->< (D) (A3>

L\ )
<(— .
R(r) < <)\3)

I‘&+I/
) and let uy and u, be the constant functions {; and (,,

from which we deduce

Ba

Co

Set 1971 = )\3(

respectively. Then
coR(9,) < Bn. (36)
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By assumption (6), there exists a sequence (), C R with (,, € [—ay, ay] such that

— 1 D _
en :m’t(/ 7‘Cn|ﬁ(y) dy> S ml_‘ ,,‘|C7L|H u+m2
» K(Y) (k™)

< )\4|an|“7”+m2. (37)

Using (33), we get for large n:

K/+V
Alom |7 < A3 (?) =, + mao,
0

which implies that e,, < ¥,, + mo and thus verifies (10).
Since ©(y, -) satisfies condition (19), for each n there exists ¢, € [—an, a,] such that
O(y,¢n) = sup O(y,t), forae yeD. (38)

te[_anyan
Applying inequalities (34) and (35), we obtain:
Oy, ) + f(y) (9 — e, —m2) > sup O(y,t), forae. yeD, (39)
[t <Bn
with strict inequality on a subset of D of positive measure. Combining (36) and (39), we
conclude that condition (11) is satisfied.
Thus, all assumptions of Theorem 1.1, item (c), are verified. Consequently, there
exists a sequence (¢,), of pairwise distinct local minima of H; 4+ Hy such that

lim Hy(v,) =0 d n w()my — 0,
’I’LL)H;O 1(1/] ) an ||¢ ||W§1(‘>( )(D)
which completes the proof. O

4. Conclusions

This study successfully establishes the existence and multiplicity of weak solutions
for a class of nonlocal Kirchhoff-type problems with k(-)-Laplacian operators and Neumann
boundary conditions. By leveraging critical point theory in variable exponent Sobolev spaces
and Ricceri’s variational principle, we overcome the challenges posed by the interplay of
nonlocality, nonstandard growth, and boundary constraints. Our results extend the theory of
constant-exponent problems to the more general variable exponent setting, offering broader
applicability to models in capillary phenomena and non-Newtonian fluids. Future work
could explore sharper regularity conditions or applications to specific physical systems.
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