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MIXING AND CHAOS TO MULTIPLE MAPPINGS

Hongbo Zeng?

Let (X,d) be a compact metric space and F = {f1, fa,..., fm} be an m-tuple
of continuous maps from X to itself. In this paper, we introduce the definitions of
transitivity, weakly mizing and mizing of multiple mappings (X, F) from a set-valued
perspective, which is the semigroup generated by F based on iterated function system.
Firstly, we prove that for multiple mappings, mizing implies distributional chaos in a
sequence, Li-Yorke chaos and Kato’s chaos. Besides, we demonstrate that F' is Kato’s
chaos if and only if F* is Kato’s chaos for any k € N. Finally, we construct a symbolic
dynamical system to show that distributional chaos may be generated by only two strongly
non-wandering points.
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1. Introduction

Chaos is a highly significant research topic in the field of topological dynamical sys-
tems. The concept of chaos was first introduced in 1975 by Li and Yorke[l]. Since then,
various definitions of chaos have been proposed by researchers in different fields, such as
Kato’s chaos|2], distributional chaos[3], etc. Therefore, it is an important and significant
to understand the relations among the different definitions. Currently, there are numerous
research results regarding this field, see, for instance, papers [4, 5 6] and the references
therein.

In 2016, Hou and Wang[7] defined multiple mappings derived from iterated function
system (IFS). Iterated function system is a significant branch of fractal theory, reflecting
the fundamental facts of the world[8, [, 0, M1, 12]. Hou and Wang focused primarily
on studying the Hausdorfl metric entropy of multiple mappings. Then then authors[I3]
provided a sufficient condition for F' to exhibit chaos in the sense of Li-Yorke. They also
showed that if F' is Hausdorff metric disdributionally chaotic, then there exist at least
two strongly nonwandering points of F. In [I4], authors proved that Hausdorff metric Li-
Yorke chaos and distributional chaos are preserved under topological conjugacy, Hausdorft
metric Li-Yorke d-chaos is equivalent to Hausdorff metric distributional §-chaos in a sequence
and that for Hausdorff metric Li-Yorke chaos, there is non-mutual implication between
the multiple mappings F' = {f1, f2, -+, fm} and each element f; (i = 1,2,--- ;m) in F.
Recently, Zhao[I5] introduced and studied sensitivity, accessibility, and Kato’s chaos of
multiple mappings. It is worth noting that researchers studying iterated function systems
often approach the topic from a group perspective rather than a set-valued perspective. This
also establishes a close connection between multiple mappings and set-valued mappings, or
we can consider multiple mappings as a special case of set-valued mappings.

The above special set-valued mappings consider the image of one point as a set (a
compact set), with the Hausdorff metric of set-valued mappings space, and investigate the
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relationships among the images of points under multiple mappings from a set-valued view.
As is known to all, the main idea of the system (X, f) is to point out how the point of
X moves. However, when it comes to the numerical simulation, economic variables, target
selection, population migration, etc., simply knowing the movement of point of X is not
enough. Besides, it is crucial to acknowledge the valuable role of set-valued mappings in ad-
dressing complex problems involving uncertainty, ambiguity, or multiple criteria. Set-valued
mappings provide versatility and flexibility, making them highly beneficial across various
domains. Set-valued mappings also prove their usefulness in decision-making processes that
require considering multiple criteria or preferences. In fact, the applications of set-valued
mappings are vast and diverse, encompassing numerous fields beyond those mentioned here.
Therefore, studying the distance relationship of points iterated under multiple mappings
from a set-valued perspective is highly significant. For more recent results about these
topics, one is referred to[7, (I3}, (14} [16] and references therein.

As we all know, it is crucial to study the properties of the chaos to multiple mappings,
the relationship among the various chaos to multiple mappings, and the relationship between
the chaos to multiple mappings and the chaos in the classic sense. In this paper, we will
investigate the relationship between mixing and chaos(distributional chaos in a sequence, Li-
Yorke chaos and Kato’s chaos) to multiple mappings. For a single continuous self-map, Liao
et al. [5] claimed that mixing implies distributively chaotic in a sequence and Li-Yorke chaos,
and Wang et al. [6] claimed that weakly mixing implies Kato’s chaos. Additionally, we will
explore the iteration invariance of Kato’s chaos to the multiple mappings. There have been
numerous studies on the iteration invariance of chaos in the classic sense(see, for example, [17]
18]). Finally, we will present an example which is Hausdorff metric distributional chaos but
only has two strongly non-wandering points. This result is the supplement of the Theorem
1in [13].

This paper is structured as follows. In Section 2, we we will state some definitions and
lemmas about multiple mappings. Section 3 will present the main conclusions. In Section
4, we will give some examples.

2. Preparations and lemmas

Throughout this paper, X is a compact metric space with a metric d, and N =
{1,2,3,...}. Let F = {f1, fa, -, fim} be an m-tuple of continuous self-maps on X. Then
F(z) = {f1(z), fa(x),..., fm(x)} is a nonempty compact subset of X. Firstly, we will give
some definitions about set-valued spaces (see [7]). Denote X(X) = {K | K is a nonempty

compact subset of X}, then F is a map from X to X(X), and the metric on K(X) is denoted
by dgr, which is called Hausdorff metric and defined by dy (4, B) = max{dist(A, B),dist(B, A)},

where dist(A,B) = sup in}f3 d(z,y). It is obvious that (K(X),dy) is a compact met-
r€AYE
ric space. Given m > 1, for any n € N, F* : X — X(X) is defined by Vz € X,

F™(x) = {fiy o fi,o---o fi (x) | 41,02, -+ ,in, = 1,2,--- ,m}. In fact, for any subset
A C X, one can define F"(A) = | F"(a), F"(A) = {x € X | F"(x) C A}. Specif-
a€A

ically, if A € X(X), then F"(A) € X(X). It is clear that F naturally induces a map
F™ : K(X) — K(X) denoted by F"(A) = F"(A),YA € X(X). One can get that F"
and F™ are both continuous from [7]. Notice that if each element fi(i = 1,2,---,m) in
F={f1, fo, -+, fm} is the same, then the Hausdorff metric dynamical systems of multiple
mappings is actually the classical dynamical systems, the former is an extension of the latter.
Denote B(A,e) = {z € X | dist(z,A) < e}, where A C X.

Next some definitions of Hausdorff metric chaos from a set-valued view were intro-
duced.
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Definition 2.1. The map F is called Hausdorff metric Li- Yorke chaos if there is an uncount-
able set S C X satisfying for any points x,y € S with x # y, liminf, . dg (F™(z), F™(y)) =
0, limsup,,_, . dg(F™(z), F*(y)) > 0. The map F is called Hausdorff metric Li-Yorke -
chaos or Hausdorff metric uniformly Li-Yorke chaos if there are 6 > 0 and uncountable
set S C X satisfying for any points x,y € S with x # y, iminf,, o dyg (F"(x), F"(y)) =
0, limsup,,_,., du(F"(x), F™(y)) > 0.

Definition 2.2. For any pair (x,y) € X x X and any n € N, denote distributional function
ny(Fy-) - R —[0,1] by

1 . i i
G (F) = 50 < <m0 (P @), Pl < ),
where §A denotes the cardinality of the set A. whent <0, ¢}, (F,t) =0. Let
¢my(Fa t) = hnrggf ¢:Tcly(Fa t)a d)::y (Fv t) = ligisogp QS;ly (Fa t)'

Then ¢qy(F,t) and gb;‘:y(F, t) respectively denote lower and upper distributional function.
The multiple mappings F is said to be Hausdorff metric distributional chaos if there is an
uncountable set S C X satisfying for any x,y € S with v # y, ¢;,(F,t) =1 for allt > 0
and ¢y (F,e) =0 for some e > 0.

Definition 2.3. Suppose that {pi}32, is an increasing sequence of positive integers. For
any pair (z,y) € X x X and any n € N, put distributional function ¢y, (F,-,px) : R — [0,1]
by
1 . . v
(B tpe) = —#{0 < i <n— 1| dp(F™ (2), FP(y)) <t},
when t <0, ¢, (F,t,px) = 0. Let

¢wy(F7t7pl) = hmlnf¢: (Fat7pi)a (b; (Fatapi) = limsup ¢2 (F,tapi)~

Then ¢uy(F,t,pi) and ¢}, (F,t,p;) are respectively called lower distributional function and
upper distributional function. The multiple mappings F is said to be Hausdorff metric
distributional chaos in a sequence if there is an uncountable set S C X satisfying for any
distinct points x,y € S,¢3, (Ft,p;) = 1 for allt > 0 and ¢y (F,€,p;) = 0 for some e > 0.
The dynamical system (X, F) is said to be Hausdor(f metric distributional §-chaos in a
sequence or Hausdorff metric uniformly distributively chaotic in a sequence, if there exist
6 > 0 and uncountable set S C X such that for any z,y € S with x # y, satisfying
wy(Fyt,pi) =1 for allt >0 and ¢y (F,8,p;) =0 for the § above.

Remark 2.1. It is obvious that (X, F) is Hausdorff metric distributional §-chaos in a
sequence (Hausdorff metric §-Li- Yorke chaos, respectively) implies that (X, F) is Hausdorff
metric distributional chaos in a sequence (Hausdorff metric Li-Yorke chaos, respectively) by
definition.

Definition 2.4. [15] The multiple mappings F is said to be (Hausdorff metric) sensitive,
if there is § > 0 such that for any monempty open set U C X, there exist x,y € U and
n € N such that dg(F™(x), F™(x)) > 0. The multiple mappings F is said to be (Hausdorff
metric) accessible, if for any € > 0 and any nonempty open set U,V C X, there exist
x € UyeV and n €N such that dg (F™(z), F™(z)) < . The multiple mappings F is said
to be (Hausdorff metric) Kato’s chaotic, if it is (Hausdor{f metric) sensitive and accessible.

Definition 2.5. z € X is said to be a strongly nonwandering point of F' if for any open
neighborhood V' of x, there is y € X satisfying limsup,,_, ., ~4{i | Fi(y)NV # 0,0 < i <
n—1}>0.
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Transitivity and mixing are important research topics of dynamical systems, next we
will define them from a set-valued perspective in the following. Put R(F") = {F"(z) | z €
X} for all n € N, that is the range of FV, which is a subset of K(X). However, since the
multiple mappings is a special set-valued mappings from X to KX(X), there is no natural way
to extend the notion of transitivity and mixing. Therefore, in this paper, when discussing
the transitivity, weak mixing and mixing, we consider a special multiple mappings, which
satisfying R(FN*t1) = R(FY) for some N € N and X = F(X). Please remember that
term 'map’ will always refer to the above special multiple mappings in the rest of the paper
without special illustration. For the convenience of the following, we denote the range of
FN above by R,(F) and the extension of V C X to X(X) by e(V) ={K € X(X) | K C V}.
It can be shown that if V' is an nonempty open set of X, then e(V') is an nonempty open
set of K(X) from [7].

Definition 2.6. A map F is (topological) transitive if for any nonempty open sets U and
V of X with VN R(F) # 0, there exists a n € N such that F*(U) Ne(V) # 0, where
F*(U)Nne(V) # 0 means that 3z € U such that F™(z) € e(V). A map F is weakly mizing
fFXxF:XxX—X(X)xX(X) is transitive, that is for any nonempty open sets Uy, Uy
and V1, Vo of X with Vi N Ry (F) # 0 and Vo N Ry (F) # (, there exists a n € N such that
F U)ne(V;) #0,i=1,2. A map F is mizing if for any nonempty open sets U and V of
X with VN R,(F) # 0, there exists a N € N such that for alln > N, F"(U) Ne(V) # 0.

Remark 2.2. By definitions, it is easy to see that mizing implies weakly mizing, weakly
mixing imply transitive, and F is (topological) mizing implies F,, is transitive for anym € N,
where Fy, is the Cartesian product of m times F.

For the purposes of the following, we recall some definitions of one-sided symbolic
dynamical systems.

Definition 2.7. The one-sided sequence space Yo := {a = agay... | a; = 1or2,i > 0} is a
metric space with the distance p(a, B) = X°,d(a;,b;)/2, where a = agay, ..., 3 = boby, ... €
Yo,d(a;,b;) =1 if a; #b; and d(a;,b;) =0 if a; = b; fori > 0. The shift map o : Lo — ¥y
is o(agay...) = (aras...). It is well know that o is a continuous map and (X2, 0) is a compact
symbolic dynamical system. For a = (apas...) € o, let afi, j| = a;ai+1...a; be the finite
sequence from the (i + 1)-th symbol to (j + 1)-th symbol of «.

Lemma 2.1. The following are equivalent.

(i) F is transitive.

(i) For any nonempty open sets U and V of X with V N R,(F) # 0, there exists a
n € N such that F~"(e(V))NU # 0.

(111) For any nonempty open sets U and V of X with VN Ry (F) # 0 and any k > 0,
there exists a positive integer n > k such that F™(U)Ne(V) # 0.

Proof. (iii) = (i) is obvious.

(1) = (i1). Since F' is transitive, there exist zp € U and n € N, such that F™(zg) €
e(V). Put A = F"(xy). Then we have A € e(V') such that zy € F~"(e(V)). So F~"(e(V))N
U #0.

(#7) = (4i1). For any nonempty open sets U and V of X with VN R, (F) # (), we have
that there exists a ng € N such that F~"(e(V))NU # 0 by (7). Since F™ is continuous
for any n, F~"(e(V)) is nonempty open in X, put Vo = F~"(e(V)), by the property of
R, (F), we have Vo N Ry (F) # (0. Again by using (i) repeatedly, we know that there exists
a ny € N such that F~"1(e(Vp)) NU # 0, then we easily see that F™ T (U) Nne(V) # 0.
Using the same way k times, we have know that there exist positive integer ns, ns, ..., ng
such that Frotmttne (1Y Ne(V) # (0. Let n = ng +ny + ... + ng, so we easily have that
n >k and F™*(U)Ne(V) # (. This completes the proof. O
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Lemma 2.2. ([19],lemma 2.2) There is an uncountable subset E in Yo such that for any
different points s = sg$1...,t = tot1... € E, we have s, = t, for infinitely many n and
S 7 tm for infinitely many m, where Yo denotes the symbolic dynamical system.

Lemma 2.3. Supposed A1, Ay € Ro(F) with A1 # A and {pr}72, is a sequence of positive
integers. IfVC = C1Cy..., where C, = B(A;, %) or B(As, %), there exists x. € X, such that
Vk > 1, we have FP*(x.) € e(Cy), then F is uniformly distributively chaotic in a sequence.

Proof. Take the set E as in lemma Then by the assumptions, for any s = sgs1... € E,
there exists x4 € X, such that for each £ > 1, n! < k < (n+1)!, we have

Pk (g C(M), s, =0,
F(QGLW&@»%L

Put D = {zs | s € E}. It is easy to see that if s # t, then z(s) # x(t). Since F is
uncountable set, D is uncountable set. Let x(s),y(t) € D and x(s) # y(t), where s =
5081...,t = tot1... € E. By Lemma [2.2] there exist sequences of positive integers n; — oo
and m; — oo satisfying s,, = ty,, Sm; 7 tm, for infinitely many 7. Next we will just prove
that z(s),y(t) are uniformly distributively chaotic in a sequence. The whole proof is divided
into two steps.

Step 1. For any § > 0, we take i large enough such that L < %, and by the property

n;

of FPx(x), for n;! < k < (n; +1)!, we have dy (FP*(z), FP*(y)) <. Further, we have

ni 1+ 1<k < (g + DL dpr (F™ (2), F™ (y)) < 6}

Therefore we have ¢}, (F),6,p;) = 1.

Step 2. Put ¢ = W. Take ¢ large enough such that # < W, SO

dp (FPr(x), FPx(y)) > ¢ for m;! < k < (m; + 1)I. Thus

1
1< k< (my+ 1) | dg (FP*(z), FP
1SS (D (P (2), 7 () < )

< = — 0(2 — 00).

Sl mg1 i)

Hence ¢4, (F,t,p;) = 0. The entire proof is complete.
0

3. Main results
Theorem 3.1. If F is mixing, then it must be uniformly distributively chaotic in a sequence.

Proof. Let A, Ay € R, (F') with A} # A3 and Uy C X be any nonempty open set such that
Up is compact set. Noting that F' is mixing, one has that there exists p; > 0, such that

FP(Ug) Ne(B(A], %)) # 0 and FP'(Uy) N e( B(Ab, %)) # 0.

So one can find two points 1,z satisfying FP*(z}) € e(B(A}, 1)),FP*(xh) € e(B(A}, 1)).
Next we will prove the conclusion by induction. Assuming that there exist positive in-
tegers p; < p2 < ... < pg such that for any finite sequence A;As...Ar, where A; €
{B(A}, 1), B(A}, 1)}, there exists ), € Uy satisfying FPi(z) € e(4;) for i = 1,2, k.
We denote the set of all such points by Sj. For any x € Sy, since F* is continuous for any
k € N, there exists an open nonempty neighborhood W, C Uy such that FPi(W,) C e(A;)
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(i=1,2,...,k). By the Lemma and the assumptions that F' is mixing, F}, is transitive
for any m € N, then there exists a positive integer pyy1 with pgy1 > pg, such that

) 0 and PP (00) 0 e B(A ) £ 0

for any x € Sy. So there is a x;11 € Uy satistying FPi(zr11) € e(4;) fori =1,2, ...k, k+ 1.
By induction assumption, there is a sequence of positive integers pr — oo such that for each
finite sequence Aj As... Ay, there exists xp € Uy satisfying FPi(z) € e(4;) for i = 1,2, ..., k.
Let C' = C1Cs... be an infinite sequence, where Cy, = {e(B(A41, 1)), e(B(Az2, 1))} For any
k, there exists point x;, € Uy such that FPi(zy) € e(C;) for i = 1,2,...,k. Noting that Uy
is compact, one gets that the sequence {z;}52; converges to a point x. in Up. It is easily
verified that for any k& € N, we have F?i(z.) € Cj. Therefore, by Lemma F is uniformly
distributively chaotic in a sequence.

FPe+1(W,) Ne(B(A],

O

Notice that uniformly distributively chaotic in a sequence implies distributively chaotic
in a sequence and Li-Yorke chaos by definitions, so we have the following result by the above
theorem.

Corollary 3.1. If F is mizing, then it must be distributively chaotic in a sequence and
Li-Yorke chaos.

Theorem 3.2. Mixing implies Kato’s chaos.

Proof. (i) For any € > 0 and nonempty open sets U, V, W of X with diam(W) < €/2. Since
F is mixing, there exists n > 1 such that F*(U)NW # () and F™*(V)NW # (. That is
dx € U,y € V such that F"(z) € e(W) and F"(y) € e(W). Therefore dy (F"(x), F™(y)) <
diam(W) < e.

(ii) Take z1, 2 € X with x1 # xo, Note r = d(x1,22) and § = /2. For any nonempty
open set U of X. Since F is mixing, there exists n > 1 such that F™(U) Ne(B(x1,7/4)) #
¢ and F™(V) N e(B(z1,r/4)) # 0. That is Jy; € U such that F™*(y;) € e(B(x1,7/4))
and Jya € U such that F™(y1) € e(B(xz2,7/4)). So we have dg(F"(y1),x1) < r/4 and
dg(F"(y2),x2) < r/4. Therefore, dg (F™(y1), F™(y2)) > r/2 = 4. O

Theorem 3.3. F is Kato’s chaos if and only if F* is Kato’s chaos (k > 2).

Proof. Sufficiency is obvious. We will prove the necessity in two steps.
Step 1. Since F' is Kato’s chaos, there exists a § > 0 such that for any nonempty open
set U of X, there exist z,y € U,n > 1, such that

du (F"(z), F"(y)) > 6. (1)

Since F is continuous and X is compact metric space, FY is uniformly continuous (Vj =
1,2, ..., k). Therefore, for given § above, there exists 6; > 0, such that when d(u,v) < 1, we
have

di (F7 (u), F7(v)) <6(j =1,2,.... k). (2)
Firstly, we will claim that there exists n > k. If not, then take a nonempty open set
U, C U with diam(U;) < &1, on the one hand, by we have that Vz,y € Up,n < k,
d(F™(x), F™(z)) < §, on the other hand, there exist z,y € U,n > 1, with dg (F™(z), F"(z)) >
0. This is a contradiction. So there exist z,y € U,n > k, such that dy(F™(z), F"(x)) > 0.
Now, take j satisfying n = kq + j, where ¢,j are positive integer and 1 < j < k. Sec-
ondly, we will claim that there exists n; > 1, such that dg(F¥"(z), F*™i(y)) > §1/2.
If not, then for any n; > 1, we have dg(f*" (x), f*™1(y)) < 61/2, by we have that
dg (FF™+i(g), FFnati(y)) < 6, therefore d(F"(z), F™(y)) < 0, which is a contradiction to

()
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Step 2. For any € > 0 and nonempty open sets U,V of X. Since FI' s uniformly
continuous (Vj' = 1,2, ..., k) we have that there exists d2 > 0, such that when d(u,v) < da,
we have

dy(F7 (u), F7' (v)) < e(V§' = 1,2, ..., k). (3)

Since F' is Kato’s chaos, for d, above, there exist z € U,y € V,n’ > 1 such that
du(F™ (z), F" (y)) < d5. Take j' satisfying n’ + j' = kq¢/, where ¢/, j’ are positive integer
and 1 < j' < k. By , dg (F™ 4" (x), F* 49 (y)) < e, that is dg (FF (z), F* (y)) < e.
Therefore, for any € > 0 and nonempty open sets U,V of X, there exist x e U,y € V,¢' > 1
such that dg (F* (z), F¥ (y)) < e.

O

4. Examples

Firstly, we provide some examples to show that the definition of mixing (weakly
mixing and transitive) of multiple mappings is well.

Example 4.1. Supposed f1, fa are continuous from [0,1] to itself. Let F' = {f1, fa}, where
fi(z) =0,Vz € [0,1] and

by = 2z, x €1[0,1/2],
2T \2-22, ze(1/2,1].
Then R, (F) = {{0, fi(x)} | n > 1,2 € [0,1]}. Let U and V be any nonempty open sets of
X with VN Ry(F) # 0, As is well-know, fo is the tent map, further fo is mizing, So it is
easily verified that F' is mixing.

Remark 4.1. The Example above can be generalized. That is if F = {f1, fo}, where f1(z) =
ala € X), and fo is mizing (transitive,respectively) map in the classical sense, then F is
mizing (transitive,respectively).

Example 4.2. Supposed f1, fa are continuous from [0,1] to itself. Let F = {fi, fo}, where

_J2z, x€[0,1/2] 1, z €10,1/2]
fl(x)_{L e (1/2,1] fQ(x)_{Qm, e (1/2,1].

And let f be a tent map, that is f(x) =2z if x € [0,1/2] and f(z) =2 — 2z if x € (1/2,1].
Then R,(F) = {{0,1, f™()} | n > 1,z € [0,1]}. Let U and V be any nonempty open sets
of X with VN R,(F) # 0, As is well-know, f is the tent map, further f is mizing, So it is
easily verified that F' is mixing.

Example 4.3. Supposed f1, fo are continuous from [0,1] to itself. Let F' = {f1, fo}, where

)2z, z €10,1/2] _J1=2z, z€[0,1/2]
fl(x)_{z—m z e (1/2,1] fQ(x)_{M—L e (1/2,1).

Notice that for any x € [0,1] and anyn > 0, F"(x) = {f"(z), f¥(x)} and f{*(x)+ f3(z) = 1.
Then Ro(F) = {{/T'(x), f3'(2)} |n = Lz € [0,1]} = {{/7"(x), 1 - fI'(2)} | n > 1,z € [0,1]}.
Let U and V be any nonempty open sets of X with V N R (F) # 0, As is well-know, fy is
the tent map, further f1 is mixing, So it is easily verified that F' is mizing.

Remark 4.2. The multiple mappings F of Example 1 or Example 3 has been shown to be
Hausdorff metric Kato’s chaos by definition[13], we can also show that it is Hausdorff metric
Kato’s chaos by Theorem [3.4 The multiple mappings F of Example 2 has been shown to
be Hausdorff metric Li-Yorke chaos by definition[14], we can also show that it is Hausdorff
metric Li-Yorke chaos by Corollary[3.]]
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Next we will give an example, which is Hausdorff metric distribution chaos but has
only two strongly non-wandering points. We have the conclusion that if F' is Hausdorff
metric disdributionally chaotic, then there exists at least two strongly nonwandering points
of F from [13]. This example indicates that Hausdorfl metric distributional chaos may be
generated by only two strongly non-wondering points. Firstly, we construct a sequence
symbol {A4,}5°,. Let A; = 10111. For n > 1, define A, 1 = 4,0, 4,1, A, inductively,
where the O, and I, have the same length as A,, and O, consists only of the symbol
0’s while I,, consists only of the symbol 1’s. Denote by |B| the length of finite symbol
sequence B. Obviously, |A,| = 5",Vn > 1. As n — oo, then A, enlarge to a one-side
infinitely sequence, denote by u. Let X be the w-limit set of w with the shift map o, that
is X = w(u, o), which is a subspace of ¥5. Let a be the infinitely sequence consists only of
the symbol 0’s and b be the infinitely sequence consists only of the symbol 1’s.

Example 4.4. The dynamical system (X, F = {0, fo}) has only two strongly nonwandering
points a and b, but is Hausdorff metric distributional chaos, where o is a shift map and

fo=a.

Proof. Firstly, we prove that (X, F') has only two strongly nonwandering points. Obviously,
a,b € X and a,b are strongly nonwandering points. For any infinitely sequence z ¢ {a,b}.
We just claim that the z is not strongly nonwandering point of X. Take n large enough
such that the finite symbol sequence z[0,5" — 1] ¢ {O,,I,}. Denote B, = z[0,5" — 1].
Take m = 10n. Note that for the symbol A,,+1 = A OmAmIlmAm, By cannot be in O,,
and I,,, so we have W%ﬁ{() <i< b5t 1] A, nli,i+5"—1] = B,} < %, that is
the frequency of B,, in A,,4+1 is no more than %, the frequency denotes by v. Similarly,
for the symbol A,,42 = An+10m+1Ams1lm+1Am+1, Byr cannot be in Oy, 41 and 1,41, so
ﬁﬁ{o <i <52 1] Apiafi,i+ 5" —1] = B,} < %U < (%)2. By induction, for any
k> m+1, we have o {0 < i < 5% — 1| Agfi,i +5" — 1] = B,} < (%)k_m. Therefore,
limp oo zef{0 <4 <58 — 1| Agli,i+5" — 1] = B,} = 0.

By the construction of u, we know that for any k& > 1, u is composed of Ay, Oy and Iy, but
B,, can not be in I and O. So, for the infinite sequence {D,}22,, if each D, is a finite
symbol sequence with length r and is in infinite sequence u, then we have

lim %ﬁ{Ogigrfl|Dr[i,i+5”fl]:Bn}:O. 4)

rT—00

For any y € X. D, = y[0,7 — 1] denotes finite symbol sequence of y with the length r.
Since y € w(u, o), each D, must be in u. So (4 works. Take the open set [B,] = {z € X |
z[0,5™ — 1] = By} of z, then by (4] we have

lim 140 <i <r—1]0'(y) € (B} =0 (5)

r—00

On the other hand, since fy = a ¢ [B,], we have

Jim {0 i<r 1] fily) € (B} =0, (©)
and @) imply that lim, o 24{0 < i <7 — 1| Fi(y) € [By,]} = 0. By the arbitrariness
of y, x is not strongly nonwandering point of (X, F).

Secondly, we prove that (X, F') is Hausdorfl metric disdributionally chaotic. Let H
be the set {x = E}Es...E)...}, where Ey € {Iox Aok, O Ao Iy Aok}, Yk > 1. Obviously,
H is uncountable set. Denote si(z) = EyEs...Ey. By induction hypotheses, one can easily
see that for any k£ > 1, the finite symbol sequence si(x) happens to be the tail of Ay .
So we have x € X, further H C X. It is obvious that the set H has a similar structure
to X9, by Lemma [2.2] there exists an uncountable set S C H such that for any different
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points x = E1FEs...Ey....,y = F1F5...Fy... in S, E, = F,, for infinitely many n and E,, #
F,, for infinitely many m. Next we will claim that {z,y} C S must be disdributionally
chaotic, hence, (X, F) Hausdorff metric is disdributionally chaotic. For any k > 2, put
pr = maz{|si_1(2)], [sk—1 ()|}, g = 52". Since both sz_1(z) and sy_y(y) are the tail of
Agi—141, pi < 52°7'+1 further, we have

lim 2% — 0. (7)
k— oo qk

Case 1. If k > 2 satisfying Ey = Fy. Without loss of generality assume that Fy = Fj, =

Ik Ay By the construction of z,y, we have that both x[pg, gx] = y[pk, qx] are the part of
Ayr. Take infinitely sequence {ky,}55_; with Ey, = Fy,,,Vm > 1. Notice that (7)), we have

m

1
lim —#{0<i<gq, —1]|z[i,i+s]=yli,i+s]}=1,Vs>0.

m— 00 qkm

Therefore we have

limsup%ﬁ{() <i<n—1]|d(o(z),0'(y) <t} =1,Vt>0. (8)

n— oo

Note that fi(z) = fi(y) = a,Vi > 0 and , then we have

1 ) .

lim sup ﬁﬁ{O <i<n—1|dg(F'(z),F'(y)) <t}=1,¥t>0.
n— oo

Case 2. If k > 2 satisfying Ej # Fy. Then for x[pk, qx] and y[pk, qx], one is part of Oqr and

the other is part of I,x. Take infinitely sequence {k,,}7°_; with Ey  # Fy, ,Ym > 1. By

, we have lim,, o qk%lj{() <i<q, —1]|d(o'(x),0%(y)) =1} = 1. Therefore

lim inf lﬁ{o <i<n—1]|dc'(z),o(y)) <1} =0. (9)

n—oo N
Notice that fi(z) = fi(y) = a,Vi > 0 and @, we have
1 . )
lirr_1>inf —#{0<i<n-1|dg(F'(x),F'(y)) <1} =0.
n—oo nN

That is ¢gy(F,1) = 0. The entire proof is complete.
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