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A NEW STRONG CONVERGENT TWO-STEP INERTIAL ALGORITHM
FOR SPLIT COMMON FIXED POINT PROBLEMS
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The purpose of this work is to investigate a new approach for finding a solution
to the split common fized point problem for the class of demicontractive operators. One
advantage of the proposed algorithm is that the strong convergence result of the proposed
algorithm is proven without calculating norms of the bounded linear operators. Our

results extend and improve results studied in the literature.
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1. Introduction

Let C' and @ be nonempty, closed and convex subsets of real Hilbert spaces Hy

and Ha, respectively. The split feasibility problem (SFP) is formulated as finding a point x
satisfying the property

x € C such that Az € @, (1)

where A: H; — Hs is a bounded linear operator. Recently, the SFP has been widely studied
by many authors (see [1, 4, 10, 19, 22, 23, 24]), due to its application in signal processing
[6]. In particular, Byrne [4] introduced the so-called CQ algorithm. For xy € Hj, define
{z,} as
Tnt1 = Po(I —yA™(I — Po)A)zn, (2)
where 0 < v < ﬁ and where Po denotes the projector onto C' and p(A*A) is the
spectral radius of the operator A*A. It is known that the CQ algorithm converges weakly
to a solution of the SFP if such a solution exists.
In the case where both C' and @ consist of fixed point sets of some nonlinear operators,
the SFP is known as the split common fixed point problem (SCEFP). More specifically, the
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SCFP is to find
x € Fix(S) such that Az € Fix(T),

where Fix(S) and Fix(T') are the fixed point sets of S: H;y — Hy and T: Hy — Hj, respec-
tively. We denote the solution set of the SCFP by

O :={x € Hy : x € Fix(S) and Az € Fix(T)}. (3)

In the case S and T are directed operators, Censor and Segal [6] proposed and proved
the convergence of the following algorithm in the setting of finite dimensional spaces:

Tny1 = ST —~yA (I - T)A)z,.

It is important to know that the class of directed operators recovers the metric projection.
So, the algorithm of Censor and Segal extends Byrne’s CQ algorithm.

After that, Moudafi [12] proposed the algorithm for solving the SCFP (3) when S
and T are demicontractive mappings with constants k1 € [0,1), ko € [0, 1) respectively, as
follows:

T € H1
Uy = Ty — YA*(I = T) Az, (4)

Tnt1 = (1 — ap)u, + apSuy,

1-k
where oy, € (6,1 — k1 — §) for a small enough § > 0 and v € (0, p2> with p being the

spectral radius of A*A. It is essential to know that, to solve the SCFP (3) for demicontractive
operators, the algorithm (4) must calculate the norm of the linear mapping A. This creates
a barrier in practice. To overcome this barrier, some authors have introduced algorithms
with variable step sizes.

In [7], Cui and Wang proposed the following algorithm for solving the SCFP (3). The
algorithm is of the form:

xTo € H;
Up = Tn — TnA* (I - T)AJ?”, (5)
Tpg1 = (1 = Nty + ASuy,

where A € (0,1 — k) and

(1= k)|l = T) Az, |
Ty = |A*(I — T)Ax,|2
0, otherwise.

if Ax,, # T(Ax,), (©)

The weak convergence result of the sequence generated by (5) was proved for demicontractive
operators provided that  # (). Some other results using the self-adaptive step sizes for
solving the SCFP (3) with demicontractive operators have been studied; the reader refers
to [20, 21, 25].

To obtain strong convergence results for solving SCFP (3), in [3], based on the algo-
rithm of Cui and Wang, Boikanyo introduced the Halpern-type algorithm for demicontractive
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operators with step sizes 7, chosen as in (6) as follows:

To,u € Hy
Up = Ty — TR A*(I = T) Az,
Yn = (L = Nuy, + ASuy,

Tpt1 = Qptt + (1 — @) Yn.

In optimization theory, to speed up the convergence rate, Polyak [14] firstly proposed
the so-called heavy ball method for solving smooth convex minimization problem. After
that, Nesterov [13] introduced a modified heavy ball method as follows:

Yn = Ty + gn(xn - xnfl)

(7)
Tn+1 = Yn — )\nvf(yn)v

where 6,, € [0,1) is an extrapolation factor and A, is a step-size parameter (sufficiently
small) and Vf is the gradient of a smooth convex function f. Let us recall that the term
O (xy, — 1) in (7) is known as the inertial step and it can be regarded as a procedure of
speeding up the convergence properties (see, e.g., [2, 14]).

To improve the performance of the CQ algorithm (2) for solving SFP (1), Dang et al.
[9] recently applied the inertial technique to the CQ algorithm. They proposed the following

algorithm:
xo,x1 € Hy,
Gn = XTn + Op(Tn — Tp—_1), (8)
Tn41 = PC(qn - TnA*(I - PQ)AQn)»

where 0 <0, <f<land0< 7, < ﬁ They proved that the inertial CQ algorithm (8)

converges weakly to a solution of the SFP provided that

o0
> Onllzn — zp|® < +o0.

n=1
In [8], Cui et al. proposed the inertial Censor-Segal algorithm with the self-adaptive step-
sizes that can improve the performance of the original algorithm. The algorithm is of the
form:
Zo,T1 S Hla
qn = Ty + en(xn - xn71)7 (9)
Tn+1 = S(qn - TnA*(I - T)Aqn)7
where 0< 6, <0<1,0<a<p, <b<2and
) [(1 = T) Az,
Tn = [ A*(I —T)Agnl*’
0, otherwise,

if [[A*(I = T)Aqgn|| # 0,

with S: Hy — Hy and T: Hy — Hs firmly quasi-nonexpansive mappings such that I — S
and I — T are demiclosed at 0. They proved that if the sequence {6,,} is nondecreasing and
converges to 6 € [0,1/5 — 2), then the sequence {x,} generated by algorithm (9) weakly
converges to a solution of SCFP (3).
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Recently, to obtain strong convergence results, Suparatulatorn et al. [18] introduced
self-adaptive algorithms with inertial effects for solving the SCFP (3) when S and T are
demicontractive mappings with constants ky € [0,1), ko € [0,1) respectively:

zo, 1 € Hi,

qn = (1= Bp)[xn + On(2n — 2n_1)],
Yn = an — Tn A" (I = T)Aqn,

Tpt1 = (1 = Nyn + ASyn,

|(I —T)Az,|?
1 — k p 9
= { R AT - DA
0, otherwise,

if |A*(I = T)Aqnl| # 0,

where 0 < 6, < 0 < 1, p € (0,1), A € (0,1 — k1), {Bn} C (0,1), limy,s100 B, = O,

:icl » = +00. They proved that the sequence generated by (10) converges strongly to
0’”
Bn

Recently, the two-step inertial technique has been introduced by Liang in [11], Poon

x* = Pq(0), provided that lim, o0 —||Zn — Zn-1] = 0.

and Liang [15, 16] for minimization problems. Two-step inertial algorithms incorporate two
inertial parameters, resulting in improved convergence and stability. The basic idea is to

update iterates using a combination of current and previous step information, formalized as:
tn = vy + e(vn - Un—l) + B(Un—l - Un—2)7

where § > 0 and § < 0 are inertial parameters that introduce momentum from earlier
iterates.

Following the above research going in this direction, we propose a new scheme for
solving the SCFP (3) for demicontractive mappings. We further investigate the two-step
inertial technique to construct an algorithm with self-adaptive step sizes and without calcu-
lating the norm of the bounded linear mapping A, and provide strong convergence results
for solving SCFP (3) so that it can improve the convergence rate of the algorithm.

This paper is organized as follows. In Section 2, we recall some definitions and
preliminary results for further use. Section 3 deals with analyzing the convergence of the
proposed algorithms. Finally, in Section 4, conclusions are given.

2. Preliminaries

Let H be a real Hilbert space and C' be a nonempty, closed and convex subset of H.
The weak convergence of {z,}52, to z is denoted by z,, — x as n — oo, while the strong
convergence of {z,}52; to x is written as z,, — = as n — co. We denote w,, () the set of
weak cluster points of a sequence {x, }. For each z,y € H, we have the following:

lz +ylI? < llzl® + 20y, = +y). (11)
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Definition 2.1. Assume that T: H — H is a nonlinear operator with Fix(T) # 0. Then
I —T is said to be demiclosed at zero if for any {x,} in H, the following implication holds:

Tn =z and (I —T)z, - 0 = z € Fix(T).

Definition 2.2. Let T: H — H be an operator with Fix(T) # 0. Then
e T: H — H is called directed if

(z —Tx,x—Tz) <0, VzeFix(T), z € H,
or equivalently
Tz — 2||> < ||z — 2||* — ||z — Tz||?, Vz € Fix(T), = € H;
e T: H — H is called quasi-nonexpansive if
Tz — z|| < ||x —z||, VzeFix(T), z € H;
e T: H — H is called B-demicontractive with 0 < 8 < 1 if
Tz — 2||* < ||z — 2| + B|(I — T)z|?, Vz e Fix(T), = € H,

or equivalently

ﬁ_

1
5 |z —Tx||?, VzeFix(T), = € H, (12)

Tz —z,x—2) <

or equivalently
8—1
2

Lemma 2.1. Let U: H — H be a 3-demicontractive operator, with Fix(U) # 0, and set
Urx=(1—-XNI+ U, with A € (0,1 — ). Then,

(Tx —z,x —2) < ||z — 2|* + |z —Tz||?, VzeFix(T), =€ H.

|Usz — 2|2 < ||z — 2|2 = A1 = B = N|(I —=U)z||?, Vz € H, z¢cFix(U).
Proof. By (12), we have

|Uxz — 2[]* = [|(1 = Nz + AUz — 2||?
— l(z - 2) + AU — )
=z — 2| + 2\ — 2, Uz — z) + N?||Uzx — z||?
< llz = 2I? + X8 = DUz — 2| + MUz — |?
=l —2|* = A1 = B =N = U)z|?,
hence the proof. O
Lemma 2.2 ([17]). Let {a,} be a sequence of nonnegative real numbers, {an,} be a sequence

of real numbers in (0,1) with > ° | a,, = oo and {b,} be a sequence of real numbers. Assume
that

Gp41 § (1 - an)an + anbn7 vn Z 1.

If limsupy,_, oo bn, < 0 holds for every subsequence {an,} of {an} satisfying the condition
liminfy oo (@n,+1 — an,) > 0, then lim, o ap = 0.
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3. Strong convergence results
Our strong convergence theorem is established under the following conditions:

Condition 3.1. The solution set Q # (.

Condition 3.2. S: Hy — H; and T: Hy — Hsy are two demicontractive operators with
constants k1 € [0,1) and ko € [0, 1), respectively, such that I —S and I —T are demiclosed
at zero.

Condition 3.3. A: H; — Hs is a bounded linear operator with its adjoint operator A*.

Now, we introduce the proposed algorithm. This algorithm allows the approximation
of a solution to problem (3) that has a minimum norm. The algorithm is of the form:

Algorithm 3.1.
Initialization: Let& > 0,8, >0, a0 € (0,1],0<vy <1, A€ (0,1—k1) and x_1,x0,21 € Hy

be arbitrary. We assume that sequences {8} C <0 ), {e1,n}, {€2.n} are all positive

1
14«
sequences such that:

lim 3, =0, Zﬁn =400, lim Sn 0, lim ©n _ 0.
n=1

n— oo n—oo n n—00 /6’”

Iterative Steps: Calculate x,1 as follows:

Step 1. Given the current iterates x,—1 and x, (n > 1), compute

tn =X, + fl,n(xn - :Enfl) + fQ,n(fEnfl - xn72)7
Up = ﬁn(l - a)xn + (1 - ﬂn)tna
Zn = Up — TR A*(I — T) Avy,

where
(I = T)Av,|?
n=(1-Fk y
= e S P AT - T Ava?
and
. €1.n .
mln{gla 71}7 Zf Tn 7£ Tn—1,
L = |en — Zpno1] (13)
&1, otherwise,
and
mil’l{£27 2m }7 Zf Tp—1 7& Tn—2,
Son = [Zn—1 — Zn—2l (14)
&, otherwise.

If |lvn — Swva||? + |A*(I — T)Av,||? = 0, then stop and v, is a solution to problem (3).
Otherwise, go to Step 2.
Step 2. Compute

Tpt1 = (L = XN)zp + ASzy.

Let n:=n+ 1 and return to Step 1.
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Remark 3.1. 1. From (13), (14) and lim, e Eﬁl—” =0, limy e e;—" =0, it is casy to
. gl,n _ . 62,71 _
show that lim, oo ——||Zn — Zn—1|| = 0 and lim, 1 oo = ||2p—1 — Tn—2|| = 0.

2. Tt is easy to see thatnif [vn — Svn||? + || A* (I = T) Avy, ||? :n()7 then v, € . Indeed, we have
Sv, = vy, and A*(I —T)Av, = 0. Thus v, € Fix(S). On the other hand, by Q # (), there
exists a point z € Fix(S) such that Az € Fix(T). Since the operator T is ko-demicontractive,
we have
1— ko 5
5 (I —T)Av, || < {((I —T)Av,, Av, — Az)
= (A*(I - T)Av,, v, — 2) = 0.

This implies that (I — T")Av,, = 0. Thus Av,, = T(Av,,). Therefore v,, € Q, as asserted.

Theorem 3.1. Assume that the Conditions 3.1 - 3.3 hold. Then the sequence {x,} gener-
ated by Algorithm 3.1 converges strongly to an element x* € §, where z* = P (0).

Proof. The proof of the theorem is divided into some steps as follows:

Step 1.
[#nt1 = 2*” < llzn — 2*)|* < Jlop — 2% (15)
Indeed, let Sy := (1 — A\)I + AS. We have x,,11 = S)z,. By Lemma 2.1 we have
st —2*2 = 1320 — 277 < 120 — " [2 = A1 = A= k1) 20 — Szl (16)
We also obtain
[€nt1 — a1 <lzn — 2™ (17)
Now, we prove that
I(I = T)Av,|*

I = 2|2 < lon = 2| = (1 = k2)*y(1 =)

[on = Soall + AT~ T)Aw [P
Indeed, using inequality (12) we have
2 — 2*||* = |Jvn — T A*(I — T)Av,, — z*||?
= |lvp — 2*||* + 72| A*(I — T)Av, || — 27, (A*(I — T) Avy, v, — %)
= |lv, — 2| + 2| A*(I — T)Av,||* — 27,((I — T)Av,,, Av,, — Az*)
<l = 2*|* + Tl AL = T) Avg||* = (1 = k2)7ll(I = T) Av, |®

= e =P 0 b g P AT T
B 4
~ - TR T
< flon = 2"|” + (1 = k2)*y? |vn — SUL(II2 jrf&fzj;élT)A”n”Q
B 4
— (L= ko) Svﬂhé +ﬁAZL[ T) Av, |2
(1 =) Av,

= [lon — 2" [* = (1 = k2)*y(1 =)

[on = Son | + |A*(I = T) Avy |2
This implies that
Iz — 2*||* < [lvp — z*||%. (19)



10 Luong Van Long, Pham Thi Huong Huyen, Nguyen Thi An and Dan I. Ricinschi

Combining inequalities (17) and (19) we obtain Step 1.
Step 2. The sequence {z,} is bounded. Indeed, from the definition of v, we get
[on = 2*[| = 1B (1 = a)zn + (1 = Bn)tn — 27|
= [18nl(1 = @) — 2] + (1 = Bn)[tn — 2]
< Ball(X = a)zn — 2"+ (1 = Bn)lltn — 27|
= Bull(1 = ) (@n — 27%) — ax™[| + (1 = ) [t — 27|
< Bl = a)llan — *| + Buallz™ || + (1 = B)[tn — 27|
= (1l = a)llzn — ™[ + Bnallz™]|
+ (= Bu)llzn + &in(@n = Tn1) + S2n(Tn1 — Tp2) — 27|

< Bl = a)llen — a®|[ 4 Buallz™|| + (1 = Bn)[lan — 27|

+ (1 - Bn)gl,n |xn - xn—l” + (1 - ﬁn)gln”xn—l - xn—Q”
* * 1- 6n fl,n
=1 —aBn)llzn — 2" + ﬁna[HﬂE I+— Tllxn |
1- ﬁn 52,n
+ a« B, Zn—1—2n_2all|
From Remark 3.1, there exists M+ > 0 such that
[vn — 2| < (1 — aBp)llwn — 2% + BnaM,- (20)

Combining (15) and (20) we get
[Zn41 — 2% < (1= aBn)llzn — || + BoaMy-
< max{||z, — "], M~}
< ... <max{l||zo — «*||, My}
So, {x,} is bounded.
Step 3.
I—T)Av,|*
R I 1) A,
R = S P 42— D) A P

<wn — 2*? = [|#ns1 — 2*° + Brdar,

+ A1 =X = E1)|[zn — Sza?

for some A, > 0. Indeed, it implied from (16) and (18) that

| = T) Ava || *
[on = Svnl|? + | A*(I = T) Avn 2
A1 =X =k1)||zn — Szal% (21)

[@nt1 = 2*[* <llvn — 2"|* = (1 = k2)*y(1 =)

On the other hand, from (20) we have

I < (1= aBu)llzn — 2| + BroM]?
|

lon — 2 <
_ 2 * |12 * 2 2 2
= (1= afp)’||zn — 2"||* + 2(1 — afn)Brnal|xn — || Mex + B MZ.
< n — 2| + Bul2(1 — aBy)al|lz, — || My + Bna® M),

Since {z,} is bounded, there exists A+ > 0 such that

[|vn — x*”Q < o — x*||2 + Br A (22)
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Substituting (22) into (21) we get

I — T) Av,||*
[on = Sval|? + | A*(I = T) Avp||?

@1 — 2% <[lzp — 2| + Bpder — (1 — k2)*y(1—7)
M1 =X =k1)||zn — Sza %

This implies that

| — T') Avn||*
[on = Svnl|? + [|A*(I = T) Avy 2

(1= k2)*y(1 =) AL = A = k1)l — Sza?

S”xn - x*”Q - ||$n+1 - J}*H2 + ﬂnAx*
Step 4.
n11—>120 lvn — zn| = 0. (23)
Indeed, we have
lon = anll = [1Ba(1 — @)an + (1 = Bp)tn — |
< (1 = )l + (1~ Bt — 2l
= Bn(l - OZ)HIEn” + H(l - ﬂn)[xn + Sl,n(wn - wn—l) + 52,n($n—1 - xn—Q)] - l‘n”
< ﬁn(l - O‘)”xn” + (1 - Bn)gl,n
+ (1 - 611)52,71”-’157171 - xn72H + Bn”xn”

|Zr — Tp1|

gl,n §Q,n
= Bn(2 — a)[|zn | + Bn(1 = Bn) 3 |Zn — Tp-1ll + Bn(1 = Bn) 3 [Zn-1— Tn—2l
. . _ . fl,n _ . 62,77, o
Since lim,, 00 B, = 0, lim,, 1 6—Hxn —Zp—1]| =0 and lim,—, oo 6—||xn,1 —Tp_2| =0,
we get " "
lim |jv, —z,| = 0.
n—oo
Step 5.
n 1- n 2
o =212 < (1= pu)llen = a2+ pu B2 o =12 + LD (e = P

+ fg,nnxnfl - xn72||2 + 251,onn - xnfln Hxn - x*H

+ 252,71”567171 - xn72|| ||xn - .’E* H + 251,7152,71”:571 — Tp-1 ||H5L'n71 - xn72H]
+ <I’*,£Cn - Un> + <QZ‘*,I* - xn>>a

2a8,

1- 577, + aﬁn ’
Indeed, we have

where p, =

[tn = %)% = l|@n + €10 (20 = Tn1) + En(Tn1 — Tn—2) — z*|?

= [lzn — 2** + & oo — 2nall” + € l2n—1 — Tnol® + 261 n(Tn — Tno1, 20 — %)
+ 280 n(Tn1 — Tpn_o,Tp — 7) + 281 €20 (Tn — Tn—1,Tn_1 — Tn_2)

<wn = 2P + & llen — 2l + & pl2n-1 = Taa? + 261 nll2n — @aoa[|2n — 27

+ 252,71”3571*1 - xanH lzn — x*ll + 2€I,n§2,n”xn - $n71|| Hxn,1 - xn,2||. (24)
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On the other hand, using inequality (11) we also have

[on — || = [Ba(1 = @)z + (1 = Bp)tn — 2|

= [1Ba[(1 = @)y, — 2] 4+ (1 = B)(tn — 2%)|?

< (1= Bn)?tn — ¥ + 260 ((1 — )2y — 2%, 0, — z)
= (1= B)?[ltn — 2*[I” + 28,((1 — @)(p — 2¥) — az™, v, — z*)
= (1= Ba)?[ltn — 2*[I” + 28n(1 — @) (@ — ¥, 0 — 2*) + 2Bna(a™, 2" — v,)
< (1= 80)2Mtn = 2> + 2B, (1 — ) |lzn — 2*[[[Jon — 2*|| + 2Bpa(z®, 2" — vn)
< (1= pn)? IIt — &+ B (1 = @)l — 2*[* + Bu(1 — @)|Jvn, —2*||
+ 2Bpafz”, a" — vy). (25)

Combining (24) and (25) we deduce
llvn — x*HQ <(1- Bn)2 [”mn - x*HQ + finHCEn - xnleQ + fg,nllxnfl - xn72”2
+ 281 nlln — Tnoa|l[lzn — 27|
+ 26 nllzn—1 — wp—2lllzn — 2% + 261 nomllrn — Tn—1ll|lzn-1 — Tn2]
t a1 = lfn — 22 + Ball — @)l[on — 272 + 2800 (a™, 3 — vy,
This implies that
(1= B+ aBn)llvn — %12 < (1= Ba + B — aBn)llzn — 21> + (1 = Ba)* [€] nll2n — 20|

— Tp||l|lzn — 27| + f%,n”xnfl - C5'7%2”2

+ 252,onn—l - zn—Z”Hxn - IIZ*” + 251,n§2,n”xn - xn—l” ||‘Tn—1 - xn—2|”

+ 2B a{x™, " — v,).

Thus

fon =17 < (1= 722 Y =17 T — "
+ W[ i — 1P+ & a1 — Tamall? + 2610 llwn — 2aoi ||z — 2|
+ 260 0|01 — Tp—a||Tn — 2| + 261 0€2.0 )0 — Tno1[l|Tae1 — Tn—2]]
e L At At}

Let pn = %. We get

B
lon = 2*I* < (1 = pa)llzn — 2|1 + pn (2;|xn —a*||?

1— 2
+ ( bn) [Einnwn - xn—lnz + fg,n”zn—l - xn—2||2 + 251,n||='17n — T llzn — 27

2a3,

+ 260l Tn-1 — Tp—2llllzn — 2| + 261 n€2nllTn — Tp-allllzn-—1 — o]

+ (&", xp —vp) + (2%, 2" — xn>> (26)
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Combining (15) and (26) we get

* * B *
fonsn =217 < (L= pollen =2+ pu (52l = "I
1— B,)?2 .
+ U1 i — el + & s — amall + 2l =l — o)
n

+ 262,71”557171 - xn72” ||xn - {E*” + 251,n§2,n||xn - xnfln ||xn71 - xn72||]
+{(z* xy — o) + (2, 2" — :cn>>
Step 6. The sequence {||z, — z*||}, n > 0, converges to zero.
To see this, set
an = ||z — 2%

and

Bn (1 - Ba)?
2¢ 2aﬂn

+2& onn - xnflnllxn - x*H

bn =5~ |lzn — 33*”2 + gin”m" - xn—lH2 + gg,n”‘r”—l - xn—QHQ
+ 252,n|‘mn71 - ‘rn72H ||xn - QIJ*” + 2£I,nf2,n|‘mn - xnfln ||xn71 - xn72||
+{x" @y —vn) + (2", 2" — xy).

Then Step 5 can be rewritten as follows:

Gp41 S (]- - pn)an + pnbn

2 n o0
Note that since o € (0, 1], it follows that p, = % > 2af,. S0, Y.~ pn = 00,
and since 3, € (0 ! obtai 205, € (0,1). Using Lemma 2.2, to
nd since 3, ,—— | we inp, = —— ,1). Using Lemma 2.2,
1+a P = 128, + ap, 8
prove lim, o ||zn, — 2*|| = 0, it is sufficient to show that limsup;,_,. bn, < 0 for every

subsequence {ay,, } of {a,} satisfying

liminf(an, +1 — an,) > 0.
k—o0 ) )

Since {x,} is a bounded sequence, lim, i~ B, = 0, lim, . %—nﬂxn Tn-1| = 0,
n
limy, 100 %—’nﬂxn,l — Zp—2]| = 0, and by (23), we obtain lim,_, ||v, — Zn|| = 0, hence
n
to prove limsup,,_, . bn, < 0 we only need to show that
limsup(z*, 2" — 2, ) <0 (27)

k—o0

for every subsequence {||zn, — z*||} of {||x, — z*||} satisfying
lim inf({lzp, 41 — 2™ = [|zn, —2*[) > 0.
k—o0

Suppose that {||z,, — x*||} is a subsequence of {||z, — z*||} such that

lim inf ({2, 41 — 2" = [[#n, —27]) = 0.
k—o0
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Then

lim inf ([, 11 — 2712 = ll2n, —*|2)
k—o0

= lminf[(fjzn1 — 27| = 20, — 27 [)(|l2ne1 = 27+ [l2n, —27[)] 2 0.
—00

Using Step 3, we obtain

| L= || - T) vy, |
lim su 1 — k)2 gl k
msup (( 2) o = Somel 1+ 1A = 1) Avn, |2

< limsup [[lzn, — 21 = |z — 2| + Buy As-]
k—o0

< Timsup [[[2n, — 2|2 = [0y 41 — 2°]7] + limsup B, A,
k—o0 k—ro0

— —liminf (a1 — 21 = ll2n, — |2
k—oc0

<0.

This implies that
. (T = T) Aoy, |
k=00 [lp, = Svp, |2 + |A*(I = T) Avy, |2

Hence
lim ||(I = T)Av,, || =0and lim |z,, — Sz,,| =0
k—o0 k—o0

On the other hand, using the definition of {z,}, see that
120y = Ony |l = T, [A"(I = T) Avy, ||

) (L = ) Avy, |
= v, = Svn, |12 + [|A*(I = T) Avy, |

E AT = T) Avn, || = 0,

as k — oo.

=0and lim |z, — Sz, | =0.
k— o0

A= A= ), — S50l

(28)

(29)

Since the sequence {z,,} is bounded, without any loss of generality we may assume

that {z,,} converges weakly to some z* € H so that
limsup(z*, 2" — z,, ) = (x*, 2% — 2%).
k—o0
Using Step 4, we get
Up,, — 2" as k — oo.

Using (29), we obtain

Zn, — 27 as k — oo.
Now, using the demiclosedness of I —S and I — T and (28), we get z* € Q.
From (30) and the definition of * = Pu(0), and z* € 2 we have

limsup(z*, 2™ — zp, ) = (¥, 2% — 2") <0.
k— o0

(30)

So, the inequality (27) holds. Therefore, we prove that limsup,_, . b,, < 0 for every

subsequence {ay, } of {a,} satisfying

liminf(an, +1 — an, ) > 0.
k—o00

Apply Lemma 2.2 to Step 5, we obtain lim,,_, ||z, —2*|| = 0. The proof is completed. O

Remark that in the case @ =1 and &z, = 0, Algorithm 3.1 reduces to (10).
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4. Conclusions

In this paper, we have focused on the two-step inertial Censor-Segal algorithm, with

the goal of obtaining strong convergence results for solving the split common fixed point

problem for demicontractive operators. We proposed a new algorithm with self-adaptive step

sizes. Under suitable conditions, we analyzed and proved the strong convergence theorem

of the proposed algorithm, such that its proof does not require calculating the norm of the

operator.
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