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SOME RESULTS ON R-CONNECTED SETS
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One of the most important theories across all branches of math-
ematics is the theory of metric spaces. Recently, this theory has been ex-
tended to R-metric spaces. In this paper, we introduce the notion of R-
connectivity in R-metric spaces and study some of their topological prop-
erties. Another goal of this manuscript is the extension of concepts of R-
preserving maps and R-continuous maps, and also some conditions for maps
that preserve R-connectivity are investigated. The last part of this paper is
devoted to studying some other applications of this theory.
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1. Introduction and preliminaries

The notion of orthogonal metric spaces and the extension of the Banach
fixed point theorem in these spaces as well as some of their applications in
differential equations were studied by some researchers [4, 5]. Also, the notion
of R-metric spaces has been introduced recently in [9], and a real generalization
of the Banach fixed-point theorem and that of the Brouwer fixed-point theorem
were given there. Also, the existence of a solution for a fractional integral
equation, as an application of this theory, was proved there. In [10], the
authors introduced the notions of R-topological spaces and SR-topological
spaces. The properties of these spaces, such as their relationship with the
initial topological spaces, were given there. Also, see [13] for some fixed point
results for multivalued mappings in R-metric spaces. On the other hand, the
subjects of connectivity and connected sets have been studied and applied
extensively. For example, see [3, 6, 7, 11, 16].

The structure of the paper is as follows. In the remaining part of the
current section, the definitions and preliminaries used in this study are given.
In Section 2, we define the notion of R-connected sets in R-metric spaces and
consider some topological properties of them in R-metric spaces and in the
product spaces. Section 3 introduces R-connected components and studies
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their properties. The notions of R-preserving maps and R-continuous maps
and some of their results are extended to (R, S)-preserving maps and (R, S)-
continuous maps in Section 4. To continue, some relations between two R-
connected spaces are presented by R or (R, S)-continuous maps. Finally, some
other applications of this theory are considered in the last section of this paper.

Afterward, we review some important definitions that are needed in this
study. The used references are [1, 2, 9, 10, 14, 15]; see the references therein
for more details.

The triple (M, d, R) is an R-metric space if (M, d) is a metric space, and
R is an arbitrary relation on M (not necessarily reflexive, nor transitive, etc).
An R-sequence is a sequence {z,}5°, such that x, Rx,, for all m,n € N, where
n < m. Every subsequence {z,, }32, of the R-sequence {z,}5°, is itself an

R-sequence which is called an R-subsequence of {z,}3°,. We denote z,, i
if the R-sequence {x,}°, converges to z. In this case, if x,, # x for all n, then
x is called an R-limit point. The set of all R-limit points of £ is denoted by
E'®. As in the classical analysis, a subset E is called R-closed if E'% C E, and
E is called R-open if E has an R-closed complement.

It has proved that F is R-closed if and only if E = ER, where E" = EU E'R
[9, Theorem 2.5]. Moreover, x is said to be an R-interior point of E in an
R-metric space (M, d), if for every R-sequence {z,}°°, of M converging to z,
there exists an integer K € N such that x,, € F for all n > K, and the set of
all R-interior points of F is denoted by R — int(FE). Also, a set E in R-vector
spaces is called R-convex, if it is closed under the R-convex combinations of
elements of E, where R-convex combination of two elements zq,xy of E, is
azy + frg, where x1Rzy, a,f € (0,1), and v+ 8 = 1.

2. R-connected sets

In this section, firstly, the notions of R-separated and R-connected sets
in R-metric spaces are introduced, and then some properties and the rela-
tion between the R-connectivity and connectivity in the classical sense are
considered. Also, the R-connectivity property of the union and product of
R-connected sets is investigated.

Definition 2.1. Let (M, d, R) be an R-metric space. The subsets A and B of

M are called R-separated if AN B =pnd"=o. Also, E C M is said to
be an R-connected set, if E cannot be written as a union of any two nonempty
R-separated sets. else, E 1s R-disconnected.

It is trivial that if R := M x M, then the concepts of connectedness and
R-connectedness are the same

In an R-metric space (M, d, R), it is clear that every R-limit point is also
a limit point and so every R-connected set is also a connected set in the usual
sense. But, the converse of this fact is not true in general. To see this, consider
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the following set F in the Euclidean metric space R? with R := R>? x R>0 .
E={(z.y): -1+ -1 <13U{(z,y): (z+1)*+(y—1)° <1}
Also, consider the following example.

Example 2.1. Fvery finite set E with the cardinal number more than one,
|E| > 1, is not R-connected, and the empty set and singletons are R-connected
sets for every relation R.

In different studies on R-spaces, these spaces and classical spaces have
been compared. Hereafter, we can see some differences.

e It is well known that a subset of R is connected if and only if it is an
interval, but this fact is not valid for R-connected sets in the R-metric
space (R,|-[,>), where > is the usual greater than or equal relation in
real numbers. The interval [a,b] = [a,c) U [c,b], for some a < ¢ < b, is
not >-connected.

e [t is well known that every convex set in R™ is connected, but this result
does not hold for R-convex sets. For example, consider the R-convex set
E =[1,2]U(2,3] in the R-metric space (R, |- |, <), where < is the usual
less than or equal relation in real numbers. The set E is not <-connected.

By the attention to the above discussion, we can see that not only the real
number set equipped with the relations “ < ” or “ > 7 is not <-connected
or >-connected, but also it has no <-connected or >-connected subset with
more than one element. In other words, only <-connected or >-connected
subsets of R are singletons. To see this, by use of Example 2.1, we can assume
that A is an arbitrary infinite subset of R. Without loss of generality, suppose
R :=<and fixeda € A, then A={r e A:z2 <a}U{r € A: 2 >a} and
A is R-disconnected. Clearly, if A is bounded below and inf A € A, then
{a} U A — {a} is an R-separation for A, where a = inf A. Similarly, if A is
bounded above and sup A € A, then {a} U A — {a} is an R-separation for A,
where a = sup A.
Question. Here, the following problems are considerable.

7. Is there a relation R on the real number space such that R and some of
its infinite subsets be R-connected?
7i. If the answer of 7 is positive, then what are the properties of R?

Here, we present an answer to the above questions. To see this answer,
assume that E' is a dense subset of R and that R := E x E. Then R and every
interval of R are R-connected.

Generally, the closure of a connected set is connected, too. The following
proposition investigates this fact for R-connected sets.

Proposition 2.1. If E is an R-connected set in (M,d, R), then E" is also

an R-connected set. Moreover, E and E’ are also S-connected sets, for every
relation S on M such that R C S.
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Proof. Assume that A and B are R-separated sets and that E" = AUB. Then
E = AgU By in which Ag = AN FE and By = BN E. The sets Ay and B,
are R-separated. It contradicts with the R-connectivity of E, and hence E"
is R-connected. To see the final part, we use the fact that every convergent

R-sequence is also a convergent S-sequence and that A" C A% for A cCM. O

In continuation, investigating the R-connectivity of the set of R-interior
points of an R-connected set is our goal. Generally, it is trivial that the set of
interior points of a connected set is not necessarily connected. This result is
also valid for R-connected sets. See the following example.

Example 2.2. Let E={(z,y): (x+1)*+y*<lor (z—12?+y*<1}asa
subset of R?, and let R = (Ex E)UJ(Ax A), where A= {(0,y) : y € R}. Then
E is an R-connected set, but the set of R-interior points of E, R —int(E), is
not R-connected, because

R—int(E)={(z,y): (x+1)*+9y*<lor (z—1)*+9* <1},
={(z,y): (z+1)*+y* <1} U{(z,y): (z —1)* +¢* < 1}.

The purpose of the following theorem is to consider some equivalent
conditions for R-connectivity in R-metric spaces.

Theorem 2.1. Let (M,d, R) be an R-metric space. Then the following state-
ments are equivalent:

t. M is an R-connected set.

1i. M cannot be written as a union of two disjoint nonempty R-open sets.
iit. M cannot be written as a union of two disjoint nonempty R-closed sets.
iv. O and M are the only subsets of M that are both R-closed and R-open.

Proof. The implications : = 7i and i <= 111 are straightforward.

111 = iv. Let A be a nonempty proper subset of M that is both R-
closed and R-open. Then M = AU A¢ is a representation of M as a union of
two nonempty R-closed sets, which is in contrast with ¢iz.

v => 1. Let M = AUB be a representation of M as a union of nonempty
R-separated sets A and B. Then B # () and B # M because A # (). Also,
ANB" = () implies that B C B, and hence B = B, More precisely, B is
R-closed. Similarly, A is R-closed, and hence B = A°is R-open. Thus B is a
proper subset of M that is both R-open and R-closed, which is a contradiction
and so M is R-connected. 0

The following results present the correctness of extending facts of con-
nected sets to R-connected sets and are given by similar classical techniques,
and hence the proofs are omitted.

Proposition 2.2. Let (A, B) be an R-separation pair for an R-metric space
M, and let X be an R-connected subset of M. Then X C A or X C B.
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Similar to the classical form, we can obtain R-connected sets that the
union of them is an R-connected set, too. The following proposition illustrates
this subject.

Proposition 2.3. Let X and Y be R-connected subsets of an R-metric space
M such that XN Y #0orY nx" # (. Then X UY is an R-connected set.

Corollary 2.1. If X and Y are R-connected subsets of an R-metric space M
such that they have a common point, then X UY 1is also an R-connected set.

Proposition 2.3 can be extended for a family of R-connected subsets. In
the following proposition, this result is considered.

Proposition 2.4. Let X and {Y;},.; be R-connected subsets of an R-metric

space M such that for each i € I, X ﬂ?iR # 0 orY; nx" # (0. Then
X U (U;erYs) is R-connected.

Corollary 2.2. If X and {Y;},.; are R-connected subsets of R-metric space
M such that X NY; # 0, for all i € I, then X U (U,.,Y;) is R-connected.

Notation. Suppose that (X, R,d;) and (Y, S, ds) are R-metric and S-
metric spaces, respectively. We define the relation T':= R x S on X x Y as
follows, for every (z,v), (u,v) € X X Y:

(x,y)T(u,v) <= xRu and ySv.

In this case, (X x Y, R x S,d; X dy) is an R x S-metric space, where d; X dy
is any product metric on X x Y. For example, we can consider the supremum
metric dy X da((z,y), (u,v)) = max{d;(x,u),ds(y,v)}, or the metric defined by
di x da((z,y), (u,v)) = /(di(z,u))? + (dz(y,v))?, for all (z,y) and (u,v) in
X xY.

Theorem 2.2. Suppose that (X,dy) and (Y,ds) are R-metric and S-metric
spaces, respectively. Then the following statements hold:

i. If X XY is an R x S-connected set, then X is an R-connected set and
also 'Y is an S-connected set.

ii. If R is reflexive and there is an element yo € Y such that 1y0Syo, then
the R-connectivity of X and the S-connectivity of Y, imply that X xY
is an R x S-connected set.

3. R-connected components

Here, this section is devoted to obtaining the largest R-connected set
corresponding to every point in an R-metric space. To see this, assume that x
is an arbitrary element of R-metric space M. Set

F={ACM: Aisan R — connected set and z € A.}.

The family F is nonempty by Example 2.1. Now, consider an arbitrary chain
{A;} € F. If A= UA,, then Proposition 2.4 concludes that A is R-connected
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and is also an upper bound for {4;} in F, and by the Zorn’s lemma JF has a
unique maximal element, CZ. For z € M, the presented R-connected set CZ is
called to be R-connected component of x.

We present some properties of R-connected component CZ for a member
2 in an R-metric space M as follows.

Property 1. Every R-connected set is contained in a unique R-connected
component.

Property 2. Every R-connected component is R-closed but not neces-
sarily R-open. This fact is obtained by using Proposition 2.1 and the maxi-
mality of R-connected components.

Property 3. In the classical case, it has been seen that for a given
topological space M, define an equivalence relation S on M by setting xSy if
there exists a connected subset of M containing both x and y. The equivalency
of S is obtained obviously by the properties of connected sets. The equivalence
classes of the relation S are S-connected components. It means that [x] = €3.

Property 4. Every point of M is contained in a unique R-connected
component. Moreover, M = |J CZ.

zeM
Property 5. If R and S are two relations on M such that R C S, then

CE C @9, for all x € M. Moreover, by Property 3, M is covered by a smaller
family of S-connected components with respect to R-connected components.

The R-connected components for a point depend on the relation R. It
means that if R and S are two different relations on M, then for x € M, CF
and G5 are not necessarily the same. The following example illustrates this
fact.

Example 3.1. The Euclidean metric space R? with the following three rela-
tions 1s considered:

R =R '%R>" S := (R7'XROU(ROXRY), T := (ROxR>U(ROxR~).

Then R-connected components, S-connected components, and T -connected com-
ponents for some points of R? are given as follows:

eg),O) = {(l’,y) x> 07 Y > 0}7
Cho ={(z,9): >0, y>0yU{(z,y): <0, y <0},
Clhoy = {(0,0)},

and
Cli_y={(-1,-1},
ey ={(z,y): <0, y <O},
el y={(z,y): 2<0, y <—1},

and also, the connected component for (2, —3) € R? with respect to every rela-
tion R, S, and T is the singleton C‘Zgﬁg) = (‘3&73) = (3{2’73) ={(2,-3)}.
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For the rest, we can use €, instead of CZ, where there is only one relation
on the space.

Other properties of R-connected components are investigated in the fol-
lowing proposition.

Proposition 3.1. Let (M,d, R) be an R-metric space. Then the following
statements hold:

i. For any two distinct elements x and y of M, either C, N €, = 0 or
C, = C,.

1. Assume that M is an R-compact space, that A and B are R-closed subsets
of M where AN B =0, and that for each x € M, exactly one of the sets
ANC, or BNC, is empty. Then there exist disjoint R-compact subsets
My and Mp such that A C Ms, B C Mg, and M = M, U Mpg.

Proof. i. This result is easily obtained by Proposition 2.3.
ii. Set My = |J €, and My := (J C,. By i, we have M4 N Mp = () and
€A zeB

also M = M4 U Mp. Now, let {z,}n,en be an R-sequence of M,4. Then there
exists a convergent R-subsequence z,,, & 2 in M becuase M is R-compact. If
x € Mp, then z € C,, for some v € B, and z,, € C,, for infinite n; by C, is
R-closed. It shows that M4 N Mp # 0, and it is a contradiction. So x € My,
and M, is R-compact. Similarly, Mg is R-compact. 0

4. Functions on R-connected sets

In this section, we introduce the notions of (R, S)-continuous maps and
(R, S)-preserving maps and afterward study maps that transfer R-connected
sets to S-connected sets. For this, we need to extend two notions R-continuous
maps and R-preserving maps, which are defined in [2] and [9].

In the last papers, the different definitions for continuous maps on R-
metric spaces were presented. First, we review these definitions and then
introduce (R, S)-continuous maps. Afterward, these concepts are compared
with each other.

Eshaghi- R-continuous map. A map f on an R-metric space M is said
to be Eshaghi- R-continuous (or briefly R-continuous) at z € M, if f(z,) —
f(z), for every R-sequence {x,}5°, converging to = in M, and also f is an
Eshaghi- R-continuous (or briefly R-continuous) map on M if f is R-continuous
at every point of M.

E-A-R-continuous map. A map f on an R-metric space M is said

to be E-A-R-continuous at z € M, if f(x,) EiN f(z), for every R-sequence
{z,}22 | converging to x in M, and also f is an E-A-R-continuous map on M
if f is E-A-R-continuous at every point of M.

R-preserving map. A map f: M — M is called to be an R-preserving
map if, for every z,y € M, xRy implies that f(z)Rf(y).
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Now, we extend these concepts for functions between R-metric space M
and S-metric space N as follows.

Definition 4.1. Let f : (M,dy, R) — (N,dy,S) be a map.
i. The map f is said to be an (R, S)-continuous map at x € M, if for every
R-sequence {xy, tnen in M with x, EiN x, we have f(x,) LN f(z). Also, f
is (R, S)-continuous on M if f is (R, S)-continuous at each x € M.

ii. The map f is called to be an (R, S)-preserving map if, for every xz,y € M,
xRy implies that f(x)Sf(y).

Obviously, an (R, S)-continuous map is a directed extension of an E-A-
R-continuous map. Here, obtaining a relation between definitions of (R, .S)-
continuous map and Eshaghi- R-continuous map is a goal.

Clearly, every (R, S)-continuous map is an Eshaghi- R-continuous map,
but the reverse of this relation is not true. The following example illustrates
this fact.

Example 4.1. Suppose that f : (R, R,|-|) — (R, S,|-|) is defined by f(x) =
—|x|, where the relations R and S are as follows:

R =R x R S =11,00) x [1,00).
Clearly, f is an Eshaghi-R-continuous map but it is not (R, S)-continuous. To
see this, forn € N, set x, = —1+ % Then x, EiN —1, but {f(x,)} is not an
S-sequence.

There is another note in studying functions on R-metric spaces; two prop-
erties “R-continuous and R-preserving” are needed for holding some results.
While we can see that if f is an (R, S)-continuous map, then these results
are satisfying and f does not necessarily need to be an R-preserving map or
(R, S)-preserving map. Before considering some properties of maps on these
spaces, we see the following relations:

(R, S) — continuous => E'shaghi — R — continuous,
but
Eshaghi — R — continuous # (R, S) — continuous.

Eshaghi — R — continuous + (R, S) — preserving => (R, S) — continuous.
The first statement is clear, and Example 4.1 concludes the second statement.
To see the third statement, let z,, — . Then {f(x,)} is an S-sequence because
fis (R, S)-preserving and f(z,) EN f(x) because f is Eshaghi-R-continuous.
Moreover,

(R, S) — preserving= (R, S) — continuous.
Set M = N = A, U{0,2,4}, where A, := {2 :n € N}, and

R:=A,x A,U{(0,2)}, S=A,xA,,
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f(M7R7‘|)—><N757‘|)7 f(,I‘):I2
There is only one R-sequence such that

1 g 1. ¢
- U:f(g)—ﬂf(o)-

So, f is (R,S)-continuous but it is not (R, S)-preserving because 0R2 but
F0)=0 5 4= f(2).

Hereafter, we consider some properties for functions on R-metric spaces.
It will be seen that the condition “(R,S)-preserving Eshaghi- R-continuous
map” can be replaced by (R,S)-continuous map. The following theorem
presents an equivalent definition for (R, S)-continuous maps, analogous to the
usual case. Since this theorem extends Theorem 4 in [10] and its proof follows
a similar argument, we omit the details.

Theorem 4.1. A map f : (M,dy, R) — (N,dy, S) is (R, S)-continuous if
and only if f~1(F) is an R-closed subset of M for every S-closed subset F of
N.

Now, preserving of (R, S)-connected sets by (R, S)-continuous maps is
the goal of the following theorem. The proof of it is again similar to the result
in the classical case, but we present it as a sample and an application of the
obtained results for R-metric spaces in this paper.

Theorem 4.2. Suppose that f : (M,dy,R) — (N,dy,S) is an (R,S)-
continuous map. Then f preserves (R, S)-connected sets; that is, f(FE) is an
S-connected subset of N, for every R-connected subset £ of M.

Proof. (Reductio ad absurdum) Suppose that E is an R-connected subset of
M, and that A and B are two nonempty S-separated sets in N such that
f(E)y=AUB. Put C =En f~'(A),and D =EnN f~%(B). Then C and D
are nonempty sets and £ = C' U D. On the other hand, by using Theorem
4.1, the map f is (R, S)-continuous if and only if f~!(F) is an R-closed set for

every S-closed subsets F' of N. Therefore, the set f‘l(ﬁs) is R-closed, and
hence C' C ffl(ZS) implies that " C f*l(ZS). So, f(UR) c A°. Moreover,
D C f~1(B) implies that f(D) C B. By the relations f(aR) C Zs, f(D) C B,
and A°NB = @, we conclude that f(UR)ﬂf(D) = @, and hence c"nD =o.
Similarly, C' ND" = @. Tt is in contrast with the R-connectivity of F, and the
proof is completed. O

We saw that some functions could preserve (R, S)-connected sets, but
this result is not valid for (R, S)-connected components. To see this, consider
a constant function f(z) = a on the <-metric space (R, |- |, <).

Now, we obtain an interesting result for evaluating R-connectivity of an
R-metric space by using two-valued (R, R)-continuous maps on that space.
The following theorem illustrates this fact.
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Theorem 4.3. Let (M,d, R) be an R-metric space and let a,b € M such that
a #b. If {(a,a),(a,b),(b,a),(b,b)} C R, then the following statements are
equivalent:

1. M 1s an R-disconnected set.

ii. There is a nonconstant (R, R)-continuous map f : M — {a,b}.

Proof. i = 1i. Let (A, B) be an R-separation pair of nonempty sets for M;
that is, A # 0, B # 0, ANB" = BHZR:Q), and M = AU B. Define f on

M as follows:
a, T€A,
f(m)_{b, z € B.

The map f is well-defined by AN B = () and since A and B are nonempty, f is
nonconstant. To see that f is R-continuous at o (without loss of generality,

assume xo € A), suppose that {z,}32, is an R-sequence such that x,, L .
By using B'nA= (), there exists N € N such that z,, € A, for every n > N,

and f(zo) = f(x,) = a. Then f(z,) A, f(zo) and it shows that f is (R, R)-
continuous at every point of A. Hence, f is (R, R)-continuous.

it =>i. Put A= f~'({a}) and B = f~!'({b}). The sets A and B are
nonempty subsets of M because f is not constant, and also we have M = AUB.
Now, we want to show that A and B are R-separated sets. To see this, suppose

2o € ANB". Then f(z0) = a, and there is an R-sequence {z,}>°,; C B such
that x, LN xg and f(z,) = b, for each n € N. On the other hand, f is (R, R)-
continuous, so b = f(x,) — f(z¢) = a. It is a contradiction. Thus ANB" =0,
and similarly B N At =, Therefore, M is R-connected. O

Similar results to the classical cases are obtained by the presented prop-
erties for functions on R-spaces and R-connected sets as well as the properties
of R-connected components of these spaces. The following proposition demon-
strates an interesting result. The proof is similar to the classical case, but we
review it to see some applications of studied properties in the manuscript.

Proposition 4.1. Let f : M — N be a surjective function such that the set
f71(b) is R-connected, for every b € N.

Then f induces a bijection between the set of all R-connected components
of M, CR., and the set of all S-connected components of N, C%;.

Proof. Let €F € €R. Then f(a) € N and there is a unique S-connected
component of €S containing f(a). Therefore, corresponding to an element of
CR., a unique component of CFis found .

Now, suppose that G € C¥ is an arbitrary S-connected component.
Since f is surjective, f(a) = b for some a € M. Then f~'(b) is nonempty and
is R-connected by the assumption. Hence, by using Property 1 again, there
exists a unique R-connected component €2 € GR such that f~1(b) C CI.
More precisely, for an element of CF;, we obtain a unique component of CX;.
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5. Other applications

As mentioned in the introduction, some of the applications of R-topological
and S R-topological spaces and specially R-metric spaces, in the context of
fixed point theory, functional analysis, C*-algebras, etc., has investigated in
several papers such as [4], [8], [9], [10], [12], [13].

We extended the notion of convexity to R-convexity in [2], and also the
notions of R-extreme points, R-convex functions, and R-continuous functions
have been investigated there. Some applications of this theory in optimization
theory have been presented in [2]. For example, Theorem 5.1 of [2] as follows.

Theorem 5.1. Suppose that (M, R) is an R-metric vector space, K is a subset
of M where R — ext(K) is R-closed and R — ext(K) x R —ext(K) C R, and
B is an R-compact subset of co®(R — ext(K)) such that R — ext(K) C B.
Then every R-affine and R-continuous map f : M — R attains its mazximum
and minimum on B at R-extreme points of K. Moreover, the mazimum and
minimum of f on B is equal with its mazimum and minimum on R — ext(K),
respectively.

Also, some conclusions about the local and global minimum points of
R-convex maps on R-convex sets, have been considered there. As an example,
see the following theorem, Theorem 5.3 of [2]:

Theorem 5.2. Let (M, R) be an R-vector metric space, K C M be an R-
conver set, and f : K — R be an R-convex function which has a local
minimum at xg, then xq is also a global minimum of f on [xo]r N K, where
[zo]r = {x € M;x0R x}. Specially, xo is a global minimum on K, if 2R x,
forallz € K.

See also the Corollary 5.4, and Theorem 5.5 of [2]. In the present pa-
per, we extend the well-known results on the subject of connectivity to R-
connectivity and the notion of R-connected component has defined, which are
applicable in different branches of mathematics and other sciences. For exam-
ple, they can be used frequently in graph theory, and sciences in which graph
theory is used.
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