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SYMMETRICALLY PSEUDO-AMENABLE BANACH ALGEBRAS

Hoger Ghahramani', Parvin Zamani?

We introduce and study a new notion of amenability called symmetric pseudo-
amenability. We obtain some properties of symmetrically pseudo-amenable Banach al-
gebras and with examples, we compare this type of amenability with some other types
of amenability. We also provide some special classes of symmetrically pseudo-amenable
Banach algebras. Finally, Jordan derivations and Lie derivations from a class of Ba-
nach algebras into appropriate Banach bimodules are investigated using the notion of
symmetric pseudo-amenability.
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1. Introduction

B. E. Johnson studied cohomology of Banach algebras in [13] and defined the concept
of amenable Banach algebra which was based on the amenability of locally compact groups
and proved in [14] that a Banach algebra il is amenable if and only if 4l has a bounded
approximate diagonal. In the following, many studies were conducted on amenability of Ba-
nach algebras, and various other types of amenability have been introduced and studied, see
[5, 6, 16, 23] for a comprehensive survey of results of this type. In [15], Johnson introduced
symmetric amenable Banach algebras as a special class of amenable Banach algebras. He
called a Banach algebra l is symmetrically amenable if it has a bounded approximate diag-
onal consisting of symmetric tensors, and then applied this concept to the study of Jordan
derivations and Lie derivations. The study of Jordan derivations and Lie derivations also
has a long history. The common problem regarding these mappings is when Jordan or Lie
derivations can be characterized in terms of derivations? Many studies have been carried
out in line with the this problem raised, and here we only refer to Johnson’s results. Johnson
showed in [15, Theorem 6.2] that any continuous Jordan derivation from a symmetrically
amenable Banach algebra il into a Banach -bimodule is a derivation. As a consequence
he obtained the same result for continuous Jordan derivations on arbitrary C*-algebras, al-
though not every C*-algebra is symmetrically amenable. Also, in [15, Theorem 9.2] Johnson
showed that any continuous Lie derivation from a symmetrically amenable Banach algebra
4 into a Banach U-bimodule decomposed into the sum of a continuous derivation and a con-
tinuous center-valued trace, and as a consequence he obtained the same result for continuous
Lie derivations on arbitrary C*-algebras. To see the historical course and other results in
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this study path, we refer to [1, 2, 3, 4, 9, 10, 11, 17, 18, 19, 20, 22, 24] and the references
therein.

As a generalization of amenability, F. Ghahramani and Y. Zhang in [7] introduced
and studied the notion of pseudo-amenability, which is based on existence of an approximate
diagonal for Banach algebras. Precisely, a Banach algebra il is called pseudo-amenable
if it has an approximate diagonal which is not necessarily bounded. According to this
definition and with the idea of the definition of symmetric amenability, in the continuation
of studies related to amenability, in this article we introduce the concept of symmetric
pseudo-amenability. We say Banach algebra i is symmetrically pseudo-amenable if it has
an approximate diagonal consisting of symmetric tensors which is not necessarily bounded.
This concept is a generalization of symmetrically amenable Banach algebras, which is a
special class of pseudo-amenable Banach algebras. In this article, we study symmetrically
pseudo-amenable Banach algebras and identify some of their properties and compare this
type of amenability with some other types of amenability with examples, and we also present
some special classes of Banach algebras that are symmetrically pseudo-amenable. According
to [15, Theorem 6.2] and [15, Theorem 9.2], the question arises whether it is possible to
obtain Johnson’s results for Jordan derivations and Lie derivations of other suitable Banach
algebras into suitable Banach modules? We give answers to this question using the concept
of symmetric pseudo-amenability and obtain generalizations of [15, Theorem 6.2] and [15,
Theorem 9.2].

This article is organized as follows. In section 2, definitions, notions and required tools
are introduced. Section 3 is devoted to the study of properties of symmetrically pseudo-
amenable Banach algebras and examples. In section 4, we present some special classes of
symmetrically pseudo-amenable Banach algebras. In sections 5 and 6, respectively, Jordan
and Lie derivations from a class of Banach algebras into appropriate Banach bimodules are
investigated using the concept of symmetric pseudo-amenability.

2. Preliminaries

In this section we fix the notation, and give some basic definitions and points which
will be used in the next sections. Let 4 be an algebra and X be a i-bimodule. Note that
Zg((X) represents the center of X, which is defined as

Zy(X) ={x € X |ax = za for all a € U}.

A mapping f: 4 — X is central if f(4) C Zy(X).
Recall that a linear mapping d : &l — X is called a derivation if

d(ab) = 6(a)b+ ad(b);
a Jordan derivation if
d(ab+ba) = 6(a)b+ ad(b) + d(b)a + bd(a);
and a Lie derivation if
d(ab — ba) = 5(a)b + ad(b) — 6(b)a — bd(a),

for all a,b € $l. A linear mapping 7 : Y — X is a trace, if 7([a,b]) = 0 for all a,b € {,
where [a,b] = ab — ba (Lie product). Note that a Lie derivation is central if and only if it is
a central trace.
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Assume that 4l is a Banach algebra and X is a Banach i-bimodule. The space of
all bounded derivations from & into X is denoted by Z'(4, X). A derivation § is called
inner derivation, if there is z € X such that d(a) = ax — za for all a € 4. Each inner
derivation is bounded and N!(4, X) is the space of all inner derivations from & into X.
The first cohomology group of il with coefficient in X is the quotient space H'(4, X) =
ZY (4, X) /N4, X). We observe that X* is a Banach {-bimodule with the following module
operations

<af,a:>:<f,xa>, <fa,x>:<f,a:r>
fora el x € X and f € X*. We call X* the dual bimodule of X. Recall that a Banach
algebra il is said to be amenable if for every Banach U-bimodule X, we have H(4, X*) =
{0}. The notion of an amenable Banach algebra was introduced by Johnson in 1972 [13]. A
net {t)}xea in the projective tensor product U4l is called approximate diagonal if satisfies
the following two conditions
(1) aty —tra — 0;
(2) m(tx)a — a
for all a € 4, where the operations on @ are defined through
ab®@c)=ab®ec, (b®cla=b®ca

for all a, b, ¢ € 4. Here and in the sequel m always denotes the product morphism from UL
into &I, specified by 7(a ® b) = ab for all a,b € . In [14] (see also [5, 2.9.65]), it is proved
that a Banach algebra 4l is amenable if and only if 4 has a bounded approximate diagonal.
The flip map on U®Y is defined by

(a®b)°=b®a

for a,b € Y and an element t € UBY is called symmetric if t> = t. Johnson in [15] is
introduced symmetric amenability of Banach algebras. He called a Banach algebra il is
symmetrically amenable if it has a bounded approximate diagonal consisting of symmetric
tensors. The opposite algebra LI° is the Banach space 4 with product a o b = ba. An
approximate diagonal in UR4 for $I° is a net {trx}rea in UL if it meets the following two
conditions

(1)° aoty —tyoa—0;

(2)° am®(ty) —a—0
for all a € 4, where

ao(b®c)=bRac, (bRc)oa=ba®c and 7°(bRc)=cd

for all a, b, c € 4. There are a number of obvious relationships between these operations, for
example aot® = (at)° (a € U, t € URY). The Banach algebra i is symmetrically amenable if
and only if there is a bounded net {t)} e in UB such that satisfies (1), (2), (1)° and (2)°
([15, Proposition 2.2]). The properties and examples of symmetrically amenable Banach
algebras can be found in [15].

In [6], the authors have introduced and studied a generalization of amenability called
approximate amenability, which is based on a property of derivations from the algebra.
Precisely, a Banach algebra il is approximately amenable if, for every Banach -bimodule
X, every bounded derivation d from il into the dual bimodule X* is approximately inner,
which means that there is a net {xy}aea € X* such that d(a) = limy(azy — zxa) for all
a € Y. In [7] pseudo-amenability is presented as another generalization of amenability, which
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is based on approximate diagonals. Precisely, a Banach algebra i is pseudo-amenable if it
has an approximate diagonal which is not necessarily bounded. In [7, Theorem 3.1] it is
proved that a Banach algebra il is approximately amenable if and only if the unitization
¥ of U is pseudo-amenable (also, see [8]). The properties and examples of these kinds of
amenabilities can be found in [6, 7, 8].

3. Basic properties and comparisons

In this section, we present definition and some basic properties of symmetric pseudo-
amenability, and with examples, we compare this type of amenability with some other types.
Throughout this section, il is a Banach algebra.

Definition 3.1. The Banach algebra il is symmetrically pseudo-amenable if it has an ap-
proximate diagonal consisting of symmetric elements.

In view of this definition, it is clear that a symmetrically amenable Banach algebras
is symmetrically pseudo-amenable and a symmetrically pseudo-amenable Banach algebra is
pseudo-amenable. In the next proposition, a condition equivalent to the symmetric pseudo-
amenablity is presented, the proof of which is similar to [15, Proposition 2.2], and its proof
is omitted.

Proposition 3.2. i is symmetrically pseudo-amenable if and only if there exists a net
{trx}aea in URL which satisfies
(i) aty — tha — 0,‘
(ii) 7w(tx)a — a;
(ili) aoty —tyoa — 0;
(iv) am°(ty) — a.
for all a € $1.

It should be noted that if t satisfies in conditions (i) to (iv) of the Proposition 3.2,
then for each a € U, am(ty) — a can be concluded from (i) and (ii), and 7°(tx)a — a can
be concluded from (iii) and (iv).

We know that in order to show that the Banach algebra 4 is pseudo-amenable, it is
sufficient to show that for each finite subset F' of {{ and each £ > 0 there is an element t of
URYU with ||at — ta|| < € and || 7(t)a — al| < € for all @ € F. Now according to the definition
of symmetric pseudo-amenability to show that il is symmetrically pseudo-amenable, it is
sufficient to show that for each finite subset F' of 4 and each € > 0 there is a symmetric
element t of UBY such that ||at —ta|| < ¢ and ||7(t)a—a| < € for all a € F. Also, according
to Proposition 3.2, in order to prove that il is symmetrically pseudo-amenable, it is sufficient
to show that for each finite subset F of 4 and each € > 0 there is an element t of 4R with
lat —ta|| <e, lact —toal <e, ||7(t)a —al| < e and |jan®(t) —al < e for all a € F.

As an application of Proposition 3.2, we have the following result.

Corollary 3.3. If il is a commutative pseudo-amenable Banach algebra, then i is symmet-
rically pseudo-amenable.

Proof. For commutative Banach algebras, in Proposition 3.2, conditions (i) and (iii), and
conditions (ii) and (iv) are the same. O

In the previous corollary, we saw that pseudo-amenability is equivalent to symmetric
pseudo-amenability on commutative Banach algebras. By using the next proposition, we
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can obtain an example of Banach algebras that are pseudo-amenable, but not symmetrically
pseudo-amenable, and therefore, these classes of Banach algebras are different in general.
The idea of the next result comes from [15, Proposition 2.4].

Proposition 3.4. Let 3l be a symmetrically pseudo-amenable Banach algebra, and z # 0
be an element of Z(). Then there is a net {fa}trea in U* such that fr(ab —ba) — 0 for
every a,b € A and fr(z) — 1. Especially, if 3L is unital, then for z = 1 there exists a net
{fatrea in U* such that fr(ab—ba) — 0 for every a,b € U and fr(1) — 1.

Proof. Suppose that {ty}rca is a net in U®S that satisfies to conditions (i) to (iv) of
Proposition 3.2, and g € 4* is such that g(z) = 1. For each A € A define

fa(a) = g(°(aty)) (a€l).

Each f) is a bounded linear functional on . For every A € A and a,b € 4 we have
7w°(abty) = w°(btra), and hence

falab —ba) = g(n°(abtx — baty))

= g(m°(btra — bat)))

= g(7°(b(tra — aty))) — 0
for each a,b € 4. Also, since z € Z(4l), we have

7w (zty) =7 (tro2) =7°(ty)z — 2
Now, it follows from g € {I* that
Az) — g(z) = 1.
O

In the next example, we present a Banach algebra, which is pseudo-amenable but not
symmetrically pseudo-amenable.

Ezample 3.5. Let O, be the Cuntz algebra, which is a unital amenable C*-algebra, and
hence it is pseudo-amenable. There are members 17,...T;, in O,, such that T;T; = I and
Z?zl T,T; = I. Suppose that O,, for n > 1 is symmetrically pseudo-amenable. According
to Proposition 3.4, there exists a net {fx}xca of bounded linear functionals on O,, such that

f,\(AB — BA) —0

for each A, B € O,, and
fA(I) — 1.

Therefore
1= lim f5(I) = lim KO- TTY) = lim > AT
=1 =1
On the other hand
lim ; A(GTY) = lim Zl IA(TT;) = lim ; AT =T T) — 0

So limy Y i, ATy T;) = 1. but

1i§\n2 INTET) = EIi)I\n AT = 211/{11 i) =n



94 Hoger Ghahramani, Parvin Zamani

So n = 1, which contradicts n > 1. Therefore, O,, for n > 1 cannot be a symmetrically
pseudo-amenable Banach algebra.

In fact, this example presents a Banach algebra that is amenable but not symmetri-
cally pseudo-amenable. By using the next proposition, we can give an example of a symmet-
rically pseudo-amenable Banach algebra that is not amenable. To express this proposition,
we first introduce some concepts.

Let {X; : i € I} be a collection of Banach spaces. Denote by [],.; X; the product
ier Xi for
which z(i) € X, the linear operations being given coordinatewise. For 1 < p < 0o, we recall
that the £,-direct sum of the collection is

space of the collection. This is the space consisting of all mappings = : I — |J

1
@X —{ac [T : sl = (;nmnp)p <o},

and the cg-direct sum of the collection is

0
@Xi = {x € HXi 2]l o = maz||z(i)]] < oo and hmx( )= 0}
i€l iel
For a collection {; : i € I} of Banach algebras, the sum @ icr i, p=>1orp=0,isalsoa
Banach algebra with the multiplication being defined coordinatewise. If J C I, then G}le J
can be identified with the complemented closed ideal of @ie 1 Y; consisting of all x Wlth
z(i) = 0fori ¢ J. Welet P; denote the associated projection from @7, ; {; onto Pl ; 4. It
should be noted that for 10 € 1, if pj, : 4y — EBZG ;4 is the natural embedding map, then
um@um — ( zGI ) (@mlu ) is glven by pm(Zk 1 a ® bzo) Zzo 1 Pio (a;c ) ®
Pio (b ), where 322 | a0 @ bi° € U; @4y, is a bounded linear embeddmg with ||p]| < 1. Now
we have the following pr0p051t10n, the idea of proof of which is taken from [7, Proposition
2.1].

Proposition 3.6. Suppose that for each i € I, Y; is a symmetrically pseudo-amenable

Banach algebra. Then so is @felﬂi forp>1orp=0.

Proof. Let U = @fgﬂi. Given € > 0 and a finite set F' C 4, we can choose a finite set
Jpe C I for which [|Py,_(a) —al < % for each a € F. Since each 4l; is symmetrically
pseudo-amenable, by Proposition 3.2, for every i € Jg there is t; € L[;®4l; such that

€ .

€
[ (t:) Pia) — Pia)|| < STar |

|1P;(a)t; — tiPi(a)]| <

IP:(a) o t; — t; 0 Py(a)]] < ——
| JF,E |

and -
(|7 (a)m° (t;) (a)]] 2T Trs ]|

for each a € F, where | Jp . |= cardJr, and P; denotes the projection P{i}. Now we consider
the embedding p; : @YU — URU and choose the element t Fe in URY as follows

trpe = Z pi(t;).

iGJFVE
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For every a € { we have a = ), _; P;(a), and hence, according to the definition of tz. and
p; we have

atpe = Y Pia)pi(t:) = Y pi(Pi(a)ts).
i€Jp,e i€Jp..
In the same way

tpea = Z pi(tiPi(a));

’L‘EJRE
aotre= ) pi(Pi(a)ot:)
iEJF,s
and
tpeoa= Z pi(ti o Pi(a)).
Z‘EJF,E

Therefore, for each a € F' we have

latre —treal

I>" pi(Pia)t; — tiPi(a))]|

i€Jp,.
< Y Pt — tPa)]|
1€Jp e
< Y Pt — tiP(a)]| < e
i€Jp,.
and
Im(tr)a—all = ln(trea) ~ al
= > w(@tPia) —al
i€Jp e
= > w(t)P(a) ~al
i€JF e
<I Y wt)Pil@— Y P@l+1 Y Pl —ad
i€Jp.e i€Jp e i€JF, e
< Y lIn()Pi(a) = Pi@)l| + [P (@) —al < S+ = <.
i€JF,e

Similarly, we have
laotp. —tp.oal <e
and
llam®(tpe) —all < e
for each a € F'. So from Proposition 3.2 it follows that 4 is symmetrically pseudo-amenable.
|

Now we are in a position to present the desired example.

Ezample 3.7. For each n > 1, let M,,(C) be the algebra of n x n matrices over the complex
field C. Every M, (C) is symmetrically amenable because

1 n
t:g Z E;; ® Ej;,

i,5=1
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where the E;; are the usual matrix units, is a symmetric diagonal in M, (C) (see [5, Propo-
sition 1.9.20]). According to Proposition 3.6, @"

nen M (C) is a symmetrically pseudo-
amenable C'*-algebra that is not amenable.

We know that every symmetrically amenable Banach algebra is amenable and sym-
metrically pseudo-amenable. According to this point and the above examples, the following
question arises:

Question. What is the relationship between the class of symmetrically amenable Banach
algebras and the class of amenable and symmetrically pseudo-amenable Banach algebras?
Is the Banach algebra that is amenable and symmetrically pseudo-amenable, is the symmet-
rically amenable Banach algebra?

We continue this section by studying some hereditary properties.

Proposition 3.8. Let 4 and B be two Banach algebras. If A is symmetrically pseudo-
amenable and there is a continuous epimorphism 6 from i onto B, then B is symmetrically
pseudo-amenable. In particular, the quotient algebra /I is symmetrically pseudo-amenable
for any two-sided closed ideal I of 1.

Proof. Consider the continuous linear mapping 0 ® 6 : URLU — BRB. For each t € URDU
and a € U we have the followings

0 ®0(at) =0(a)d®0(t) and O 0(ta) =0 0(t)a;
f@0(aot)=0(a)of®0(t) and O®6O(toa)=0x0(t)oH(a);
(0 ®0(t)) =0(w(t)) and w°(0®@0(t)) = 0(x°(t)).

Considering these relationships and that 6 is epimorphism, it follows that 8 ® § maps any
symmetric approximate diagonal for 4 to a symmetric approximate diagonal for B. g

Proposition 3.9. Let i be a symmetrically pseudo-amenable Banach algebra, and let J be a
two-sided closed ideal of L. If J has an approzimate identity {e;}icr such that the associated
left and right multiplication operators L; : a — e;a and R; : a — ae; from L into J are
uniformly bounded, then J is symmetrically pseudo-amenable.

Proof. Under the condition on e;, there is a constant M > 1 such that ||e;a| < M||a|| and
llae;|| < M||a|| for all e; and all a € L. So |le;t]| < M||t||, |lte;|| < M]t], |le; o t]| < M||t||
and ||t o ¢;|| < M|Jt| for all e; and all t € URKL.

To prove the theorem, we first prove the following claim.
Claim. For each a € J and t € URY we have

e; o (ta) — ta.

Reason. Suppose t = Zjoil a;®b; € UDY. For each k € N, we put t; = Z?Zl a; ®b;. Since
ty — t, it follows that for a € J, tya — ta. So for € > 0, there exists a kg such that

€
tr,a — ta|| < .
On the other hand, since {e;};cr is an approximate identity for J and tj, = 250:1 a; ® bj,

we have e; o (ty,a) = fozl a; ® e;bja and therefore e; o (ty,a) — ty,a. So there is an iy € I

such that for every ¢ > iy we have

llei o (troa) — troall <

13
M+2
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Thus if i > ig, then
[ei o (ta) —tal| <[] e; o (ta) — e; o (tka)|l + [[€; o (troa) — troall + [[trya — tall

< Mlta — tryall + [lei o (troa) — troall + [[tr,a — tall
€ € €
<M =
M+2 M+2 M+2
Therefore, the claim is true.
Now we prove the theorem.
Let {ty}aea € UL be a symmetric approximate diagonal for {[. For an arbitrary

€ > 0 and finite set F' C J, we choose A € A such that

E.

€
Hat)\ — t)\aHM2 < 5
and .
I(t)a — a0 < S
for each a € F. Then, according to the proven claim and that {e;};cs is an approximate

identity for J, we choose 7 € I so that

€

llae; — el MIltA] < 5

€

leia — allM][tAll < 5
and

€

lle; o (tra) — taal| < 3

for a € F. We put
my; = (txoe;)es,
where A € A,7 € I. We have the following relations
amy; —my;a = [(aty — tra) o e;le; + (ta oe;)(ae; — e;a)
and
m(my;)a = 7(e; oty)(e;a — a) + w(e; o (tra))
for a € J. So, for A € A and i € I chosen before, we have
lamy; — myal < [[[(atx — tra) o elei|| + [|(Ex o €i)(ae; — e;a)|

< M?|laty — taal| + M|ty ||]|ae; — eiall

€ €
< tg=e
and
[m(my;)a — al| = [|7(e; o tr)(eia — a) + 7(e; o (tra)) — af|

< lw(ei o ta)(eia — a)|| + [|Iw(ei o (tra)) — w(tra)|| + (|7 (tra) — af
< lles o talllleia — all + [lei o (tra) — taall + [|7(tx)a — all
< Mltallllesa — all + lles o (£2a) — tral| + r(tx)a — al
<& L € n €
Sy
3 3 3
for each a € F. It is also checked routinely for each (A,7) € A x I that m$, = my;. Thus
choosing an appropriate subnet of {my;}axs C J ®J, we get a symmetric approximate
diagonal for J. So J is symmetrically pseudo-amenable. O

We have the following result from the above theorem.
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Corollary 3.10. Let i be a symmetrically pseudo-amenable Banach algebra and let J be a
two-sided closed ideal of L. If J has a bounded approximate identity, then J is symmetrically
pseudo-amenable.

Proposition 3.11. Let il be a Banach algebra with a system of closed subalgebras {LL, :
v € T'} such that

(1) (U'yel" L[V) = u;
(ii) if y1,72 €T then there is v € T with 4., UL, C 4L, ;
(iii) for each vy € T, thy is a symmetrically pseudo-amenable Banach algebra.

Then U is symmetrically pseudo-amenable.

Proof. For an arbitrary € > 0 and finite set /' C [J oy, by (ii) we choose v € I' with

F C {l,. Since i, is symmetrically pseudo-amenable, there is a symmetric element tp. €
Uy @4, C U YU such that

latpe —treal <e
and
[m(tre)a—al <e

for each a € F. So the result follows from (i). O

4. Some classes of symmetrically pseudo-amenable Banach algebras

In the previous section we saw some classes of symmetrically pseudo-amenable Banach
algebras, especially that every commutative pseudo-amenable Banach algebra is symmetri-
cally pseudo-amenable. In this section, we introduce some other classes of symmetrically
pseudo-amenable Banach algebras.

First, we study a class of Banach algebras that belongs to the class of ¢!-Munn
algebras. Let N be the set of natural numbers. We denote by My(C), the set of N x N
matrices (a;;) with entries in C such that

(@il = > laij| < oo.
i,jEN
Then My(C) with the usual matrix multiplication is a Banach algebra that belongs to the

class of /!-Munn algebras. We write E;; for the matrix units and aE;; for the matrix with
the a at the (7, j)-entry and 0 in all other entries.

Theorem 4.1. The Banach algebra My(C) is symmetrically pseudo-amenable.

Proof. For n € N denote the finite set {1,2,...n} by N,,, and define

1 ~
t, = — ;@ Eji .
"= 3" By ® Ej; € My(C)@My(C)
i,jEN,
We will show that {t,, },en is a symmetric approximate diagonal for My(C). Let A = (a;;) €
Mpy(C). According to the definition of My(C), for each € > 0, there is an ng € N such that
for all n > ng we have 3, .oy |aij| <e. For n € N we have

1
() = - E nky = I,
ieN,
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where I, := Y | E;;. So for n > ng

In(ta)A— Al = [LA- Al < Y Jay| <e.
1, N
Consequentially, 7(t,)A — A for each A € My(C). For n € N define the matrices A,,
1 <r <4 as follows

Ay = (z4;), where z;; = a;; for 1 <i,5 <n; x;; =0fori>norj>n;
Ay = (z5), where z;; = a;5 for 1 <i<nandj>n; z;;j =0fori>norl<j<n;
As = (z;5), where z;; = a;; fori >nand1<j<n; z;; =0for1 <i<mnorj>n;
and
Ay = (z45), where z;; = a;; fori >nand j >n; z;; =0for 1 <i<norl<j<n.

It can be seen by routine calculations that

1
Ait, =t, A1 = — Epi @ Eip;
1 1= E axl Ly & 1j

k,l,j€Ny
1
Ast, =0 and t,A;=— Z aklEkj ® Ejl;
1<j,k<n<l
1
t,A3 =0 and Ast, =— Z aklEkj & Ejl;
1<4,l<n<k

Aut, =t, A4 =0.
So for n > ng
Aty — tn Al = [ Astn —ta Al < > lagl+ D layl < Y Jayl <e
1<Ii<n<k 1<k<n<l 1,JEN,,

Hence At,, —t, A — 0. Also, for each n € N, it is clear that t;, = t,,. Therefore, My(C) is
symmetrically pseudo-amenable. |

In the following, we will discuss some algebras over locally compact groups.

Theorem 4.2. Let G be a locally compact group. The group algebra L*(G) is symmetrically
pseudo-amenable if and only if G is an amenable group.

Proof. Suppose that L!(G) is symmetrically pseudo-amenable. So L!(G) is pseudo-amenable,
and hence from [7, Proposition 4.1] it follows that G is an amenable group. Conversely, if
G is amenable, by [15, Theorem 4.1] we have L!(G) is symmetrically pseudo-amenable. [

For any compact group G, L?(G) is non-amenable, except in the finite-dimensional
cases. In the next theorem, we see that L?(G) is symmetrically pseudo-amenable.

Theorem 4.3. For any compact group G, the Banach algebra L*(G) is symmetrically
pseudo-amenable.

Proof. By [21, § 32. Theorem 1], the group algebra L?(G) (G compact) is the fo-direct sum of
its minimal two-sided ideals I, each of which is completely isomorphic to an algebra M,,(C)
(n € N, and a matrix for each ideal). We know that each M, (C) is symmetrically amenable
(see Example 3.7). Hence from Proposition 3.6 it follows that L?(G) is symmetrically pseudo-
amenable. |



100 Hoger Ghahramani, Parvin Zamani

We note that according to [15, Proposition 2.7] every strongly amenable C*-algebra
is symmetrically amenable and therefore is symmetrically pseudo-amenable.

5. Jordan derivations

Let § be a Banach algebra. In the following, {{# means the unitization of {{ with the
¢*-norm, which we consider in any case, whether {( is unital or not. The Banach algebra $(*
is unital with unity e where |e|]| = 1. Let X be a Banach $-bimodule and we turn X into
a Banach 4f-bimodule by defining 12 = 21 = z for each € X, and hence ex = ze = x
for each 2 € X. Let z € X. The mapping (a,b) + axb from U* x U* into X is bilinear
and |lazb|| < Mx|a|||=|||[b]| for all a,b € U*, where Mx = sup{|lay|, |lyal| : a € 4,y €
X,|la|l = |ly|l = 1}. Thus we can define a continuous linear operator 1, : U* @ U* — X by
VYy(a ®b) = axb for all a,b € U¥. Tt is clear that |[1,| < Mx|z|. Let T : 4 — X be a
bounded linear map, and and we extend T to U* by putting 7(1) = 0. So T'(e) = 0. Then
dr : U @ ¥ — X is the bounded linear mapping specified by ®r(a ® b) = aT'(b) with
Jor| < |17

Now we are ready to state the main results of this section. In the following theorems,
it is assumed that v, and & are defined as above.

Theorem 5.1. Let 8 be a Banach algebra such that ' is symmetrically pseudo-amenable
with the a symmetric approximate diagonal {t\}xen. Suppose X is a Banach $-bimodule
such that

(i) for each x € X the net {1x(tr)}rea is bounded, and
(ii) for each bounded Jordan derivation D : 4 — X the net {®p(tr)}rea s bounded.

Then every bounded Jordan derivation from i to X is a derivation.

Proof. Suppose that D : ${ — X is a bounded Jordan derivation. We extend D to ¢ by
putting D(1) = 0. So D(e) = 0, where e is the unity of 4*. Then
®@p(aty —tra) = aPp(tr) + Pplacty) —m(tr)D(a) — Pp(tr)a — Pp(tyoa) — ¢Yp)(tr),
for each a € U, Let xy := ®p(ty). So

m(tx)D(a) = (axy — xzra) — Pplaty —tra) + Pplaocty —txoa) — Yp(tr),

for each a € {f. We have 7(ty) — e and since X is unital over {4, w(t))D(a) — D(a)
for a € U*. On the other hand

[®p(aty — tra)l| < [[Dllflaty —tra| — 0

and
[®p(acty—troa)| <|[ID[[acty—troal —0
for a € 4*. Therefore,
D(a) = li/r\n((aaa —xa) — Yp(a)(tr)) (5.1)

for a € 4*. Now, viewing X as a closed $lf-subbimodule of X**, and hence D is a bounded
Jordan derivation from $f to X**. Since {zx}xrea is bounded, define Q € X** as follows:

(Q, f) = Limx(xx, f),

where f € X* and Lim) is a generalized limit on A. Also, by our assumption, define the
bounded linear map A : {4 — X** by

(A(a), f) = Limx(¢p(a)(tr), f),
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where a € {f and f € X*. It follows from (5.1) that
(D(a), f) = Limx(axx — zxa, f) — Limx(¥p(a)(tr), f)
= (aQ) — Qa, ) — (A(a), )
for any a € U* and f € X*. So
D(a) = a2 — Qa — A(a)
for ecach a € 4¥, and hence A is a bounded Jordan derivation. For each a,b € 4! we have
(aA(b), f) = Limx(¥pw)(tr), fa
= Limx(ayp)(ta),
= Limx(¥p)(aty),
= Limx(Ypw)(tra),
= Limx(¥p)(ta)a,
= (A(b)a, f)

for all f € X*, because aty —tya — 0 and the nets {¢pp)(atxr)}renr, {¥pw)(tra)fren are
bounded. Thus

)
)
)
)
)

aA(b) = A(b)a (5.2)
for each a,b € Uf. Now we do the same process for A as we did earlier for D and therefore
Aa) = a1 — Q1a — Aq(a)

for a € U¥, where ; € X** and A, is a bounded linear map from 4 to X** defined by

<A1(a’)a f> = Lim <¢A(a) (tk)v f>

for a € U* and f € X* (By condition (ii) of our assumption A; is well-defined). It follows
from (5.2) that

Y (t) = 7(t)Ala)

for each a € {* and t € W @ U, So PYa(e)(tr) — A(a). Consequentially, Ai(a) = A(a) for

all a € 4* and

Aa) = a(%ﬂl) - (%Ql)a

for a € 4*. According to this identity and D(a) = aQ — Qa — A(a) we have
1 1
D(a) =a(2— 591) - Q- §Ql)a
for a € U¥, and hence D is a derivation. O

We note that if 4l is a commutative approximately amenable Banach algebra, then by
[7, Theorem 3.1-(iv)] and Corollary 3.3, {* is symmetrically pseudo-amenable. Examples of
this kind of Banach algebras are given in [8].

We have the following result that is proved in [15, Theorem 6.2]. Therefore, it can be
said that Theorem 5.1 is a generalization of [15, Theorem 6.2].

Corollary 5.2. Let il be a symmetrically amenable Banach algebra and X be a Banach
$l-bimodule. Then every bounded Jordan derivation from 3 to X is a derivation.
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Proof. By [15, Theorem 3.1], U* is symmetrically amenable, and so it has a bounded sym-
metric approximate diagonal {t)}xea. Since ¥, : U @ U¥ — X for each x € X and
Or ;U @ Ut — X for each bounded linear map T : U# — X are bounded mappings, it fol-
lows from boundness of {t)}aca that the conditions (i) and (ii) of Theorem 5.1 are satisfied.
Therefore, the desired result is proved. O

In the following theorem, we consider a special type of Jordan derivations.

Theorem 5.3. Let i be a Banach algebra such that 34* is symmetrically pseudo-amenable
and X is a Banach -bimodule. Then every bounded central Jordan derivation from i to X
is a derivation.

Proof. Suppose that D : 8 — X is a bounded central Jordan derivation and {ty} ca is a
symmetric approximate diagonal for 4f. We extend D to U* by putting D(1) = 0. With the
same process of proving Theorem 5.1, it is proved that

D(a) = liin((am)\ —xa) — Yp(a)(tr))
for a € 4Uf. Since D is central, it follows that

VYp(a)(t) = 7(t)D(a)
for each a € Y* and t € 4* @ U*. Thus ¥p(q)(tr) — D(a) and

1.
D(a) = 5 h;\n(aa:,\ —zra)
for a € UF. O

Let 4l be a Banach algebra. The Banach $-bimodule X is called symmetric if ax = za,
for all @ € Y and z € X. According to Theorem 5.3, we have the following result which
checks the bounded Jordan derivations into a certain class of Banach bimodules.

Corollary 5.4. If il is a Banach algebra such that 4! is symmetrically pseudo-amenable,
then every bounded Jordan derivation from i to a symmetric Banach -bimodule X is a
derivation.

6. Lie derivations

In this section, we consider {f as in the previous section and convert a $I-bimodule
to a Uf-bimodule. Also, ®7 is defined as in the previous section. The following lemma is
about central derivations.

Lemma 6.1. Let 8 be a Banach algebra such that Ut is symmetrically pseudo-amenable
and X be a Banach U-bimodule. Then every bounded central derivation from U to X is a
derivation.

Proof. Let § : 4 — X be a bounded central derivation and {t)}rca be a symmetric ap-
proximate diagonal for {f. We extend & to U* by putting §(1) = 0. From the fact that § is
central, for each a, b, c € U* we have

Ds5(ab® c) — Ps(b® ca) = abd(c) — bd(ca)
abd(c) — 6(ca)db
= abd(c) — cd(a)b — §(c)ab
).
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So

Ds(aty —tya) = w(t3)d(a)
for all a € U*. Since t§ =ty (A € A), aty —tra — 0 and 7(ty)d(a) — §(a), it follows
that § = 0. ]

The restriction of a central derivation to a subalgebra is central so we can extend
Lemma 6.1 to the following.

Corollary 6.2. Let il be the smallest closed subalgebra which contains all the closed subal-
gebras U of U such that VF is symmetrically pseudo-amenable. Then every bounded central
derwation with domain L is 0.

Lemma 6.3. Let $ be a Banach algebra such that ¢ is symmetrically pseudo-amenable.
Suppose that'Y is a Banach U-bimodule and X is a closed U-subbimodule of Y. If§ : 4 — Y
is a bounded derivation and T : b — Zy(Y) is a linear map such that (§ + 7)(L) C X, then
o) € X and T(U) C Zy(X).

Proof. Let mx : Y — Y/X be the quotient map where W = Y/X is the quotient Banach
$I-bimodule. We have

O=mxo(0+7)=mxo0d+mxoT.
Hence
Txo0d=—TxOT.
Since mx maps Zg(Y) into Zy (W) and 7(U) C Zg(Y), it follows that
mx 00(U) = —mx o T(U) C Zy(W).

So by the fact that wx is a bounded module homomorphism, 7x o § is a bounded central
derivation from 4 into W. According to Lemma 6.1, mx o6 = 0, and hence §({) C X. Now
from assumption and the obtained result, we have 7(4) C X N Zy(Y) = Zy(X). O

In the following theorem we state the main result of this section.

Theorem 6.4. Let $ be a Banach algebra such that $A* is symmetrically pseudo-amenable
with the a symmetric approzimate diagonal {t\}rca. Suppose X is a Banach ih-bimodule
such that for each x € X the net {1 (tx)}ren is bounded, and D : 4 — X is a bounded Lie
derivation such that the net {®p(tx)}ren is bounded. Then there exist a bounded derivation
d: i — X and a bounded central trace T : b — Zy(X) such that D =d+ 7.

Proof. Assume that D : {{ — X is a bounded Lie derivation. We extend D to U* by putting
D(1) = 0. Then
@D(atA — tAa) = CL(I)D(tA) — CIJD(a Ot)\) + wD(a)(tA) - W(tA)D(a) + (I)D(tA o CL) — <I>D(t>\)a
for each a € U*. Let z) := ®p(ty). Since aty —tya — 0, aoty —tyoa — 0 and
7(tx)D(a) — D(a), it follows that

D(a) = lim((azy — 2xa) +¥p(a)(tr)) (6.1)

for a € 4*. Now, viewing X as a closed $f-subbimodule of X**, and hence D is a bounded
Lie derivation from ¥ to X**. In view of our assumptions, define € X** and the bounded
linear map 7 : U — X** by

(Q, f) = Limx(zx, [)
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and
(t(a), f) = Limx(¥pa)(tr), f),
where a € 4, f € X* and Lim, is a generalized limit on A. It follows from (6.1) that

(D(a), f) = (a2 = Qa, f) + ((a), f)
for any a € U and f € X*. Consequentially,
D(a) = a2 — Qa + 7(a)

for each a € U*. The linear map d : 4 — X** defined by d(a) = aQ) — Qa is a continuous
derivation, and therefore D = d + 7. Also, with a proof similar to the proof of centrality of
A in the proof of Theorem 5.1, we have 7(a) € Zy: (X**) C Zy(X*). Sor =D —d is a
bounded Lie derivation, and from the fact that (&) C Z: (X**), it follows that 7([a,b]) = 0
for every a,b € {#. The conditions of Lemma 6.3 hold for d and 7 on i, hence d maps i to
X and 7 maps U to Zg(X). O

The following result is immediate.

Corollary 6.5. Let {4 be a Banach algebra such that Ut is symmetrically pseudo-amenable
with the a symmetric approximate diagonal {t\}rxen. Suppose X is a Banach $-bimodule
such that

(i) for each x € X the net {1),(tx)}rea is bounded, and

(ii) for each bounded Lie derivation D : L — X the net {®p(tx)}ren is bounded.
Then for every bounded Lie derivation D : L — X there exist a bounded derivationd : L — X
and a bounded central trace T : U — Zgy(X) such that D =d + 7.

Similar to the proof of Corollary 5.2, the following result is obtained, which is proved
in [15, Theorem 9.2]. Therefore, it can be said that Theorem 6.4 (and Corollary 6.5) is a
generalization of [15, Theorem 9.2].

Corollary 6.6. Let 3 be a symmetrically amenable Banach algebra and X be a Banach -
bimodule. Then for every bounded Lie derivation D : I — X there exist a bounded derivation
d: i — X and a bounded central trace T : b — Zy(X) such that D =d + 7.

7. Conclusions

In this paper, we introduced the concept of symmetric pseudo-amenability for Banach
algebras and developed its fundamental theory. We established several structural proper-
ties, provided examples that distinguish it from other notions of amenability, and identified
classes of Banach algebras where symmetric pseudo-amenability naturally arises. Our re-
sults demonstrate that this notion forms a genuine intermediate concept between symmetric
amenability and pseudo-amenability, with its own distinctive features and applications.

A central contribution of this paper is the application of symmetric pseudo-amenability
to the study of Jordan and Lie derivations. By extending Johnson’s classical theorems, we
showed that symmetric pseudo-amenability provides a powerful framework for characterizing
derivations and their decompositions in Banach algebras and C*-algebras. This highlights
the role of symmetric pseudo-amenability not only as a structural property but also as a
tool for analysing cohomological problems.

Looking forward, several promising directions emerge. One natural question is to fur-
ther clarify the relationship between symmetric pseudo-amenability and symmetric amenabil-
ity, particularly in non-commutative settings. Another avenue is to explore connections with
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approximate amenability and other cohomological properties, which may reveal deeper struc-
tural insights. It would also be interesting to investigate symmetric pseudo-amenability in
broader classes of operator algebras, group algebras, and Munn-type constructions, as well
as its potential impact on the fixed point property and related functional analytic problems.

We believe that the notion of symmetric pseudo-amenability opens a new line of

inquiry in the theory of Banach algebras. By bridging classical amenability concepts with
modern cohomological techniques, it provides fertile ground for further exploration and may
lead to new applications in both pure and applied functional analysis.
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