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A NOTE ON THE RESTRICTED k-MULTIPARTITION FUNCTION

Mircea Cimpoeas!, Alexandra Teodor?

Leta = (a1,...,ar) be a sequence of positive integers and k > 2 an integer.
We study pi,a(n), the restricted k-multipartition function associated to a and k. We
prove new formulas for py a(n), its waves Wj(n, k,a)’s and its polynomial part Py, o(n).
Also, we give a lower bound for the density of the set {n >0 : py a(n) #Z 0(mod m)},
where m > 2 is an integer.
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1. Introduction

Let n be a positive integer. We denote [n] = {1,2,...,n}. A partition of n is a non-
increasing sequence A\ = (A1,..., A,,) of positive integers such that |A] = A1 + -+ A, = n.
We define p(n) as the number of partitions of n and for convenience, we define p(0) = 1.
This notion has the following generalization:

Let £ > 2 be an integer. A k-component multipartition of n is a k-tuple A =
(AL, ..., \F) of partitions of n such that |A\| = |AY + .- + [A¥| = n; see [1]. We denote
pr(n), the number or k-component multipartitions of n and pg(0) = 1.

Let a := (a1,as,...,a,) be a sequence of positive integers, r > 1. The restricted
partition function associated to a is pa : N — N, pa(n) := the number of integer solutions
(®1,...,2,) of Y.I_, a;x; =n with 2; > 0. Note that the generating function of pa(n) is

= 1
n)z" = , |zl < 1. 1.1
3" = Ty (L1)

The restricted k-multipartion function associated to a is pya(n) : N = N, pg a(n) :=
the number of vector solutions (z!,...,z*) of

k r
ZZaiIg:n, where xj:(x{,...,zf;) eNforl1<j<k.

j=1i=1

The aim of the paper is to study the properties of the function py a(n), following the
methods used in our previous paper [8]. We consider the sequence

(K] [k k
alk] := (@, ... alM), (1.2)
where (% denotes k copies of /.
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It is easy to see that py a(n) = pak(n) and therefore, from (1.1) and (1.2) we have

- 1
Pra(n)z" = - — 12l < 1. (1.3)
nz::O a (]__Zl)k(]__zr)k

In Proposition 2.1 we show that

k %)
Galsswn, o w) = [[Gasw) =3 30 Pra(n)
=1

o S N (ny +wp)s - (g +wy)s’

where (, (s, w) is the Barnes zeta function (see [2]). In Proposition 2.4 we express (. a($, w1, . . ., W)
in terms of Hurwitz zeta functions.
Let D be the least common multiple of a1, ..., a,. In Proposition 2.5 we note that

Pra(n) = diam_1(n)n™ 1 4t dp a1 (n)n + dgao(n),

is a quasi-polynomial of period D. From this result, we deduce a new expression for
Crals,wi,...,wg) in Corollary 2.6.

In Theorem 3.1 we prove formulas for the periodic functions d a,m(n).

Using the fact that pga(n) = papr)(n), in Theorem 3.2 we prove a formula for py a(n).
In Proposition 3.3 we show that if a certain determinant is nonzero, then py a(n) can be
expressed in terms of values of Bernoulli polynomials and Bernoulli-Barnes numbers. Using
a result from [9], in Corollary 3.4 we show that

lim #{n < N : pga(n) # 0(mod m)} > 1 ,
N—oo N r )

where m > 1 is an integer.
Similarly to pa(n) we consider the Sylvester decomposition (see [12], [13] and [14]) of
Pra(n) as a sums of "waves”, i.e.

pk,a(n) = Z Wj (ka a, n)7
Jj=1
where W;(k,a,n) :== Wj(alk],n). In Theorem 4.1 we prove a formula for W;(k,a, n).
The polynomial part of pg a(n) is Py a(n) := Wi(k,a,n). In Theorem 4.2 and Theo-
rem 4.3 we prove new formulas for Py a(n).

2. Preliminary results

Let r > 1 and k > 2 be two integers. Let a = (aq,...,a,) be a sequence of positive
integers. Let D be the least common multiple of aq,...,a,.
For0<ji <2 -1,0<j<2-1,...,0<j, <2 —1let, by Euclidean division,
q(j1,-.-,Jr) and v(j1,...,jr) be the unique integers such that
aljl + e + arj'r = q(jla .o 7j1“)D + t(jh .o 7j7’)7 0 S t(jl? .. 7j’l") S D - 1 (21)
We denote the rising factorial by 2(") := (z +1)(z+2)--- (x 47 —1), 2(0) = 1. Tt holds that

(ni—r11> _ (le)!n(m _ (le)! (mnr—l Lo mn+ [;D (2.2)

where [k] ’s are the unsigned Stirling numbers of the first kind.
Let w > 0 be a real number. The Barnes zeta function associated to a and w is

Ca(s,w) := Z ! Re(s) > . (2.3)

(a1uy + -+ + apu, +w)s’

ULseenyUp 20

For basic properties of the Barnes zeta function see [2], [10] and [11].
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Let wy, ..., w; > 0 be some real numbers. We consider the function
Chals,wr,...,w) = Ca(s,w1) - Cals, w). (2.4)
Proposition 2.1. We have that

. > pk,a(n)
Ck’a(s’wl"”’wk)_z Z (n1 +wy)s - (ng +wg)s "

n=0n1++nr=n

Proof. For 1 < j <k, we have that

zoo: pa(”j)

Ca(sv w ) = .

Ve (ng )

So, the conclusion follows from the definitions of py a(n) and (i a(s, w1, ..., wg). O

Remark 2.2. Note that, if r =1and 1 < j < k then

> 1
o) = X e = 2 vy = ()
where )
1
C(s,w) := ;W,RG(S) >1

is the Hurwitz zeta function. It follows that

1 a a
Ck,a(sawlv"wwk): kSC<Sv 1>"‘C<Sa k>~
ay w1 w

We consider the set
) . . D _ D
B:= {(]h"'a]’ﬁ) : 1§.71 S 7_1a---71 S]r S 7_1}
ay (€78
We recall the following result from [4]. Also, we mention that the definition of Stirling
numbers is slightly different there; see [5] for more details.

Lemma 2.3. ([4, Lemma 2.2]) We have

r—1 k
1 (K
= - —1 J

= PR W D (OE

(G- JT)GB’f 0 J=0

arj1+ -+ arjr +w -t(jlw--ajr)er
X < D > C(s —k+j, -5 ).
From (2.4) and Lemma 2.3 it follows that:
Proposition 2.4. We have

r—1 m

e £ [ JE )

£=0

. B y P y y
arji + -+ apgl +w; v(gt, .., 00) Fws
218> (131 * j )C(s—m+€, (i DJ) )
i=1(ji,....ji)eB

Proposition 2.5. py a(n) is a quasi-polynomial of degree rk — 1, with the period D, i.e.

pk,a(n) = dk:,a,rkfl(n)nrk_l + -4 dk,a,l(n)n + dk,a,O(n)7

where di am(n + D) = dgam(n) for 0 <m <rk—1andn > 0, and d ark—1(n) is not
identically zero.



14 Mircea Cimpoeas, Alexandra Teodor

Proof. Since pra(n) = pap(n), where alk] = (a[lk]7 o 7a[rk]) (see (1.2)), the conclusion
follows from the classical result of Bell [3]. O
Corollary 2.6. We have that C a(s,wy,...,wg) =
co rk—1 m k
= di,a,m(n) ( > Py WiNg
ng()mzz:O n1+-;1k:n 61,...,€]€ i (nj—i—wj) ZJ(1+E)ZJ
li4+L=m
Proof. From Proposition 2.1 we have that
- Dk a(n)
C}C, (s,wh...,wk): : .
a D D O Ty T
Therefore, from Proposition 2.5 it follows that
oo rk—1
diam(n)(na + -+ ng)™
Cralsswrscw) =3 %, > R o=
n=0 m=0 ni1+---4+nr=n (nl + 11)1) o (nk + wk)
co rk—1 £y Ly
m n DRI n
= di.a.m(n L k .
D) DL RE D DI O e ryizze e
4t l=m
The conclusion follows immediately. (|
We fix two integers N > 1 and we consider the numbers
Ine=H#{(G1,... i) i1+ +ip=400<i <N -1} where 0 <L < k(N —1). (2.5)
It is clear that fx . is the coefficient of t* of the polynomial
N =Q+t+--+tNHR (2.6)
Using the binomial expansion, we have
k [e%S) .
AN J+k—1\ .
_ N\k -k _ % iN
) ==kt = ey (D (TN e
=0 7=0
Proposition 2.7. With the above notations, we have that
(kN [(j+k—-1
= X (5T,
1,j>0, iN+j=¢
Proof. The conclusion follows from (2.5), (2.6) and (2.7). O

3. Main results
We use the notations from the previous section.

Theorem 3.1. For n > 0 we have that

T

1 - (k
dk,a,m(n) = m Z H Z (71)25 (Zs) .

(€1...,£7)EC 5=14,,5:>0, is 2 +js=Ls
a1l1+-+arr=n( mod D) s
. rk—1
Js + k—1 rk t— k ¢ t—
X E —1)=m D by + - 0 m
< js > t=m |:t+]' ( ) m (al 1+ +a7ﬂ T) ’

where C = {(ly,...,4,) : 0§€1gk(%—l),...,og&gk(g—l)}.
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Proof. We consider the set
D

. . . ) D
Bk :={(1,--»drk) : 0<j1 <——1,...,0<jp <——1,...
ay ai

D D
o 0 Gk £ — —1,...0 < jpp < — — 1}
ar a,

According to [4, Theorem 2.8] and Proposition 2.5 we have that

p B 1 i
am = ) 2 > i)

(J1,-+:drk) EB[K] t=m
a1 (ji+-+jr)+Far(Gre—ry1++irk)=n( mod D)

[ E\ A . . . . _m
x(-1)' <m>D “aa(r i)+ @G+ G) T (3)
Welet £y == g1+ +jr, b2 = jry1+ -+ J2ks- o br = Jrk—p1 + -+ Jrp. It is clear that
(J1,- -+, jrk) € B[K] implies (¢1,...,¢,.) € C.
Since the cardinality of the set
, , , , . D
{Uks—kt1s-- 5 0ks) * Jhs—kt1 + 0+ ks = Ls, 0 <y < — for ks —k+1 <t < ks}

S

is fo 4, the conclusion follows from (3.1) and Proposition 2.7. O

Theorem 3.2. For n > 0 we have that

T

Pr.a(n) = ﬁ > 11 2 (-1~ (zk) )

(£1,.0,4,)EC 5=144,j5 20, is > +is=Ls
a1€1+~~‘+a7~ér5"( mod D)

. rk—1
]s+k_1 n_algl_"'_argr
T (),

Js t=1

where C = {(l1,...,4;) : 0< 0y <Kk(2—1),...,0 <l <k(2-1)}.

Proof. The proof is similar to the proof of Theorem 3.1, using [4, Corollary 2.10] and Propo-
sition 2.7. ]

The Bernoulli polynomials are defined by

By(x) = Xn: (Z) B,z

k=0
For a = (ay,...,a,), the Bernoulli-Barnes numbers (see [2]) are
J i i
Bla)= 2 ,(z‘l,...,z)B”l"'B““f"'ar- (3.2)
i1+t =]
From (1.2) and (3.2) it follows that
— J i1+t Trk— oty
Bj(alk]) = B;, ---B; k... glirk=i+l -
MO DI R Y ‘

it i =j

¢
= 2 (zl,{.,er)“?”'“ﬁr 2. (z‘l,..l.,ik)x

it i =Ly, ik — k1o =

x( b )BB (33)
<y lrk

brk—k+1, - -
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We consider the rkD x rkD determinant:

Bilp) ... B Bri(5) Bri(1)
1, 1 rk | rk
B2(%) . Bi(1) o Brit1(5) o Bri+1(1)
2 1 k+1 k+1
A(r,k, D) = . . . . " + . " + - (34)
Bren(s) . Ben(l) . Brkpirk—1(35) | Brepgre—1(1)
rkD rkD rkD+rk—1 rkD+rk—1

Proposition 3.3. If A(r,k, D) # 0 then pya(n) can be expressed in terms of B; (%) where
1<v<Dandl<j<rkD+rk—1, and B;(alk]) with rk < j <rkD +rk — 1.

Proof. According to [6, (1.8)], we have that

rk—1 D
Bpym+1 (35) _ (=1)"n!

di am(n) D™ D) _ B (alk]) — o, 0

mz::m; am(n) n+m+1 (n+ k)t (afk]) —do (3.5)
1 =0
where g, =< " )
Oa n>0

Taking n =0,1,...,7kD — 1 in (3.5) and seing dj a.m(n)’s as unknowns, we obtain a

linear system of type rkD X rkD, whose determinant is A(r, k, D). Therefore, if A(r, k, D) #
0, then di a,m(n)’s are the solutions of the above system. Since, by Proposition 2.5, we have

Pra(n) = drase-1(m)n™ 7 4 4 dian () + diao(n),
we get the required result. O
We end this section with the following nice corollary of a result from [9)].

Corollary 3.4. If m > 1 is a positive integer, then

lim #{n < N : pra(n) # 0(mod m)} S 1
N—oo N

|
5

Proof. 1t follows from the fact that py a(n) = pap(n) (see (1.2)) and [9, Theorem 5.2]. O

4. The polynomial part and the waves of py »(n)

Let a = (a1,...,a,). Sylvester [12, 13, 14] decomposed the restricted partition func-
tion pa(n) in a sum of ”waves”,

pa(n) = Z:Wj(n,a)7 (4.1)

where the sum is taken over all distinct divisors j of the components of a and showed that
for each such j, W;(n,a) is the coefficient of ¢! in

9 A\ —vn
( 7\'13{111) .ent

2m/ja1i) o (1 S 2m/jari)

b
—a1t+
0<v<j, ged(wj)=1 (1 — €

where ged(0,0) = 1 by convention. Note that W;(n,a)’s are quasi-polynomials of period j.
Also, Wi(n,a) is called the polynomial part of pa(n) and it is denoted by Pa(n). We define:

W;(n, k,a) .= W;(n,alk]) for j > 1 and Py a(n) := Wi(n, k, a), (4.2)

the waves, respectively the polynomial part, of pi a(n).
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Theorem 4.1. For any positive integer j with jla; for some 1 < i <, we have that:
rk—1

Wiln. k,a) = rk—l :z_:i .:Z [tflet—l)X
‘ > H >y (f) (js +j]: ! 1) g

(L1,...,4r)EC 5=145,js>0, is Z4js=Cs
ai1li+-+ar-€r=n( mod D)

% D_k(a1£1 S arer)t—m—&-lnm—l7

where C = {({1,...,4,) : 0§€1§k(gfl),...,()gﬁrgk(gfl)}.

Proof. The proof is similar to the proof of Theorem 3.1, using [7, Proposition 4.2] and
Proposition 2.7. 0

Theorem 4.2. For n > 0 we have that

ooty £ E ()

1ensbr)€C8=1i, 5,>0, i B 4js=¢s

rk—1

XH(n—algl "'_argr_"_l‘/)7

where C = {(¢1,...,4,) : O§€1Sk(%—l),...,ogfrgk(a%—l)}.

Proof. The proof is similar to the proof of Theorem 3.1, using [4, Corollary 3.6] and Propo-
sition 2.7. g

Theorem 4.3. We have

rk—1 u
Pia(n) = > Ty T el apx
(a1---a, = rk — 1 —u) Py
y Z B;, -+ B,
ITIEERT AN

i1+ tip =41

Irktk—1F+irk=Cr

Proof. From [4, Corollary 3.11] it follows that

rk—1
B, ---B;,,
Pk,a(n): (a1 ar kZ rk —u)! Z il P

: k!
i1+ tirg=u rk

% a2i1+---+zzc . airk7k+1~-~zrknrk—1—u

The conclusion follows immediately. O

5. Conclusions

We proved new formulas for py a(n), the restricted k-multipartition function associ-
ated to a sequence of positive integers a = (a1, ..., a,) and to an integer k > 2, its Sylvester’s
waves and, in particular, its polynomial part. Also, we give a lower bound for the density
of the set {n >0 : pi.a(n) # 0(mod m)}, where m > 2.

Our methods are suitable for study other (restricted) integer partition functions.
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