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CERTAIN GENERATING RELATIONS OF KONHAUSER MATRIX
POLYNOMIALS FROM THE VIEW POINT OF LIE ALGEBRA
METHOD

Ayman Shehata'

This paper is devoted to construct Lie operators associated with Konhauser ma-
triz polynomials of the first kind using Lie group theory. Furthermore, certain generating
matriz functions, integral representations and matriz differential recurrence relations,
new and known consequences for Konhauser matriz polynomials are deriwed and their
applications are presented.
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1. Introduction

Special matrix functions are the solutions of a wide class of mathematically and
physically relevant functional equations. Generating matrix functions play an important
role in the study of special matrix functions. In the investigation of generating matrix
functions, group theoretic method seems to be a potent one in comparison with analytic
methods because of the fact that the unknown generating matrix functions can only be
obtained by group theoretic method as well as the known generating matrix functions can
be verified and the corresponding extension can be made by analytic method (see [2, 3, 4, 5,
12, 13, 15, 19, 20, 21, 24, 25]). In [16, 17], Konhauser also introduced two sets of polynomials
Z%(x; k) and Y,*(x; k), which are biorthogonal with respect to the weight function z%e~?
over the interval (0,00), a > —1 for k is a positive integer.

Motivated and inspired by the work of Erkug-Duman and Cekim [7], Shehata [26],
Varma et al. [27], and Varma and Tagdelen [28] and a recent work on representation of Lie
algebra [1, 11, 14, 22, 23|, in this paper, we derive some integral representations, matrix dif-
ferential recurrence relations and certain generating matrix functions involving Konhauser
matrix polynomials of the first kind by using Weisner’s method [29]. In section 2, we discuss
some integral representations and matrix differential recurrence relations with Konhauser
matrix polynomials. In section 3, we derive certain generating matrix functions for Kon-
hauser matrix polynomials by using the representation of the Lie group theory. The main
interest in our results lies in the fact that a number of their special cases can be used to
derive many new and known consequences for the Konhauser matrix polynomials of two vari-
ables, which we will obtain in section 4. The main results of our investigation are derived
in sections 5.
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1.1. Preliminaries

In this subsection, we give the brief introduction related to Konhauser matrix poly-
nomials and recall the following definitions, theorems, lemmas and some previously known
concepts. During this work, the spectrum o(A) of a matrix A in CV*¥ symbolize the set
of all eigenvalues of A. Furthermore, the identity matrix and the null matrix or zero matrix
in CNV*N will be symbolized by I and 0, respectively.

Definition 1.1. If Ay, Ay,..., A, are elements in CN*N and A, # 0, then the matriz
polynomials of degree n in = (v is a real variable or complex variable) is an expression in
the form

P(z) = Apa™ + Ay 12" 4+ Ajx + Ao

Theorem 1.1. (Dunford and Schwartz [6], Theorem 5, p.558) If u(z) and v(z) are holo-
morphic functions in an open set ) of the complex plane C, and P, Q) are commutative
matrices in CN*N with o(P) C Q and o(Q) C Q, then

w(P)o(Q) = v(Q)u(P).
Definition 1.2. (Jédar and Cortés [9], p.89) If P is a positive stable matriz in CN*N | then
the Gamma matriz function I'(P) is defined as

I'(P) = /OOO et at; 1 =exp <(P -1 lnt>. (1.1)

Definition 1.3. For A € CN*N such that o(A) does not contain 0 or a negative integer
(c(A)NZ~ =0 where O is an empty set), the matriz analogues of Pochhammer symbol or
shifted factorial is defined as (see Jédar and Cortés [10], p.206)

(A =A(A+I)(A+2I)...(A+ (n—1)I) L
=T(A+nDI 7Y A); n>1; (A) =1, (1.2)
where T'(A) is an invertible matriz.

Definition 1.4. (Jédar and Cortés [9], p.92) If P and Q are positive stable matrices in
CN*N then the Beta matriz function B(P,Q) is defined as

B(P,Q) = /01 tP=1(1 — )9 1dt. (1.3)

Lemma 1.1. (Jédar and Cortés [10], Lemma 2, p.209) Let P, Q and Q + P be positive
stable matrices in CVN*N satisfying PQ = QP and P 4+ nl, Q + nl and P+ Q + nl are
invertible matrices for all nonnegative integers n. Then

B(P,Q) = T(PI(QT (P +Q). (1.4
Definition 1.5. (Jddar et al. [8], p.58) Let A be a matriz in CN*N such that

—k ¢ 0(A) for every integers k > 0, (1.5)

and X is a complex number with Re(X\) > 0. Then the Laguerre matrix polynomials is defined
as

L%A’A)(x) _ i (_1)k(A + I)n[(A + I)k]ilo‘x)k ) (1.6)

P El(n — k)!



Certain generating relations of Konhauser matrix polynomials from the view point of Lie algebra method 125

For the purpose of the present study, we recall the following explicit expression for

the Konhauser matrix polynomials Z,(LA”\)(J:; k) of the first kind in (Varma et al. [27], p
197):

ZEAN (25 k) = T(A + (kn+ 1)1 i)n(:\f))' D™ A+ (kr+1)1), (1.7)
r=0

CNXN

where A is a matrix in satisfying the condition

Re(p) > —1, for all eigenvalues p € o(A) (1.8)
and \ is a complex number with Re(\) >0, ke N=7Z% = {1,2,3,...}.
2. Some properties of Konhauser matrix polynomials

The integral representations for the Konhauser matrix polynomials Z,(LA’A) (z; k) of the
first kind are derived as in the following theorems.

Theorem 2.1. Let A be a matriz in CN*N satisfying the condition in (1.8) and for

t
)\‘ < 1.
Then the Konhauser matriz polynomials has the following integral representation:

I'(A+ (kn+ 1)) / (% — (2A)F)rett=A=(Bnt D gy (2.1)
c

nl2mi
Proof. The contour integral representation for the reciprocal Gamma function is given as:
(see [18], p. 115, No. (5.10.5) )

2\ (s k) =

= | et .
() 2m'/c ¢ (22)

where C' is the path around the origin in the positive direction, beginning at and returning
to positive infinity with respect for the branch cut along the positive real axis.
Thus, from (2.2), we have the following integral matrix functional

1
YA+ (kr+ 1)) = 2—m/ et A=hr+ DI gy, (2.3)
C

From (1.7) and (2.3), we get
F(A + (kn + 1)1) / (tk o (}\ l,)k)netthf(knJrl)Idt
C

nl2mi
_ LA+ (kn+ 1)1 i )'nl(A ) / etp—A=(kr+1I 1
n'2m = r' (n—r) c
=T(A+ (kn+ 1)1)§EM YA+ (kr + 1D)I) = ZAY (23 k).
e rl(n —r)! " '
This immediately leads to the proof of the theorem. O

Theorem 2.2. Suppose that A is a matriz in CN*N satisfying the condition in (1.8). Then
the Konhauser matriz polynomials has the following integral representation:

Z(A,)\) (l’; k’) _ F(A + (kn + 1)‘[) ()\Sc)iA (uk - 1)ne)\ muquf(kn+1)Idu' (24)
nl2mi c

Proof. If we make the substitution ¢ = Azu in (2.1), we get an integral representation for
7 (2 k). O

In the same way, one can derive the following integrals formulas:
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Theorem 2.3. Let A and B be commutative matrices in CN*N satisfying the condition

(1.8), the integral representation for the Konhauser matriz polynomials satisfy the following:

n

> 1
/ 2Be™ ZAN (z; k)de = = (A+ Dpal(B + 1)
0 n:

2.5
o il IB—i—I B+klI A+1 A+/<:I_>\k (25)
k+1Lk ni, k yeeey :ZC ’ ]C PR k ) .
Proof. Using the formula in [26], we have
(A4 Dy =T(A+ (kr + )DT YA+ 1)
kk,<A+I> <A+21> <A+k1>
b S § " g a (2.6)
(B4 1)y =T(B+ (kr + 1))I (B + 1)
_ B+1 B+2I B+ kI
= B ) 3 e 3 R
Using (1.1), we can write
/ 2Be® ZUAN (1 k)dz = T(A + (kn + 1)I)
0
~ (DT ¥ e Bkl
More simplification of the above expression, we have
/ 2Be® ZAN (11 k)de = T(A+ (kn+1)I)
0
~ ()"
X ;) mr (A+ (kr + 1)T(B + (kr +1)I).
This formula can be written as:
/ 2Be™® ZAN (11 k)de = T(A+ (kn+ 1)I)
0
~ (=)W
————I" A+ (kr+ 1))I'(B + (kr + 1)I).
xgo gt D (A (b + DODB + (kr 4+ 1))
Using (2.6), we obtain
o 1
/ 2P ZAN (wik)de = = (A+ Dl (B + 1)
0 n.
B+1 B+klI A+1 A+EL
Fp| —nl ; ; .
X k41 k( nit, L’ ; L 3 E ) L 7)‘ )
This immediately leads to the proof of the theorem. |

Theorem 2.4. If A and B are matrices in CN*N satisfying the condition in (1.8) and
AB = BA. Then the integral representation for the Konhauser matrix polynomials satisfies
the following:

wx_ B—A—I;A r7(AN) (4. _ n
/0( t) 4 20V (t k)dt = T(A + (kn+ 1)1) @)

xT(B— AT B+ (kn+ 1))z 2B (z; k),
where Re(u) > 0 for all p € o(B — A) and I'(B + (kn + 1)I) is an invertible matriz.
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Proof. Using (1.7) in the left hand side of (2.7), we have the integral matrix functional

/ (x —t)B=A~1A ZAN (¢ k)dt = T(A + (kn+ 1)I)
0

& (_1)7, —1 kr /3c _ \B-A—-I A+krl
gir!(nir)!r (A+ (kr + 1))\ i (x —1) t dt.

To evaluate the integral matrix functional
xz
/ (il? _ t)B_A_ItA—HWIdt,
0
Putting t = xu, we have

1
zA+B+kTI/ uAJrkrI(l _ u)BfAfldt
0

(2.8)
= BRI (A 4 (kr + D)ID(B — AT™YB + (kr + 1)I).
Using (2.8), we have
T(A+ (kn+1))T'(B — A) |((_1)),r—1(3 + (kr 4 D)) \kr g BHerl
rin—r).
r=0

=T(A+ (kn+1))T'(B — ATY(B + (kn + 1)I)z? Z(B (z; k).

Thus we obtain (2.7). O

Here we desire the matrix differential recurrence relations for Konhauser matrix poly-
nomials have been obtained using a new technique discussed is novelty, urgently and origi-
nality in the following theorems.

Theorem 2.5. Let A and A — mlI be matrices in CN*N satisfying the condition in (1.8).
The following matrix differential recurrence formula for Konhauser matrix polynomials holds

dm
[xA ZWAN (2 k)} =T (A+ (kn+1)I)
dz™ (2.9)
X T A+ (kn —m + 1) DaA=™ AL (4 k),
where T'(A + (kn — m + 1)I) is an invertible matriz.
Proof. Now we make use of the differential operator D™ defined by
DAl = (A YA — mI)zA=(mHDT (2.10)

where I'(A — mI) is an invertible matrix.
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Multiply both sides of (1.7) by 2, and apply the differential operator D™ for equation
n (2.10), we get

dw:ﬂ{ AZAN (g, k)] T(A+ (kn+1)I)

- )\Tk am A+krI
x ZO RO A (kr+ D))o

=T(A+ (kn + )OI YA+ (kn —m+ D)DT(A+ (kn —m + 1))

X

n rk
Z ' )\ _1(A + (k‘r —m _|_ 1)I)xA+(kT—m)I
r=0
—z mfr(A + (kn+ 1)DT YA+ (kn—m+ 1))D(A + (kn —m + 1)I)

n Wf‘lmﬂkr—m“)“

X
o

r=

= 2AD(A + (kn+ D)D" Y A+ (kn —m + 1)) ZA"IN (2 k),
which immediately leads to (2.9). This completes the proof of the theorem. (|

Corollary 2.1. Konhauser matriz polynomials satisfy the following matriz differential re-
currence relation:

dk
s [m“”“ ZATRLN) (g, k)] = (A+ (kn+ D)D)z ZAN (23 k). (2.11)
i
Proof. Replacing in m by k and A by A + kI in (2.9), we obtain (2.11). |

Theorem 2.6. For the matrices A and A+ kI in CN*N satisfying the condition in (1.8).
The Konhauser matriz polynomials satisfy the following matriz differential recurrence rela-
tion:

k
( dik A’f) [xAW ZA+RLN) @;k)] = (n+ 1)z ZUD (w3 k). (2.12)

Proof. Rewrite the equation in (2.4) in the following form
A 2)AT YA + (kn + D)) ZAN (23 k)

n, —A—(kn I
=5 | exp (A uz)(u" —1)"u (kntDI gy,

By using (u* — 1)* = u*(u¥ — 1)* — (u¥ — 1)"*! we have
)\Ic
— [ exp ()\ u:ﬂ) (uF — 1)ru= A= kDI gy,
21 Jo

/\k
=—— [ exp(\ux) (uF — 1)ruFy= AR+ gy,
211 C

k
— L exp | A uz (uk _ 1)n+1uf(A—kI)—(k(nH)H)[du.
Differentiating both sides with respect to x at k-times, and after some simplification, we get
d - A—FKI\
(dzk )\k> [azf“ Z,(;“”\)(x;k)} = (n+ 1)z ZATHN (g ),

which proves (2.12). O
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Theorem 2.7. For the matrices A and A+ kI in CN*N satisfying the condition in (1.8).

The Konhauser matriz polynomials satisfy the following pure recurrences matriz relation

(AN ZATREN (1 ) =(A + (kn + D)) 20N (23 k) (213
2.13
— (n+ 1250 (@3 k).

Proof. From (2.11) and (2.12), we have the pure recurrence matrix relation in (2.13). Hence
the proof is established. O

3. Lie operators associated with Konhauser matrix polynomials

In this section, we define some linear partial differential operators in two independent
variables z and y. We will investigate their commutative properties while operating on
Konhauser matrix polynomials.

With the help of matrix differential recurrence relations given in [26] and [27], we

obtain matrix differential recurrence relations for Z,(LA’A)(:U; k) as follows
2 FD ZAN (@3 k) = —kAF ZATEEN (00 k)in > 1, (3.1)
which gives the equation (4.10) in [27], and
{x_ADkxA'H” - x’“/\kl} ZEAN (@3 k) = (n+ DA ZETN (25 k). (3.2)
From (3.1) and (3.2), we get the following matrix differential equation for ZN (2 k)

k
<l;) {zA”DZﬁLA”\)(x; k)} —z4 (:z:D - kn> ZAN (2: k) = 0, (3.3)

which is equivalent to

D\F
[ml_kD [ﬂck[_A ()\> - I] A ZAN (1 k)] +(n+ l)Z,(i’lA)(m; k) = 0.

Replacing n by ya% and D by 6%7 we get the matrix partial differential equation satisfied
by ZiMN (2, ysk) = yn 23 (s k) as

LZ*) (2, y; k) = 0.

O [ 4ir 0 o Bl (3.4)
ZzA@N e — A — — ky— | ZAN (2 k) = 0.
MOk [a: ox " (k)| — = T or yay no (@i k)
First we consider the following linear partial differential operators of the Lie group
0
A=y—I
y@y )
1—k
B2 Oryzo (3.5)
ox

_ oF
C=x AnyAH” —yzFI.

Then
A4z AL = CB + kA. (3.6)
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According to the differential operators properties, we have the following rules

A ZEY (25k) x y" | =nZ{Y (25 k)y",

B| 2 (@sk) x y" | = = k25 @k > 1, (3.7)

C|ZAM (@3 k) x y™ | =(n+ l)ZT(L’iIkI’A)(m; k)y" T,

where A, A+ kI and A — kI are matrices in CV*¥ which satisfy the condition (1.8), and
the commutator relations satisfied by using the differential operators I, A, B, and C are

[A7 ]B] = Ba
A, C] =C, (3.8)
B,C] = — A,

where [A, BJu = (AB — BA)u and I stands for the identity operator.

These commutator relations show that I, A, B, and C generate a Lie group transfor-
mations. We express the extended forms of the transformation group generated by each of
the differential operators A, B, and C as follows:

e fAN (g, y) = AN (9: ye“>, (3.9)

in which the differential operator A is defined as in (3.5) and where f(4)(z, ) is an arbitrary
matrix function,

obB |:ynf(A,)\) (3:)} — B AN () = g AN <(kb N xk> k) £ 0 (3.10)
Yy
and

k
e [y”f“‘” (:c)} =y exp <Cy(lim1 i >\133A> xk>f SO (3.11)

4. Generating matrix functions cancelled by conjugates of (A — nl)

In this section, we extend the differential operators B and C, which we defined in
the previous section to the exponential form. Consider an arbitrary matrix polynomials
ZAN (x,y; k) = y"Z,SA’)‘) (x; k) in two independent variables. Also, we consider the arbitrary
constants b and ¢. The exponential operators exp(bB) and exp(cC) are called the extended
form of the transformation groups generated by B and C, respectively.

Here, we show how readily new generating matrix functions for the Konhauser ma-
trix polynomials ZT(LA’)\)(Z‘, y; k) can be derived from the operational representations of the
Konhauser matrix polynomials.

From this discussion, we see that Z,(LA’A)(;U, y; k) = y”ZT(LA’X)(x; k) is a solution of the
following matrix differential equation

LZA (2, y:k) = 0
and

AZIN @,y k) = nZPN (2, y: k)
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for arbitrary n. With the help of (3.10) and (3.11), we get

kb
eCCebB [Z’I(LA’A) (SU; k)yn] _ ec(CynZ;iA,/\) ((:L’ + > ,k‘)
Yy

D 1 “E o\
=y"exp| —cy xk—&—@ exp |cy| —1+ — ack—l—@ A (4.1)
Y AA Y
%
X (:ckJrkbﬂZflA“\)((karkb) ;k> = F(z,y,A);y #0.
Y Y

Put S = e’®+°C then SAS™! is conjugate of A and F(z,y, A) is cancelled by L and S(A —
nl)S~1.

Now we consider the following cases :

Case 1. Putting ¢ = 0 and b = 1, then (4.1) reduces to

%
PLZAN (s Ky = 7 2 A)((m’;) ;k)méo. (4.2)

Separately, we consider the left hand side of (4.2) and we write exponential operators in a
series form so that we have the following relation

oo

mn Bm n
E[ZAN (@ )y = Z W[ZSLAV\)(% k)y"]
m=0 :
— B! A+kIA _
= > S P2 Y @y

-y [(—k) < (=) x (k)¢ (=k) | 225 (@ k)

1 E\™

=y" ) — ( - y> 2 (@ k) y # 0,

where A and A + mkI are matrices in CV*¥ which satisfy the condition (1.8).
Hence, we obtain

[Z(A A)(x k)y"] = 4" Z <_ ) Z(A+ka A)( k) Z(A A)(z k) = 0. (4.3)
m= O

Equating the two values and after minor adjustments, we get a generating matrix relation
as

, 1 gy 4 A+kmI N
ZAN ((xk + k;t)k;k) => ﬁ(_t)mz’(‘j” (w3 k), (4.4)
m=0

where t = % and y # 0.

If we put k = 1, the Z\* (z; k) reduces to the Laguerre matrix polynomials, LA (z+
t). Thus putting k = 1 in (4.4), we get the following formula on Laguerre matrix polynomi-

als:
> 1
LN (@ +t) = (= )y LATmIA) (0 (4.5)
m=0
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where A and A + ml are matrices in CV*¥ which satisfy the condition (1.5).
Case 2. Putting b =0 and ¢ = 1, then (4.1) reduces to

k
D 1
€C[ZT(LA’/\)(3?; k,)yn] _ yne—ygck exp [y()\l + )\A) xk] Z7(1A,)\) (.Z‘; k) (4.6)
T
But we have
oo Cm
eC[ZT(LA,A) (1 k)y"] = Z ﬁ[Zsz)\) (23 k)y™]
m=0 '
— Cm! A—EIA
=Y o DZE Y @k

(4.7)

n+m

-y e {(nJrl) X (n42) % ... x (n+m)| 2N (g oy ntm

m

=y" Z y—'(n + 1)mZ,({3_;1mk1’A)(x; k),

where A and A — mkI are matrices in CV*¥ which satisfy the condition (1.8).
Equating both values and after minor adjustments, we get a generating matrix relation
as

D, 1\
exp [y()\[ + )\scA> D ku)} ZEAN (25 k)
- (4.8)

Yy A—mkI X
=3 T V) ZS0TH N (2 k).

m=0

For k =1 in (4.8), we give the generating matrix relation on Laguerre matrix polynomials:

exp o 1+ 554) o~ o) 1(0) = Oi Lo+ Dl V@) (19
Simplifying more, we have :
exp <y§xl + %A — my[)) L%A’A) (x) = eX(A+D) {ezyengA’)‘) (ze¥)]. (4.10)
Using e'P? f(x) = et f(ze!), we get
ex(A+D) [e_wengA”\)(wey)} = i %(n + 1)mL£ﬁ:nmI’)‘) (2), (4.11)
m=0 """

where A and A — mI are matrices in CV*¥ which satisfy the condition (1.5).
Further, we proceed to determine e’®eC, where b is an arbitrary constant.
Case 3. If we substitute ¢ =1 and b # 0 in (4.1), then we obtain

_1 k
D 1 kb\ F
BEIZAN (a; k)" = ye Y exp [y( 3R (l’ " > A>
Y

b ' (4.12)
X (mk + yﬂ A ((a:k + g)%; k);y #0.
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Also we get
(2 (s )] = CPZE (2 Ry

o~ (—kb
_ B(C Z ( ) Z(A-l—mkl A)( ,k)ynfm

| n—m
m—0 m:
= 1 m 7 (A+(m—s)kI A\ n—m-+s
=300 s DL (k) 2 (kg
s=0m=0

On the other hand, equating both values and after minor adjustments, we get

D1 —F \F %
rew[u(Fre3(e ) Ta) (D) (4 5) )

~ > (4.13)
m 7(A+(m—s)kI,\
:szis,(”—mﬂ)( kb) Z’I(L —:n(-‘rb S )(13 k)y*™™;y #0,
s=0 m=0 o
where A and A + (m — s)kI are matrices in CV*¥ which satisfy the condition (1.8).
In particular for £k =1 in (4.13), we get
D, 1 b\ ! b b
e Yexp [y<l + = (a: - ) A) <x + )} LAN ((a: + ))
A A y y y
o (4.14)
m 71 (A+(m—s)I,A
:szlsl(n_m+1)s( b)Y LI () =y £ 0.
s=0m=0 "’

After simplifications, we give

2
e ve'x (@ty) exp [y (a: + b) A— y<x + b) I} LAY ((m + b))
A y y (]
: b\? b b
= e YeX exp [y (x + ) e A — ye¥ (x + )I} LA <(Jc + )ey) (4.15)
A Y Y Y

ZZ @%mﬂ)( D)L @y y £ 0,

where A and A + (m — s)I are matrices in CV*¥ which satisfy the condition (1.5).

5. Some more generating matrix relations for Konhauser matrix polyno-
. (AN
mials 7, (z; k)

As an application of our results, we give some more recurrence matrix relations for
. . AN
Konhauser matrix polynomials z§ )(x; k)

0

where A and A — I are matrices in CNV*¥ which satisfy the condition (1.8) (see eq. (3.20)
[26]).
Let us consider the differential operator (infinite small generator the Lie group)

x 0
B :,7] A 2

<x81 + A> ZEAN (23 k) = (A + knD) ZATY (2 k), (5.1)

Then we observe

B, Z7(LA”\) (z; k) x yA =(A+ an)ZT(iII’)‘) (z; k‘)yAiI; n > 1. (5.3)
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Using the same method as used in (4.2), we get the extended form of the transformation Lie
group generated by By as

B |:ZT(LA’/\)(Z‘; k) x yA] =yle %Z(A ’\)(mey k). (5.4)
Also, using (5.3) and (5.4), we get

o0 1
BBy | (AN (.. Al _ A _
B [Zn (z;k) Xy ] =y E,O !(A + (kn —m+ 1)I),,

x <b> ZAm N (5 k); y #0,
y

where A and A —mlI are matrices in CV*¥ which satisfy the condition (1.8).

Equating both values of e?®1 {fo‘”\) (x5 k) x yA} and making appropriate adjustments,

we get
=1
M ZAN (weli k) =Y —(A+ (kn—m+ D)D) ut™ ZA7™N (a3 k), (5.6)
m=0 m:

where A and A —mI are matrices in CV*¥ which satisfy the condition (1.8) and ¢t = % and

y#0.
For k =1 in (5.6), we give

— 1
e LA (zet) = Z E(A + (n — m A4 1)), t" LA™ (), (5.7)
m=0
where A and A —mlI are matrices in CV*¥ which satisfy the condition (1.5).
For Z{4™ (x; k), the recurrence matrix relation is given by [27]

(lm - xD) ZAN (k) = k(A + (kn — k+ D)D) 2% (2 k)in > 1. (5.8)
Let us define the differential operator Bs
0 =z 0
By =k— — ——; 0, 5.9
2 dy  yow y# (5.9)
Then we have
B [fo"’\) (z; k) x y”] =k(A+ (kn — k+ D)D) Z) (@ k)y™ sn > 1. (5.10)

The extended form of the transformation group generated by the infinite generator By is
given as

1
BBy | 77 (AN) (0. n| _ nr7(AN) rYyr ) y‘
e VA x; k) X = (bk+y)"Z, (,kj ; <1. 5.11
) | = Ok 2 (k) 6.11)
It has been obtained by using the similar method as
|
etB2 {Z,SA’)‘)(J:; k) x y"} = Z —meBSm {Z(A ) (z; k) x ]
m= O

(5.12)

. S 1 bk
=3 A ks 1)1 m(y) 28N (k) £ 0.
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Hence equating both values of e’®2 |:Z7(LA’>\)($;]C) X y"} in (5.11) and (5.12), and making

appropriate adjustments, we get
e m

k

(5.13)
zfl V(i k); [t < 1,
where t = % and y # 0.
For k =1 in (5.13), we give
oo tm
(1+ )" LA A>(1+t> => —(A+ (n—m+ 1)), LAN ()] < 1. (5.14)
m=0

6. Conclusion

In this paper a new approach has been introduced for studying some important prop-
erties of Konhauser matrix polynomials Z,gA’)‘) (z; k) viz matrix recurrence relations, matrix
differential recurrence relations, matrix differential equation and certain generating matrix
relations. The method developed can also be used to study some other Konhauser ma-
trix polynomials Y,gA’)‘) (z; k) which play vital role in Mathematical Physics, Chemistry and
Mechanics. In a forthcoming paper, we propose to extend the present investigation to Kon-
hauser matrix polynomials Y, YA (x; k) and to the biorthogonal matrix polynomials with a
view to showing how their theories can be developed within a unifying framework.
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