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MINIMIZING BANKRUPTCY PROBABILITY OF A LIFE INSURER -
SOME ANALYTICAL CONSIDERATIONS

by Sari Cahyaningtias', Petar Jevti¢2, Traian A. Pirvu® and Tuan Tran*

This paper studies the portfolio problem faced by a life insurance company which
sells an annuity, collects fees/premiums for it as a lump-sum, and for solvency consider-
ations invests in a financial market with several investment opportunities. The company
has to choose the investment strategy (a portfolio) which minimizes the probability of be-
ing unable to pay the annuity before it stops being in force, and this occurs when portfolio
value adjusted for annuity present value becomes negative. We manage to solve this sto-
chastic control problem in closed form for constant mortality intensity, and we found
out that the optimal investment in stock is decreasing in initial wealth. Moreover if the
initial wealth exceeds a threshold the optimal investment in stock is decreasing in mor-
tality intensity. The stochastic mortality intensity case is more involved and we perform
duality techniques and asymptotic expansions to tackle it, and established the following
qualitative result: in a model with stochastic intensity the probability of company default
is higher than in a model with constant intensity fact explained by the extra source of
risk (longevity risk) faced by the insurance company.

1. The Introduction

The class of continuous time cohort mortality models has emerged in the recent
stream of actuarial/insurance literature, see for instance Biffis (2005), and Luciano and
Vigna (2008). Here, the individual death is modelled as the first hitting time of a doubly
stochastic Cox process, where mortality intensity follows a stochastic process. This work
considers a portfolio problem faced by a life insurance company in the following setting:
suppose that the insurance company issues an annuity whose payment rate is K, at time
t, i.e., the insurance company has to pay out continuously KI(t)dt, where I(t) denotes the
proportion of clients who are alive at time ¢. The fees/premiums are collected by the insur-
ance company as a lump-sum at time ¢ = 0, and the payment phase occurs continuously
over time. Assume without loss of generality that initially there is a unit mass of clients
with the same characteristics (one cohort with specific stochastic mortality intensity) that
buys one unit of annuity. The life insurance company can invest in a financial market with
several investment opportunities. The problem is to find the investment strategy (portfolio)
which minimizes the probability of being unable to pay the annuity before it stops being
in force. The insurance company is unable to pay the annuity instalments if the value of
its portfolio less annuity payment becomes negative. The time when the company stops
operating is modelled as a stopping time, exponentially distributed.

There have been many studies on dynamic portfolio choice problems since the seminal
work of Merton (1969) and (1971). We point the interested reader in portfolio optimization
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problems within continuous trading to Karatzas (1989). The study of investment strategies
that minimize the probability of bankruptcy goes back to Ferguson (1965) which considers a
discrete time setting. The portfolio selection problem in a continuous time Brownian motion
paradigm with the objective of minimizing the probability of bankruptcy was studied in
Browne (1995). That work shows that the strategy which minimizes portfolio probability of
bankruptcy is the strategy which maximizes portfolio’s exponential utility at a given time
benchmark. Our work is in the paradigm of optimal investment in a framework similar to
Browne (1995) but with the insurance aspect added to the dynamic portfolio choice problem.

The optimization problem faced by the insurance company is tackled via dynamic
programming and as such the value function is characterized through Hamilton Jacobi Bell-
man (HJB) equation. We consider first the case of constant mortality intensity and we are
able to solve in closed form the HJB equation which in turn yields the value function and
the optimal investment strategy. The explicit formulas show that the optimal investment
in stock is decreasing in the initial wealth as the company becomes more conservative, i.e.,
when it has more capital. It is interesting to point out that our plots reveal a linear, de-
creasing, dependence of the optimal investment in mortality intensity. In fact we proved
that when wealth exceeds a threshold the optimal investment in stock is decreasing in mor-
tality intensity. The stochastic mortality intensity is considered and we use duality theory
to simplify the HJB equation and work with the dual value function. We performed asymp-
totic analysis on the the dual value function and found out that the dual value function is
higher in the case of stochastic mortality intensity; this in turn says that the value function
is higher in the case of stochastic mortality intensity or in other words the probability of
default is higher if the longevity uncertainty is present.

The reminder of the paper is organized as follows. Section 2 describes the model and
formulates the stochastic control problem. Section 4 presents the case of constant mortality
intensity and Section 5 addresses the case of stochastic mortality intensity. The paper ends
with an appendix.

2. The Model

Let {(W(t)}+e[0,00) be a 1—dimension Brownian motion on a probability space
(2, {Ft}tef0,00)5 F,P). We consider a simple financial market consisting of a riskless bond
with interest rate equal to zero, i.e., 7 = 0, ! and a stock whose dynamics is driven by a
geometric Brownian motion (GBM) with drift 4 and volatility o

dS(t) = S(t)(udt + odW (¢)).

Suppose that a life insurance company issues annuity whose payment rate is K, i.e. at time ¢,
the insurance company has to pay out KI(t)dt, where I(t) denotes the proportion of clients
who are alive at time ¢. The fees are collected as a lump-sum at a time prior to ¢t = 0, from
this time onward, we consider only payment phase, there is no restriction of time horizon
for sake of simplicity. Without loss of generality, we assume that initially there is an unit
mass of clients with same characteristics (a single cohort) that buy one unit of annuity.
Following [4] and considering a special case we model the stochastic intensity as follows

dA(t) = 6dB(t),

for some positive constants &, and {(B(t)}se[0,00) @ 1—dimension Brownian motion inde-
pendent of {(W(t)}+c[0,00)- Notice that in the absence of the volatility term the stochastic
intensity follows the model of constant intensity.

The proportion of clients who are alive at time ¢, I(t) it is given by

1This can be achieved by taking the bond as numeraire; our setup can be extended to allow for stochastic
interest rates.
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I(t) = e~ Jo Awdu

Let x be the initial wealth that the company holds to hedge away the future payment.
The payment fund is maintained by a portfolio consisting of risky and risk-free assets. Its
dynamics is given by

dX(t) = n()X () (udt + odW (1)) — Ke~ Jo Xwdugy X (0) = z,
where 7(t) denotes the proportion of wealth invested in the stock at time ¢. Let
Y (t) = X(t)elo Awdu,
then by the stochastic product rule we have that
dY (t) = [(A#) + ur ()Y (t) — K]dt + on(t)Y (£)dW (t), Y(0) = X(0) = z.

Suppose that 74 is the random time when the company stop operating (switching
of managers, random default time, etc). Assume that 74 is exponentially distributed with
intensity ~.

Next, let us denote 7y the first time when the company cannot meet its obligation
with clients, i.e.

7o :=1inf{s > 0: X(s) =0} =inf{s > 0:Y(s) = 0}.

3. Objective

We are ready at this point to formulate our objective. The company tries to chose a
portfolio to minimize the probability of being unable to pay debt before it stops operating,
i.e.,

inf Plrg < 14| A(0) = A\, Y(0) = y].
Let us denote the value function

V(Ay) = ing[To < 74| A0) = N\, Y(0) = y)]. (3.1)

Theorem 3.1. Solution of the following Hamilton Jacobi Bellman (HJB) equation
o ) 1
W) =y = K)Vy + Vi + min{pynVy (A y) + 5oy 7*V, (A y)}, - (8.2)
with boundary condition
V(/\a 0) =1,
yields the value function in (3.1).

Proof. See the appendix.

This HJB equation can not be explicitly solved for stochastic intensity. We treat
first the case of constant intensity since it leads to closed form solutions to the problem
(objective) at stake.

4. Constant mortality intensity

In this case, we assume perfect diversification and no longevity risk, i.e. I(t) decreases
exponentially I(t) = e~**, where A denotes the average mortality intensity of clients. We
split the analysis into two sections.
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4.1. Non zero mortality intensity. In this case we denote the value function
V(y) = inf P[ry < 74Y (0) = ).
The HJB equation now reads
YW=0MN-K)V,+ mﬁin{uyﬂVy + %U2y2ﬂ2y2vyy}.
The boundary condition is V' (0) = 1. The optimizer is
. 1Vy

= _UQyVyy' (4.1)
The equation is rewritten as
21,2
w2V,
V=MN-K)V,- Y
0 ( Yy ) Y 20.2vyy7

assuming that V is convex in y. From the dynamics of Y, we can deduce that if \y — K >0
then V(y) = 0 (by letting 7 = 0). In the following we assume that that Ay — K < 0. Next,
we look for V' of the form

Viy) = (K = Ay)" (4.2)
where [ = K~". By plugging this ansatz back into the HJB equation we get
2
uon
=n— ———.
TmAn 20%(n —1)
or
12
A% — (y+ A+ ——=)n+v=0.
202

This equation in n has two solutions since the discriminant is positive, i.e.,

2
h+/\+2“

Notice that this inequality is always satisfied, hence there are two separate roots, and it
turns out that n; < 1 < ng. Since the function V is convex in y it follows that

V(y) = 1K —Ay)", (4.3)

where ns is

(7+A+;7)+\/[7+A+%]2—4M
2 '

Ng =

4.1.1. Optimal Investment Strategy. By plugging the above V into the optimizer formula
we get the optimal investment strategy

. © K

= |—
o?(ne —1) | My
Thus, the optimal strategy is to go long the stock because the stock return exceeds

the riskless return. Let us summarize the results of this section in the following Theorem.

—1}>0.

Theorem 4.1. The value function is
Viy) =U(K - y)™, if \y— K <0 and 0 otherwise. (4.4)

The optimal investment strategy is

= ﬁ K; - 1} > 0. (4.5)
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FIGURE 1. Optimal investment and mortality intensity

It is obvious from (4.7) that the optimal investment strategy is decreasing in the
current wealth y. Moreover, the dependence of the later on A is not straightforward. We used
following parameters to simulate the model: v = 0.001, 0 = 0.05, x = 0.15, K = 0.1. By
using these parameters we plotted the optimal investment, 7* and compared the performance
of 7* by varying initial wealth, y, and mortality intensity, A. In Fig. 1 (top), as expected, we
found that the optimal investment decreases in y. We also plotted the optimal investment
as function of A as shown in Fig 1 (bottom). The optimal investment decreases in A. In
conclusion the optimal investment in the stock decreases when we increase the initial wealth
or mortality intensity.

Kn1
N

Lemma 4.1. The optimal investment strategy is decreasing in X if and only if the wealth y
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Proof. See the appendix.

4.2. The special case of zero mortality intensity. In this case the HJIB equation reads
) 1
W =KV, + H%Tm{,uyﬂ/y + 5‘722/2”2‘/%},

with the boundary condition V(0) = 1. The optimizer is

._ MYy
71— - )
o2yVyy
given the convexity of V' in y. The HJB equation is rewritten as
27,2
povy
V=-KV, - ——.
7 Y 202V,

The solution is
V(y) 153 153 + LQ 71
—= eXxX —_ —
Y exp Py, Y 292 ) K

and is convex in y.

4.2.1. Optimal Investment Strategy. By plugging the above V into the optimizer formula
we get the optimal investment strategy to be

o P expBy
o?B y
Thus, the optimal strategy is to go long the stock because the stock return exceeds
the riskless return. Let us summarize the results of this section in the following Theorem.

> 0.

Theorem 4.2. The value function is

2
" 1
V(y) =expBy, B=- (7 + 202) T (4.6)
The optimal investment strategy is
. - exp By
=——— 4.7
™ Py (4.7)

Next we move to stochastic mortality intensity.

5. Stochastic mortality intensity
In this section I(¢) decreases exponentially I(t) = e~ Jo xwdu where A(t) denotes the
average mortal intensity of clients, and its dynamics is given by
d\(t) = 6dB(t),
for some positive volatility &, and {(B(t)}:c[0,00) & 1—dimension Brownian motion indepen-
dent of {(W (%) }1e0,00)-

The value function is denoted V' (x, \) (for notational convenience we use x instead of
y). The HJB equation in this case reads

/\2 1
YW=z —-K)V, + %VM + min{uxVym + 502902772‘/3”}.

The boundary condition is V' (X,0) = 1. The optimizer, assuming that V is convex in z, is

* Nz
™= — :
022 Ve

The HJB equation is rewritten as
pVe
202V,

~2
W=z — KV, + %VM -
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Let us introduce the dual function w, by

w(Xy) = inf [V(\2) + 2y, (5.1)
so that
V(A ) = suplw(A, ) — 2] (5.2)
y>0
The following dual relations hold
wy(A\y) ==, if Vi(\2z)=—y, (5.3)
and
o) .
w YY) =——F—.
vy Vew(A, )

By the Envelope Theorem

Vi=wy, Vix=wx.
Thus, we arrive at the following PDE for w

M2y2 &
952 Wyy + T WA + (v = Mywy —yw+ Ky =0, (5.4)
with the boundary conditions w(X,0) = 0, w(\, 00) = 1,w(—00,y) = 1,w(c0,y) = 0.
It is clear that w(\,0) = 0. Let us argue that w(A,00) = 1. It is obvious that
w(A,y) < 1 by sending = to 0 in (5.1). For every ¢ > 0 there is a big N > 0 such
that inf 1,50 V(A 2) 21 =€ s0w(A, N)>1—e Thus w(),00) = 1.
We further assume that & = /e, for some small ¢. By using a first order expansion
we can approximate the solution of PDE (5.4) as follows
waw=w 4 ew?,

where w? solves

ﬂ'2y2

202
and w! solves

wyy + (7 = Nywy =’ + Ky =0,  w’(X,0)=0,u’(\,00) =1,

11292
202
It turns out that

1
w;y +(y— )\)yw; —qywl + Ky = —§ng7 wh(X,0) = 0,w(\,00) = 0.

w’(\,y) = iI;%[VO(/\,JJ) + zyl, (5.5)
where

VO 2) =I(K — Xx)"2, if K—Xx>0, O0otherwise,

Direct computations lead to

1 1 1\ 72Ty K
o= (L) () e
(A)m2=T \M2 nal 2\

1 otherwise.
If
y > Angl K21
then
w(\,y) = 0.
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On the interval [0, A\nol K™271] the function w! solves

2,2
Wy 1 -
52 wy, + (7 — )\)yw; —yw! = —iwgm w'(\,0) = 0, w(\, Mgl K™271) = 0.
Since
wg,\ = VAOAv
and V9 is convex in \ it follows that
wly >0,
thus
2.2
wy

By a standard Maximum Principle one gets
wh >u
where u solves

2,2
%uw + (v — Nyuy —yu =0, u(A, 0) =0, u(A, )\ngle*l) =0.

However u = 0, hence w! > 0, so
w > 0.
Let us define the first order approximation value function by

V(A z) = sup[d (A, y) — ay],
y>0
SO
VN z) > VO ).
Let us summarize the results of this section in the following Theorem.

Theorem 5.1. The value function approximation V()\,x) i the model with stochastic in-
tensity exceeds VO (X, x), the value function of the model with constant intensity.

In conclusion, in a model with stochastic intensity the probability of default is higher
than in a model with constant intensity, fact explained by the extra source of risk (longevity
risk) faced by the insurance company.

6. Appendix

6.1. Proof of Theorem 3.1. Since 74 is exponentially distributed with intensity -, it
follows that

Plry < 74] = Elexp —(y70)]-
We employ the martingale optimality principled, see page 102 in [9], to characterize
the value function. The HIB equation (3.2) says that

(exp —(v1))V(A(#), Y (1))

is supermartingale, and martingale for the optimal (7*,Y™). Thus,

V(A(0),Y(0)) < E[(exp —(v70))V(A(10), Y (10))] =
= E[(exp —(v70))V (A(70),0)] = Elexp —(y70)] = Plro < 74]
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V(A0), Y*(0)) = El(exp —(vm5))V(A(75), Y (75)] =

= El(exp —(v75))V(A(15),0)] = Elexp —(y75)] = P75 < 74l

whence the optimality.

6.2. Proof of Lemma 4.1. By differentiating
.

2
An —(’y—l—)\+202

Jn+v=0

with respect to A one gets

2
2ann’ +n? — (7+/\+u—)n’—n:0.
202

Thus

2
, n—n

n = —
20 — (Y + A+ 253)

In particular

2 2
/ TL2 - TLQ n2 - n2
’]’L2 = =

. .
Dz = (1 FAT 353 Syt A+ 42—y

Let

Then, the claim follows since

U ng — n3 [
20 —1)2
o*(nz —1) \/[v+>\+%]2—4)\7 Ay

F=—

K 1 o 1
= -
Mo =1 |y 4 at 12 -4y

I 1
2 —
R

I 1 [ K 1]
= ni~— — .
o*(nz = 1) \/[7+A+%]2—4m Ay
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