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BRINGING TOGETHER DUAL-GENERALIZED
COMPLEX NUMBERS AND DUAL QUATERNIONS
VIA FIBONACCI AND LUCAS NUMBERS
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In this study, the main target is to construct a bridge between dual quaternions

and dual-generalized complex numbers via Fibonacci and Lucas numbers for p € R. For
this purpose, the algebraic structures and the well-known recurrence relations are

investigated. Different matriz representations are improved, and examples are presented.
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1. Introduction

Dual quaternions, as an extension of real quaternions ( [17]), are expressed as ) =
a + bey + ces + des (a,b,¢e,d € R) with quaternionic units {ej, e, e3} which satisfy the
conditions ( [25]):

612 = 622 = 632 = O7 €1€2 — —€9€1 — €9€3 — —€3€9 — €361 — —€1€3 — 0.
In addition, as an extension of Hamilton’s idea ( [20]), nth Fibonacci and Lucas quaternions
are introduced in [15,19,21,22]. In [33], nth dual Fibonacci and Lucas quaternions are
studied, while, complex and dual numbers with the Fibonacci quaternion coefficients are
defined in [16,27].
In other respects, generalized complex (GC) numbers have the form [5,18]:

Cp:{21:x1+x2J| 1,20 €R, J? =p, —oo<p<oo}7

which is referred to as a p-complex plane. C, (vector space over R) is an elliptic, parabolic
and hyperbolic complex number system for p < 0,p = 0, and p > 0, respectively. The set
of complex numbers [32], hyperbolic numbers [7,11,30] and dual numbers [28,31] are obtained
for specific values of
p = —1,p =0, and p = 1, respectively. For constructing new systems, many pieces of
research have been conducted using these numbers as coefficients, [1-3,6,8-10,12,23, 24, 26,
29]. So, the set of dual-generalized complex numbers is defined in [14] as:

DCy = {a = 21 + 22| 21 = &1 + 22J, 20 = x5 + 24 € Cy, €2 =0, ¢ # 0},
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where J denotes the generalized complex unit (J2 = p), ¢ represents the pure dual unit,
and Je = eJ represents the generalized complex-dual unit. ]D)(Cpl is analogous to the
dual-complex numbers for p = —1 [6, 26], the dual-hyperbolic numbers for p = 1 [1],
and the hyper-dual numbers for p = 0 [9,10]. In [13], the nth dual-generalized complex
Fibonacci/Lucas numbers are defined as:

Fp = Fp + Foi1J + Fpyoe + FyisJe, (1)

Ln = Ln + Ln+1J + Ln+2€ + Ln+3JE (2)

and the recurrence relationships between of them are introduced.

This paper concerns dual quaternions with dual-generalized complex (DSG€) Fibonacci
and Lucas numbers for p € R. Algebraic structures in the form of, Binet’s formulas, and
D’Ocagne’s, Catalan’s and Cassini’s identities are taken into account. Moreover, different
matrix representations are examined and examples are given to enhance intelligibility. The
outstanding part of this paper is that for

* p = —1, dual-complex * p =0, hyper-dual « p = 1, dual-hyperbolic Fibonacci
and Lucas numbers-based dual quaternions can be obtained.

2. Dual-Generalized Complex Fibonacci and Lucas Numbers- Based Dual
Quaternions

Definition 2.1. The DGC numbers with dual Fibonacci and Lucas quaternion coefficients
are defined, respectively, as follows:

?n - Qn + Qn+1J + Qn+2€ + QnJrSJE;
:Kn = Kn + Kn+1J + Kn+25 + Kn+3<]57

where Qn, = F,+F,11e1+F,0es+Fy1ses is the nth dual Fibonacci quaternion, K, = L,+
Lyiien 4+  Lpises +  Lpyises 18 the nth dual Lucas quaternion,
F, = F,41 — F,,—1 s the nth Fibonacci number, and L, = Ly, y1 — L,_1 s the nth Lucas
number (n > 1,Fy = 0,Fy = 1,Lo = 2,L1 = 1). The base elements {1, J,e, Je} and the
quaternionic units {e1, ea, e3} satisfy the conditions given in Table 1.

TABLE 1. Multiplication scheme

1 ; €1 €2 €3
1 ! €2 €3
J p Je pe | Jey Jeo Jes
£ |

|

|

geq gea ges
Jeey Jeesy Jees

1]D)(C*J is a vector space over R. For a1 = 211 + 2126, a2 = 221 + 2226 € DCp and X € R, the operations are
given as follows [14]:

Equality : a1 =az2 < 211 + 2126 = 221 + 2226 & 211 = 221, 212 = 222,
Addition : a1 @ a2 = (211 + z126) D (221 + 2226) = (211 + 221) + (212 + 222) €,
Scalar multiplication : AO®ay A O (211 + z128) = (Az11) + (Az12) &,
Multiplication : ajag (z11 + z12¢) (221 + 222¢) = (2z11221) + (211222 + z12221) €.
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TABLE 2. Structures for ﬁn as a DGC number

. 0 £ 0m = (Qn £ Q) + (Qug1 £ Qums1) J
Addition
+ (Qn+2 + Q7n+2) €+ (Qn+3 + Q7n+3) Je
0,9 = (QnQm + PQn11Qm+1) + (QnQmi1 + Qui1Qm) J
Multiplication + (QnQmi2 + PQn1+1Qmi3 + Qni2Qm + PQn3Qmi1) e
+(QnQm+3 + Qni1Qmi2 + Qni2Qmi1 + QnizQm) Je
Equality 9 =0m ©Qn=QmAQni1=Qumi1 AQni2=Qmi2AQnis = Qmis
ge Of1 = Qn — Qui1J + Qnize — Quyale
Dual 02 = Qp 4+ Qui1J — Quize — Qriale
Conjugates Coupled 9f3 = Q. — Qui1J — Quize + QuiaJe
3 Qni2+tQn43J
DGE  Oft = (Qn — QuarJ) (1 - SFEEEE )
Anti-dual 915 = Qui2 + QuisJ — Qne — Qui1Je
g€ [Qnlf, = 9n00
Dual |Q,|?. = 0,012
Modules | " ‘22 _" ~:\13
Coupled ‘?"‘TS = ?"%n
DGC [Q.]F, = 9,001

Remark 2.1. Every én and 5~Cn can also be rewritten as, respectively:

én = Ern + %n+161 + 5:71—&-262 + §:n+363,

fK:n = Ln + Ln-‘,—lel + Ln+262 + Ln+3e37

where g"n is nth DGC Fibonacci number and En is nth DGC Lucas number given in Fgs.
(1) and (2), respectively ( [13]). It is obvious that, there is no difference between DGC
numbers with dual Fibonacci/Lucas quaternions (Table 2) and dual quaternion with DSGC
Fibonacci/Lucas numbers (Table 3). The analog of Table 2 and Table 3 can given similarly

for Lucas numbers.

Theorem 2.1. Let én € QDC, and 9~Cn € KDC,. The following additional recurrence

relationships then hold for n,r > 0:
1. 9, + Qn+1 = Qn+27

~ ~ L.Q,, r=2k
2. Qnyr +Qprr = =
+ F.X,, r=2k+1,
3 §n+r _ Qn—r _ Frﬂsn, r =2k
L.Q,, r=2k+1,

4. Q= Quiier — Qpioes — Qpyzes = Fy,

5. jzjn + jﬂ<i:n+1 = :Kn+2y

Nomenclature
Fibonacci numbers
Lucas numbers
G€ Fibonacci numbers
G€ Lucas numbers
DSGC Fibonacci numbers [13]
DGE Lucas numbers [13]
Fibonacci dual quaternions [33]
Lucas dual quaternions [33]
G€ numbers with Fibonacci dual quaternion
G€ numbers with Lucas dual quaternion
DGEC numbers with Fibonacci dual quaternion
DGC numbers with Lucas dual quaternion
Dual quaternions with DG€ Fibonacci number
Dual quaternions with DG€ Lucas number

F = {Fy| Fy, is nth Fibonacci number}

L = {Ly| Ly is nth Lucas number}

CpF = {Fp + Fpy1J| Fn € F}

CpL = {Ln + Ln41J| L €L}

DCyF = {Tp = Fn + Frp1J + Fpjoe + FopaJe| Fn € F}

DCL = {£n = L + Lnt1J + Lyyoe + LnpsJe| Ly € L}
Q={Qn = Fn + Fyyi1e1 + Fpjoea + Fpyge3|Fy € F}
K={Kn=Ln+Lptie1+ Lpyoez + Lyyzes|Ln €L}
CpQ={Qn +Qnt+1J|Qn € Q}

CpK = {Kn + Kny1J|Kn € K}

DCpQ ={2n = Qn + Qnt1J + Qni2e + Qny3Je|Qn € Q}
DCyK = {Kpn = Kn + Kpi1J + Kpjoe + KpygJe|Kn € K}
QDCp ={Qn = TFn + Tnt1e1 + Tpy2e2 + Tnyzes|Tn € DCF}
KDCp = {Kpn = Ln + Lpyie1 + Lnyoea + Lyypzez|Ln € DCpL}
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6. jzn«#r + jznfr =

TABLE 3. Structures for 5,,, as a dual quaternion

Scalar and Vector parts Sz = Fp, = 5'n+161 + §n+252 + 5'n+3€3
Conjugate 5 § - 5n+161 — Fpizes — Fngses = S5 — Vo,
Addition, Subtraction  Q, + Q (s;2 +55 )+ (Va, Vs, )

Q

+ ? Sj'm+l+g:n+lg:7n)

Multiplication + m“ + TntoTm ) €2
+ m+3 + FntaTm
- S m 5’Il

Q +SQnVQ +S V.

Equality 9, =9, & 35 S5 AVy =Vg
= 2 o
Module ||QnQn|| =72
= 5 po )
Inverse Q. " = 5, for HQ Q.| #0

Lrﬂzn, r =2k
5F.Q,, r=2k+1,

7. ‘jz:n+r - JNCn,T = { BFTgn’ r=2k

8.

LK, 7=2k+1,

Kn — Kpgre1 — Kppoea — Kypze3 = Ly,

Proof. The proof is conducted by the following relationships ( [13]):

§n +§n+1 i§n+27 Zn +Zn+1 izn+2,

~ ~ LoFn, =2k ~ ~ Lekn, =2k

F Fpop = Zn z Loy = L

ntr +In—r Fln, r=2k+1, ntr  fnr 5F,F,, r=2k+1,

o

~ ~ Frln, r=2k ~ ~ 5F.Fn, r=2k

Frtr — Fnr = pd R In,

ntr T Yner { LoFn, 7=2k+1, nbr T Aner { Likn, ©=2k+1.

Theorem 2.2. Let §n € QDC,, UNCn € KDC,, En be a conjugate of én, in be a conjugate
of Xy, I € DC,F and £,, € DC L. The following additional recurrence relationships then
hold for n > 0:

1. Q,

SN S N U R

§2n+1 + pFonts + Fontad + (Fants + 2pFonys) € + 3Fantale,

KnKn + 9~<n+19<n+1 = Lont1 4 pLants + Lantod + (Lants + 2pLants) € + 3LantaJe,
ZK% =2L,K,, — Li.

Proof. The proof is clear by considering the following relationships ( [13]):

?2 + 32 il = ?2n+1 + pFonis + Fopyod + (Fongs + 2pFo45) € + 3FonaJe,

Zi + Zi+1 = Z2n+1 +pLonts + Lonyod + (Lants +2pLons) € + 3Lanyade,
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Theorem 2.3. Let Qn,ém € QDC, and 9~<n79~<m € KDC,. The following multiplication
recurrence relationships then hold for n,m,r > 0:

1. O9mOn = OmarOneyr = (=) "Frengr Fr [ —p) + J+3(1 —p)e + 3Je] 3)
[1+ €1+ 3e2 + 4es],
2. 571§'rrl + §n+1§m+1 = §n+m+1 + an+m+3 + Qn+m+2J

+ (Qn+m+3 + 2an+m+5) £+ 3Qn+'m+4J5

+V§n+m+1 + pVQn+m+3 + Vo, imiad (4)

+ VQn+m+3 + 2pVQn+m+5) e+ 3VQn+m+4 Je,

3. 5% + 5721+1 = 52n+1 + pQ2on+3 + Qant2J + (Qan+t3 + 2pQan+s) €

+3Q2n+aJe + V§2n+1 T PVoonss T VQoni2d (5)

+ <VQ2n+3 + 2pvQ2n+5> e+ 3VQ2n+4 Je,
4o KmKn — KmarKn—r = 5(=1)" "y v Fr [(1=p)+J+3(1—p)e+ 3Je]
[14 e1 + 3ez + 4des],
. jzngﬁzm + gﬁszrljzmle = 5 [§n+m+l + an+m+3 + Qn+m+2J
+(Qntm+3 + 2pQntm+5) € + 3Qntm+aJe]
+5 [V57L+,,,L+1 + V0 imis T VQnimiad
+ VQn+m+3 + 2pVQn+7n+5) €+ 3VQ71,+'m,+4 JE} )

(6)

(7

6. i% + 5~<,21+1 = 5 [52n+1 +pQ2n+3 + Qani2J
+(Q2n+3 + 2pQ2n+5) € + 3Q2ntaJe] ®)
+5 [V§2n+1 +PVQon1s + VQougad

+ <VQ2n+3 + 2pVQ2n+5) €+ 3VQ2n+4 JE]'

Proof. Write the following relationships for Fibonacci/Lucas numbers ( [4]):

Fasrt For = 10 ®
Foyp—Fp_, = { éf: 77: - ;1;+ 1 (10)
and for DGC Fibonacci/Lucas numbers ( [13]):

FmTn = FmarTnr = (1" P Fr [(1—p)+J+3(1—p)e+3Je], (11)
FnFm + Fnt1Tmit = TFntmt1 +PFupmts + Foipmio] (12)

+ (Fntm+3 + 2pFntm+5) € + 3Fntmyalde,
Linln = LontrLn—r = 5(=1)" " Fru_pyr Fr [(1—p) +J +3 (1 —p)e +3Je, (13)
Lnlom + Lrng1lmsr =5 [§n+m+1 +pFntm+s + Fnymt2d (14)

+ (Frtm+3 + 20 Fntm+5) € + 3FnimiaJe].
The proof of the first relationship starts with multiplication (see Table 3):
5mén - §m+r§n7'r - (g‘mg‘n - §'er'rg‘nf'r)
+ §m§n+l - §"rrH»rg'n,fr«l»l + §"m«&»lgn - §7714»7‘«&»1§n7'r €1
+ §m§n+2 - §~m-H”?nfrJr2 + §m+2§n - §m+r+2§n—r €2
+ §~771§1'L-!—3 - §~m-&-7‘§71—7‘+3 + §m+3§n - §m+7‘—4—3§n—r €3.
From Egs. (9), (10), and (11), the proof is straightforward. The proof of the second and third
relationships are completed by using Eq. (12) and writing m — n in Eq. (4), respectively.
The other parts can be proved similarly.
O

Theorem 2.4. Let é_n and 9~<_n be mnegaDGC dual Fibonacci and Lucas
quaternions, respectively. Then, the following identities can be given for n > 0:
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¢ 0, =(=1)""Q, 4 (—1)"L (e1 4 €2 + 2e3) + (—1)" 'K, (J 4 £ + 2J¢) es,
e K = (—1)"Kn +5(—=1)"""Fp (€1 + €2 + 2e3) +5(—1)"Kn (J + & + 2Je) es.
Proof. The proof is clear with the help of the following identities ( [13]):
Fon = (=D)"Fy 4+ (-1)"Ln (J + & +2Je),
L, =(=D)"L, +5(-1)""1L, (J+e+2Je).

_ ~ O
Theorem 2.5. (Binet’s Formula) Let Q,, € DC,Q and X,, € DC,K. Then, forn > 1,

the following Binet formulas can be given:

Q, = &an - B and K, = a*a™ + B*B",
a—p
where o = 14+ aJ +a?e+adJe, a* = a* (1 + aeq + ey + a363),
B* =1+ BJ + B2+ p3Je and 5* = p* (1 + Bey + B2es + 5363).
Proof. The proof is completed by considering the Binet formulas given in [13]:
F, = a’a” = BT5" and L, = a*a” + BB
a—p
O

Theorem 2.6. (D’Ocagne’s Identity) Let Q,,Q,, € QDC, and
Kn, K € KDCyp,. Then, for n,m >0, the D’Ocagne’s identities can be given as follows:

¢ 0,0,11-9,110, = (=1)"F_n[(1—p)+J+3(1—p)e+3Je] [l + e1 + 3ea + 4es],
¢ KpKni1 — Kmp1Kn = 5(=1)" T Fp_ o [(1—p)+J+3(1—p)e+3Je][1+e1 + 3ea + 4es] .
Proof. Tt is clear by taking n — n+ 1, r — 1 in Egs. (3) and (6). O

Theorem 2.7. (Catalan’s Identity) Let Q, € QDC, and X, € KDC,. Then, the
Catalan’s identities can be given such that:

o 02_-0,.,0, .= (-1)""F2[(1—p)+J+3(1—p)e+3Je][l+er + 3ez + des],
¢ K2 —KpirKn—r= 5(=1)""T"TIE2[(1—p)+J+3(1—p)e+3Je][l +er + 3ez + 4es].

Proof. By taking m — n in Egs. (3) and (6), the proof is clear. O

Theorem 2.8. (Cassini’s Identity) Let Q, € QDC, and X, € KDC,. Then, the
Cassini’s identities of these dual quaternions are as follows:

e 02 - 0,110, 1 =(-1)"" [(1—p)+J+3(1—p)e+3Je][l + e1 + 3ez + des],
o K2 — Ky 1Kn_1 =5(=1)" [(1 —p) + J +3(1 — p) e+ 3Je][l + e1 + 3ez + 4es].

Proof. By taking r = 1 in Theorem 2.7, the proof is obvious. |
Example 2.1. Find the following identities:

D’Ocagne’s identities form =3,n=1 and p = —%:

o 030, — 9,0 = — (3 4+ J +4e+3Je) (1 +e1 +3ez +4des) ,

o K3Ko — KyKy =5 (% + T +4e+3Je) (1+e1 + 3eo + des) .
Catalan’s identities for n =2,r =2 and p = 0:

e 020,00 = (14 J+3c+3Je) (1+e1 + 3ez + 4es) ,

o K2 —X,Ko = —5(1+J+ 3 +3Je) (1 + e1 + 3ea + des).
Cassini’s identities for n =2 and p = %:

0 03030, = — (£ + 7+ 2c+3Je) (1 +e1 + e + 4e3),
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o K3 — K35, =5 (3 +J+ 2e+3Je) (1+ e + ez + des).
2.1. Examination of matrix representations

Theorem 2.9. FEvery Q, = Qn + Quni1d + Qnioe + QnizJe can be represented by the
following 2 x 2 matriz®:

Y~ = Qn + Qn+1J 0
2n Qni2+ Qnizd Qn+QnyrJ|’

Remark 2.2. X is a linear transformation between DC,Q and the matrices

Qn+ Qni1J 0
{ |:Qn+2 + Q:igj Qn + Qn+1c]:| | QnaQn+1aQn+27Qn+3 S Q} .

The columns of the matriz Xg are represented by the coefficients of the elements {én, éna},
considering the basis {1,e}. Hence, DC,Q is the subset of M2(C,Q).

Theorem 2.10. FEvery én = Qn+Qui1J+Quni2e+QnizJe can be represented by a matriz®
in My(Q):
Qn  pQp+1 0 0
A~ = Q77,+1 Qn 0 0
< Qniz PQnis  Qn  PQui1
Qnts Qniz Qu+y1 Qn

The columns of the matrix Ag are represented by the coefficients of the elements

{én,énJ, Qns,éan}, considering the basis {1, J, e, Je}. Moreover, DC,Q is the subset of
M4(Q).

Theorem 2.11. Every én = INTn + grn“el + g’"n+262 + §n+3€3 can  also  be
represented by a matriz in My (DC,F).

Proof. Define  the linear transformation  fz (ém) = 9,9, for every

Q, € QDC,, and calculate the image of the elements {1,e1, ez, e3} as follows:

fz, (1) = gn = :En + Forrer + Fppoes + Fnpzes,
fo, (e1) = Quer = Tney,
fa,(e2) = Ques = Tne,
fz (e3) = Qnes = Fnes.

Therefore, the matrix of f with respect to the basis {1, ey, ea,e3} is as follows:

F, 0 0 0

Foir Fo 00
‘Bé = | = ~
" §n+2 0 Srn P
S.:n+3 0 0 g:n
The set of QDC, is the subset of My(DC,F). O

Corollary 2.1. In particular, consider the following statements:

2The set of dual numbers is isomorphic to a subset of 2 Xx 2 real matrices,

Aa+be) = [ Z 2 :|,wherez:a+b6, €2 =0,e #0, [32].

3The set of generalized complex numbers is isomorphic to a subset of 2 X 2 real matrices, A\(a + bJ) =

[ Z ? },wherezza—f—b(}, J? =p R, [18].
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° ‘Aﬁn is also in the form Aﬁn = Qnls+ Qni1d + Qni28 + Qni3dE, where
0O p 0 O 0O 0 0 O 0O 0 0 O
1 0 0 O 0 0 0 O 0O 0 0 O
Jod=10 00 p |'59¢= |1 0 0 0""7%=10 v 0 0
0 0 1 0 0O 1 0 O 1 0 0 O

e By s also in the form By =5, + grn_HEl + 5"n+2E2 + §n+3E3, where

o o o

61<—>E1=

o= OO
[ e RN}
= o O O

0
0
0
0

[ e Rl e R}

0 0

0 0

0 0 , €3 &> E3 =
0 0 0
Remark 2.3. With respect to the basis {l,e1,es,e3}, the column matric
representation of Qn, = Fpy + Fp1e1 + Fngoes + Finases is given by:

T

O =| T Fs1 Ttz Tmss

By using By , the product of én, ém € QDC, can also be expressed by:

F. 0 0 0 T

éném = ‘ffn—l-l ?n ’p 0 ?jm—&-l = énzén
§7L+2 0 g:n NO §m+2
§n+3 0 0 In 3~m+3

Sitmilarly, by using ém = [ Qm Qm+1 Qmiz Qmis }T and Aﬁn’ we have:

Qn an+1 0 0 Qm
5 5 — QnJrl Qn 0 0 Qm+1
nem Qn+2 anJrS Qn an+1 Qm+2
Qn+3 Qn+2 Qn-i—l Qn Qm+3

Theorem 2.12. Let Qn = §n+§n+lel +§"n+262 +§"n+363 € QDC, and £~)n be the quaternion

conjugate of én Then, we have

oAy o= Agn, where o = diag(1,—-1,—1,—1).
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Theorem 2.13. For any én, Qm and A € R, the following properties hold:

x)\fln - AxQ ’ hd det(:X:N ) = (Qn + QTL+1J)2} ,
v R
)\én = A35n7 ta

xéném xan 0,7 ° det( = — ‘

As s, =As,As,,

B~

ot — 3,
A /det Bén

Proof. The proof strongly depends on the inverse of Q, and its matrix
representation. O

|
=
U

Definition 2.2. Let én = Qn+Qni1J+Qni2e+Qny3Je € DC,Q. The vector representation
of Q,, is defined as

.
= R . . R T N
Qv =[0Qn Qui1 Qniz Qnys | = Qn1 € Miysx1(F),

Qn+2
Qn+3

where Qn = Fy + Fpy1e1 + Fhioes + Fpyses is the nth dual Fibonacci quaternion and
G = (Fn, Fri1, Frya, Frnys) = [Fn Fry1 Frye Fn+3} is the nth Fibonacci vector (matriz).

Theorem 2.15. Let E)n = Qn + Qni1J + Qnyoe + QnyzJe € DC,Q. Then,

= =t —'T2 = =13
e 02,-9,, . 50, ¢ 42,=0,,
where
o =diag(1,1,1,1,-1,—-1,-1,—-1,1,1,1,1,-1,-1, -1, —1) € Mys(R),
g = diag(1,1,1,1,1,1,1,1, — 1 -1,-1,-1,-1,-1,-1,-1) € M;4(R),
v =diag(1,1,1,1,-1,-1,-1—-1,-1,-1,-1,—-1,1,1,1,1) € M;4(R).

Theorem 2.16. Let §n = ~n+i~Tn+1el +§n+262+§’"n+363. Then, the matriz representations
Cg  with respect to the basis {1,¢,e1,e1,e2,c€2,e3,ce3} and Dz  according to the base

{1,J,¢,Je,e1,Jer,ce1, Jeeq, ea, Jea, cea, Jeea, e3, Jes, ces, Jees}

of ﬁn, are as shown below. Moreover, it can be deduced that QDC,, is the subset of Mg(C,F),
and QDC, is the subset of My¢(F).

Also, det(Cs ) = (Fy + Foi1J)® and det(Dg ) = (F2 — pF2,,)".
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0 Tt AR 0 0 0 0
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. 0 0 0 [y 4+ g 0 0
0 0 0 0 LYY A+ e Ty
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0 0 0 0 0 0
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e+ ety
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[eteg + Ty
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Remark 2.4. The matriz representations of DGC Lucas dual quaternion K,, can be examined

similarly. Moreover, the following statements are clear:

o DC,K is the subset of Ma(C,IK) and M4(K),

o KDC,, is the subset of My(DC,L),

o KDC, is the subset of Mg(C,L) and Mi6(L).
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= (14 2e1 + 3e2 + He3) + (2 + 3e1 + Hez + 8ez) J
+ (34 5e1 + 8ez + 13e3) & + (5 + 8er + 13e2 + 21e3) Je.

Qo

Dual Quaternions with Dual-Generalized Complex Fibonacci and Lucas numbers

Example 2.2. Consider

Then, for p € R:

re+1 rs+e 0 0 0 0 re+e rict+ern
0 re+1 0 0 0 0 0 rs+g
0 0 re+1 re+e 0 0 re+e¢ rer+s
0 0 0 re+1 0 0 0 re+e = ‘o,
0 0 0 0 re+1 re+e re+c rg+g
0 0 0 0 0 re+1 0 re+ze
0 0 0 0 0 0 re+1  rs+e
0 0 0 0 0 0 0 re+1
sre+3e+ro+1 0 0 3r1e+3€1+r8+9
0 are+3e+re+1 0 reT+e8+rs+e | _ fog
0 0 sre+ee+re+1 srgt+ec+retc g
0 0 0 sre+3e+re+1
€0G + Tog + Tog + T €08 + Tag + Tog + ¢ €ogT + o8 + Tog + ¢ €aTg + %ogT + 198 + ¢
(fog +%og + Tog +g)d  €og+ Cog+ Tog + 1 (%21g + %ogT + Tog +¢)d  €ogT + %og + Tog + ¢ = %04,
0 0 €ag + %og + Tog + 1 €ag + tag + Tog + ¢ -
0 0 (828 + %ag 4 Tog + ) d £ag + Tog + Tog + 1

[ (898 + %aG + Tag +¢) + (829G + %o¢ + Tog + 1) [ (€21¢ + %21 + Tog8 + ¢) + (€261 + %98 + Tag + ¢) | _ YT,
0 [ (828 + %ag + Tag 4 g) + (£ag + %og + Tog + 1)
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2p
1
5p
3
3p
2
8p
5
5p
3
13p
8
8p
5

13 21p 5p
[ 21 13 0 3 i

For p = 1, i.e. for Fibonacci and Lucas dual quaternions with dual-hyperbolic number
coefficients, the following determinants are computed:

det(Xy ) =(24+2J)+ (8+8J)er + (12 + 12J)es + (20 + 20J )es,

00 U5 00 U1 Lo 00 T to ) U W N =
VOO WOOWNOONHOO
OO0 OoOWOUMWNHROOOO

Co0C0COoOONMNHOOOOOO

CONHOOO0OOOO0O0OO

Yooocooocoocooco
~rYoocoocooococooocooco
cCoococo0oo000O0O0O00O0O

[=NeNaN

coocococococowgryoooo
[
k=3

OOOOOOOO»—‘?OOOOOO
OO0 OUMMWNHROOODODOOOO
TWNHOOOOOOODOOOOO
N OOOOOOOOOOOOOOo

o0 (<Al W D
aPoocwgoonvFoorYoo
coocoowg~rNoocoocooocoo

o]
o O
o o

o
—

Q,
det(A5 ) =0,
det(Bgz ) =41+ 40J + 436 + 428/J¢,
det(C5 ) = 3281 + 3280,

det(Dg ) = 6561.
In the same vein, for p = 0 and p = —1, the calculations are conducted for Fibonacci
and Lucas dual quaternions with hyper-dual number coefficients and dual-complexr number
coefficients, respectively. Moreover for p € R, we have:

1
Bg-1 = B= .
> /41140 + 436 + 428Jc 22
=t
Finally, the vector representation of Q,, is
_ T T
L 0 0 o0 [1 23 5]
o s 0 —Iy 0 0 [2 3 5 8]
n =09, =
0 0 L 0 [3 5 8 13]"
L0 00 =L f]rs 8 13 21]" |

—[1 2352358358 1358 13 21].
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