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APPLICATIONS OF TAUBERIAN THEOREMS FOR CESARO
ORLICZ DOUBLE SEQUENCES

Kuldip Raj' and Anu Choudhary?

In this article, we prove the necessary and sufficient Taube-
rian conditions in n—normed spaces for double sequences which are Orlicz
(C,1,1)A"—summable to be Orlicz A" convergent. We also make an ef-
fort to study some (k,l) fold applications of Orlicz (C,1,1)A" summabil-
ity method for a Tauberian theorem. Finally, we establish some relation
between Orlicz (C,1,1)A"—summable and Orlicz A" convergent sequences
under slowly oscillating conditions over n—mnormed spaces.

Keywords: Orlicz function, difference operator, n—normed space, slowly
oscillating sequence, (C, 1, 1) summability method, Tauberian theorem.
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1. Introduction and Preliminaries

In [20] Tauber gave the converse of Abel’s theorem under certain additional
hypothesis known as Tauberian condition(s). Tauberian theorem states that
the sequence () is convergent if it is summable to the same limit with respect
to specific summability method and satisfy Tauberian condition(s). Tauberian
type theorem has many applications in different fields of mathematics such as
probability theory, number theory, complex analysis and the analysis of differ-
ential operators (see [1], [2], [9]). Several mathematicians such as Méricz [12],
Talo and Bagar [18|, Talo and Cakan [19] and Tripathy and Dutta [21] have
proved Tauberian theorems for different sumability methods.

A function M : [0,00) — [0,00) is said to be an Orlicz function, if it satisfy
the following conditions:

(i) M is convex, (ii) M is continuous, (iii) M is non-decreasing with M(0) = 0,
M(z) > 0 for z > 0 and (iv) M(z) — o0 as x — 0.

Let w be the space of all real or complex sequences. Lindenstrauss and Tzafriri
[10] used the idea of Orlicz function to define the following sequence space:
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lM:{$EWZZM(@) < 00, forsomep>0}

k=1 P

which is called an Orlicz sequence space.

The idea of difference sequence spaces was introduced by Kizmaz [8] who
studied the difference sequence spaces l(A), ¢(A) and ¢o(A). The notion
was further generalized by Et and Colak [4] by introducing the spaces I, (A"),
¢(A") and ¢o(A”). Let r be a non-negative integer and w denotes the set of
real or complex sequences. Then for Z = ¢, ¢y and [, we have the following
sequence spaces

Z(A") ={x = (x) e w: (ATxy) € Z},

where A"x = (ATxy,) = (A" oy — A" o) and Az, =z for all k € N.
Taking r = 1, we get the spaces studied by Et and Colak [4]. Similarly,
difference operator on double sequences can be defined as:

Aiﬂk,l = (l”k,l - 931<:,1+1) - (»Tk+1,z - $k+1,l+1) =Xkl — Thit1 — Tht1,l T Tht1,i41,

and A"xpy = A" layy — A g — AT g+ A @y

Misiak [11] developed the concept of n—normed spaces. Many mathematicians
have studied this concept and obtained various results (see [5], [6]). A sequence
(x) in a n-normed space (X, ||-,---,-||) is said to converge to some L € X, if

lim ||z — L, 21, -+ ,2,-1]| = 0 for every zy,---, 2,1 € X.
k—o0

A sequence () in a n—normed space X is said to be bounded if for a positive
constant M, ||xg, z1, -+, zn-1]] < M, for all z;,--- 2,1 € X and all k£ € N.
One writes x = O(1). For more details about sequence spaces (see [13], [14],
[15],[17], [22]) and references therein.

Let t = (tx;) be a double sequence of positive real numbers. A double se-

quence T = (Zyy,) in a n—normed space (X, [|-,--+ ,||) is said to be Orlicz A"
convergent to L € X if for z1,--+ ;2,1 € X
bk A Ty — L
lim HM<|M Tm, |),zl,~--,zn1 =0, for some p > 0.
m,n—00 P
A double sequence (., ) in a n—normed space (X, ||-,- - ,-||) is said to be Or-
licz (C,1,1)A"— summable to L € X, if for z;,--+ , 2,1 € X, lim |jo)"5" —
m,n— 00 ’
LJ Ryttt Jzn—IH =0 or

. 1 U |thATZL‘kl — L|
1 - M : : o o n— — 07 f > 0
m,’rlLIBoo H mn Z Z ( 0 ) 21y y “n—1 or some p

k=1 [=1
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In other words, we write M(lt’“’ZA;zm’”) Il el M(%)(C, 1,1). One can say
that o2 is an Orlicz (C,1,1)A"— mean and we write oprs = —— Z Z M
k=1 i=1

[T VANE . .
(M) , for all non negative integers m and n.

Let (upm), (vm), (r,) and (s,) be increasing sequences of positive integers such
that u,, < v,, and u,, — 0o as m — oo, r, < s, and r,, = 00 as n — oo, also

liminf ™ >1 and liminf % > 1. (1)
m—00 U, n—o0 T,

If (1), then we say that (u,v), (r,s) € Q.

A double sequence (x,,,) in a n—normed space (X, ||-,---,-||) is said to be

Orlicz (C,1,1)A"— slowly oscillating if for some p > 0,

[tk A gy — te ) AT Ty
M ) 9 ) 9
T e AP DR DIEY | ,

p
(2)

inf limsup

u,v)€ES,
((T,S%EQ m,n—00 k Um+1 I=r,+1

Remark 1.1. For (u,,) = m,v, = [Am|,r, = n and s, = [An] with A > 1,
where [.] means the integer part, then (2) becomes

Dl [

[tk i A g — ) A Ty,
M 9 ) b )
([Am] — m)([An] — n) Z Z ( ’

k=m+1l=n+1 P
(3)

inf lim sup
A>T mn—oo

Ryt 5y An—1

Also, for 0 < A < 1, (2) becomes

e > 3 el Zudinul)

k [Am]+1 I=[An]+1
(4)

inf lim sup
0<A<T mn—00

Ryt An—1

Remark 1.2. A sequence (z,,,) € X is Orlicz A"—slowly oscillating in

n—norm, if for p > 0,
\tk,zATﬂﬂk,z — bt AT |
P )Ry "ty An—1

fli =0. (
nftinsup e, | ?

n<I<[An]




130 Kuldip Raj, Anu Choudhary

Equivalently
e AT T — g AT
inf limsup max ‘M(’ kiZ Tm, ml ];k’l‘)7z1,... ,Zn-1|| = 0. (6)
0<A<] 1y p—o0 [Am]<k<m, P
[An]<i<n
(5) is satisfied if and only if
[ VAN 79 T 7 9 VAN
HM(’ i Rkl : ’),zl,--- , Zn—1|| = 0, whenever zq,--- ,2,_1 € X
p

(7)
and 1 < £ — 1(k,m — 00),1 <L = 1(I,n - o).
For every € > 0, there exists Q@ = Q(¢), P = P(e) and A = A\(e) > 1, as close
to 1, such that for some p > 0, (7) becomes:

tr i A — t AT
H‘M<| k.l k.l ; k|l m,nl)’zh.” sy

whenever 21, .z, 1 € X, Q<m<k<Imand P<n<I[<\n.

<e (8)

Remark 1.3. The two sided condition of Hardy-type [7] for double sequence

(Tm.n) s given by
ARSI
If condition (9) holds, then (z,,,) is said to be Orlicz A" —slowly oscillating in

n—norm.

The sequence (07(:,’7? AT gives the (k,1) fold application of Orlicz (C,1,1)A"
method and is given by

m n
1 (k=1l=1)at,ar .
=Y o , k>

i=1 j=1

M(—'““"A;mm’“), k=0,

where (k,[) are the elements of the set {(k,0)} = {(1,1),(2,2),(3,3),---}. A
sequence (T,,) is Orlicz (H, k,[)A"—summable to L, if (x,,,) is transformed
into a convergent sequence after (k,l)—fold iteration process. In other words

if

O_(kJ)M,AT _

m,n -

lim ar(f,i)M’N — Lz, ,2p1|] =0,
m,n—00
for all zy,---, 2,1 € X and we write M('tk’lA;I’"‘"‘) Ll M(%)(H, k,1).

It is trivial that for k,1 > 0, Orlicz (H, k,[)A” summability of a sequence im-
plies its Orlicz (H, k + 1,1+ 1)A” summability to the same value. Also Orlicz
(H,0,0)A” summability for r = 0, p = 1,tx; = 1 and M(z) = x is the or-
dinary convergence in n—norm and Orlicz (H,1,1)A” summability method is
equivalent to the Orlicz (C,1,1)A” summability method.
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2. Main Results

Theorem 2.1. Let M be an Orlicz function and t = (tx;) be a double se-
quence of positive real numbers. If a double sequence (%,,,) € X is Orlicz A"
convergent to L € X, then it is Orlicz (C,1,1)A"—summable to L € X.

Proof. Let a sequence (,,,,) is Orlicz A™ convergent to L, then for each € > 0

and z1,---,2,.1 € X, there exists mg,ng € N such that
e A" Ty — L
M(’k,l m,n ‘),Zl,"'azn—l §€/2,
P

for all m > mg and n > ng. Also, there exists M > 0, such that

toi N Ty — L
'M<‘ L = ’)7217"' y An—1 S M7
p
for all m > mg and n > ng. Thus, for all z1,---,z,_1 € X, we have
r ’tklA 'Tkl Ll
A Loz Hmzzm(
k=1 I=1
1 MR ’tklA l’kl—L’ o -
w1 S o ; > 2
k=1 =1 k=mo+1Il=ng+1
tiiA"xp; — L monoM €
HM<‘k,l k,l ‘)7217“.’27]_1 SL“‘_-
p mn 2
. . mOnOM . monoM
Since lim ——— = 0, there exist m;,n; € N such that |72 < ¢/2,

m,n— 00 mn

whenever m > m; and n > n;. Hence, there exist () = max{mg, m;} and P =

max{ng,n;} such that for m > Q and n > P, |[c)%2" — L, 21, -+ ,2,1|| < e

This concludes the proof. O

Lemma 2.1. Let (u,,) and (r,) be two increasing sequences of positive integers
such that u,, — o0 as m — oo and r, — 00 as n — oo. If the sequence
(Zmm) € X is Orlicz (C,1,1)A"—summable to L € X, then (05 ) converges
to L.

Proof. Suppose that (z,,,) is Orlicz (C,1,1)A”—summable to L. We can also
M, A 5 o llx

write olbA" ——=5 L, since (0,4 ) is a subsequence of (ohv2"). Hence,
vl lx
onbh 5 L. O

Lemma 2.2. Let M be an Orlicz function and () be a double sequence
in a n—normed space (X, ||, ,-||) which is Orlicz (C,1,1)A"—summable to
L e X. If (u,v),(r,s) € Q, then the sequence

(Ru,v,T,S)x:r?T - (Um _ Um Z Z M(

—T
Sn n k=um-+1 k=r,+1




132

Kuldip Raj, Anu Choudhary

also converges to L.

Proof. H (Ru,v,m)

IN

<

M,A"

myn _L7Zl>"' azn—lH
M,AT M,AT M,A"
||( uvrs) ~ Ou, ,Sn +Uv Sn _Lzla"'azn—lH

(vm_um Sn_Tn ZZM

k=1 1=1

ZM(|tklA $kl|>

(|tk’ZA Lkl — L|>
y 21y "t An—1

p

(’tMA gjkll) (Um — uml)(sn - Tn) i

v
m”k111

(U — Up) (Sp — T0)

V. S
UmnTn + UmSn — UmTn 1 = M [tk 1 A X
UmSn, Z Z

iZM(uMA xkl|> _ nz oy

ikl ’tklA .’Ekl’ 1
oy} LSS

k=1 =1 k=1 I=1
* 5y Rn—1
VT + U Sn - |tr ATz
M — —
(vm - um)(STL - rn UmSn Z ( b ) #n—1 +
k=1 =1
Uy T, Z’": M(!th xkz!) U T,
(Um - um)(sn - Tn Umsn k=1 I=1 (Um - um)(sn - Tn)
e |tk ATy | 1l & [tk A"z — L
M M
oSy (1S +anz e
k=1 =1 k=1 I=1
UmTn + UmSn ‘tklA xkl‘
: n— < M ) ) )
I [ (Um - um)(sn - rn Umsn kz; lz; < !
UmTn 1 i ’tklA xkl’ 1 il
. M
o) F (Vm = Um)(Sn — Tn) || VmSn Z Z ( p Up T,
k=1 l=1 k=1
im(]tk,lATxk,zo e 1 iZMOtMA Tpg — L\)
=1 P o o UmSn k=1 I=1 P 7

21yttt An—1

U Ty, + U Sp,

(U — Um) (Sp — T0)

MA,

UmTn

M,Ar

y A1yt An—1

Um;Sn

m = Um)(Sn — Tn)

UmSn
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M,A
+0- y 21y, Zn—1 + O-'um,s; _L7Z17"' y An—1]|-

Umy"’n

Since (um), (Vm), (rn) and (s,) are increasing sequences then, in the limiting

case % LA z1, e+, Zno1|| = 0. Now, we have

M,A" UmT M, A7 M, A"
H (RU,U,T»S) =Lz, || S ('Um _ UT:S(Zn _ Tn) vmsn — Qumrn 1 #1077

Zn—1|| + U%SA: — Lz, Zp—1]]- (10)
U v -t
By using (1), we have lim sup ————— = (liminf—m — 1> < 00
-1
r s
and limsup ———— = | liminf = — 1 < 0.
n—00 (Sn _Tn) n—oo Ty

Also, by the Orlicz (C,1, 1)Ar—suwr[nAmability of (zyn) to L and Lemma 2.1,
we get that the sequence (Ru,vms)m;l converges to L. [

Theorem 2.2. Let M be an Orlicz function, t = (ty;) be a double sequence

of positive real numbers and () be a double sequence in a n—normed space
(X, o) If (Rmn) is Orlicz (C, 1, 1) A" —summable to L € X, then (xp,.,)
is Orlicz A" convergent to L if and only iof

inf limsup

[tk A gy — te AT T
(u,0)€Q, mn—oo (Um - um Sn — 'rn Z Z ( P

(T,S)GQ k=um+11l=r,+1

1yttt An—1

=0, forzy,--+ , 2,1 € X and p > 0.

Proof. Let the double sequence (x,,,) be convergent to L. Hence, the sequence
(opea") is convergent to L. Suppose (um), (), (1) and (s,) are arbitrary se-

quences such that (u,v),(r,s) € Q satisfy (2). Now by Lemma 2.2, for all
21,00, 2Zno1 € X, p 2p1, we have

[tk i A"y — ) A T,
M : 7 ; , e
T s SO DD DI -

ku+1lr+1

|tklA $kl L|
(vm—u _Tn Z Z ( o y 215 9

ku+1lr+1

('U — Uy, Z Z M<|tklA xmn_L’)azla"'a

k Um+1 l=r,+1 P

lim
m,n— 00

Zn—1ll < lim
m,n—o00

Zn—1]||+ lim
m,n—00

Zn—1|| = 0.

Conversely, assume that (2) holds. Then for given ¢ > 0, there exist se-
quences (up,), (vm),(r,) and (s,) satisfying (u,v), (r,s) € Q such that for
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21,7 3 Rn—1 € X>

. L A" x — t AT

lim sup Z Z M (’ k,l k,l k,l m,n) R
m,n—00 (Um — Um - rn P

k=um-+1l=r,+1

(11)

< e.

Zn—1

Hence, for p = 2p; and by using (11) and Lemma 2.2, we have

tea A", — L
lim sup M(‘ b e ’>,Z1,"' s Zn—1
m,n— oo P
te i ATxy, — L
< limsup Z Z M(’kl k,l ’),21,"',
Mmoo (vm—u ) e i p1
+ lim sup '
mnsoo || (VUm = tm)( k §+1l TZH
te AT — i AT
M(| k,l ki — Ukl m7n|)’21"” | <
£1

Thus, the sequence (%) is Orlicz A" convergent to L € X. U

Corollary 2.1. Let () € X be Orlicz (C,1,1)A"—summable to L € X. If
(Tm.n) ts Orlicz (C,1,1)A" slowly oscillating in n—norm, then () is Orlicz
A" convergent to L.

Proof. Let a double sequence & = (z,,,,) be Orlicz (C, 1, 1)A” slowly oscillating
in n—norm. Then, we have

)\m] [An]
[N PANE TN TR VANE
([)\m] [)\n] Z Z M( P y 21y, Zn—1

k m+1l=n+1
Am]  [An]
Z Z tr g ATy =t A T
\ 2 P
([Am] — p
k m—+1Il=n+1
tk ZA Tl — tk ZATZL‘
Zn—1|l < max ||M [t : : mon| S 21y 2t
m<k<[Am], p
n<l<[An]

Taking limsup to both sides of above inequality as m,n — oo, gives

Dml [l
. [N TANE T I TR VAN
lim sup ‘ M ( : : : — ],
m,n—00 ([)\m] B k ;rllzn;rl P
\tk,zA Tpy — e ATy |
21,0 5 Zpe|| < limsup  max S22t |-
m,n—o0 m<k<[)\m] 1%

<I<[An]

(12)
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Now by considering the inf to both sides of (12), for A > 1 we have
][]

[tk i A" — o ) A Ty,
M 9 3 9 ’
([Am] — m)([An] — n) Z Z ( ’

k=m+1l=n+1 P

inf lim sup
A>1 i n—soo

1,y ”An—1

— 0. (13)

Since (13) is a special case of condition (2). Hence, by Theorem 2.2, we can
conclude that the sequence (x,,,) € X is Orlicz A” convergent to L. O

Corollary 2.2. Let () € X be Orlicz (C,1,1)A"—summable to L € X. If

mnM(M) = 0(1), then () is Orlicz A" convergent to L.

r+1
Proof. Suppose that for a sequence (x,,,) € X, the condition mnM <M)

p
= O(1) holds. Then for some M > 0 and for every z,--- ,2,_1 € X, we have
t AT+1 m,n
HmnM(lk’l—M)’Z:h s Zn—1 SM
P
Hence, <|tk,lNIk,zptk,szfmvn) 21, 2ot
[tk ATy — b AT | k
Z ZM( kil i,J k,l i—1,j— 1) ez Z
i=m+1 j=n+1 i=m-+1
i LR sy y M i >
M( 7 o )7217 :
j=n+1 p i=m+1 j= n+1 i=m+1 j=n+1
M k ) k l
— = (——1)(——1)M—>0as——>1and——>1.
mn m n m n

Hence, (5) is satisfied. Thus, (z,,,) is Orlicz A" convergent to L using Corol-
lary 2.1. 0

Lemma 2.3. Let M be an Orlicz function. If (xy,,) € X is Orlicz (C,1,1)A"

iZklMCtMA; xkl‘),zl, o

k=1 =1

slowly oscillating in n—norm, then

Zp—1

<M, forall z1,--+ ;2,1 € X.

Proof. Let a double sequence (z,,,) be Orlicz (C,1,1)A" slowly oscillating in
n—norm. For A > 1, we define

k I 1
Z Z |tklA+33m!

yZ1y 0y Zn—1||-
i=m+1 j=n+

Omn(T,\) = max
m<k<[>\m
n<k<[An]
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te AT
ZMM(\ k1l ﬂlfkl\)7 a,
=1

k=1 P

Thus, we have
t AT—{-I
D klM(—‘ b xk’l‘),zl,- 2
<<z

' P
21+1 = <* 23+1

di

m n
2041725 +1

] (x,\) § mnM. This concludes the proof.

[<%3
(ii

=V J=

IN

5)

O

Theorem 2.3. Let M be an Orlicz function, t = (t;;) be a double sequence
of positive real numbers and (z,,,) € X be Orlicz (H,k,1)A"—summable to
L e X. If (k) is Orlicz slowly oscillating in n—norm, then (x,,) is Orlicz

A" convergent to L.

M,A”

Proof. Firstly, we show that a sequence (o, 7,

) is slowly oscillating in n—norm.

For this consider ¢ > 0 be given. Then there exists Q@ = Q(¢), P = P(e)
and A = A(e) > 1, such that (8) is satisfied. Let Q@ < m < k < Am and
P <n <1< M. Then by using Orlicz (C, 1,1)A”—summability, we have

’tk,ZArﬂfi"’ 1 ‘tk IA SL’l | 1 e
Soa(efd) o ZM( m)

MA™  _M,AT
O-kl m,n yR1y "ty Rn—1
m n
e[ [t A i) 1 M \tk,A xm\
— —%g 215005 An—1
1= l Jj= 1 p =1 j5=1
H k
=1 j=1 i=m—+1 j=n+1
n r
e[ A i)
) 21, y An—1
=1 P

+— Z Z M<|tklA x”|> S Zn

i=m+1 j=n+1

_ H — mn ZZM<|tk1A {L‘mn—thA ZL’Z]|

11]1 P

M(|tk,ZA Tij — tk,ZATfEm,n|>
P

121y "y An—1

S £ a().

=1 j=1 p=i+lq=j+1

M(’tk,ZA T — L A" $mn|>
p

y A1y "ty An—1

Ms

— P

hS]
»a

)+

(|thA xw|>
i=1 j=1

SPIPs

i=m+1 j=n+1

MN

1 k
D
i=m+1 j=n+1

|>7217'” y “n—1
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[tk i A — Lt A" T ]
M P y A1y "ty An—1]|-

l

&
+EZZ
=m-+

1j=n+1

AT M,A"

Now, by using (8) and Lemma 2.3, we have Hai\’{l’ — O s P

—%)M+ 1—%)(1—§)e< A=DM+N=1DA=1e < (A=

1) (M + (A —1)e) < ¢, whenever z1,-+- ,z,-1 € X,Q < m < k < Am and
P <n <1< M, provided that 1 < XA < (1 +¢€)/(M + €). Hence, we obtained
the slow oscillation of (Uf‘,’fﬁr). By applying the same procedure above, we have

aﬁﬁji)M’N is slowly oscillating for all integers ¢, d > 0. (14)

Since, by given condition
m(ﬁ;fl)m,m I llx L (15)

we have 07(5’21,171)%“ I lx, L(H,1,1). Now, by taking c = k—1 and d = [—1
(k—1,1—1).ar

in (14) and by using Corollary 2.1 with respect to sequence o », , gives
Jgfygl’l_l)M,AT ||77||X L (].6)

Now by taking into account (15) and (16) and continuing in the same way,

we have 0’%:§T ”—E{—) L. Hence by the consequence of Corollary 2.1, we can

conclude that a double sequence (z,,,) is Orlicz A” convergent to L. UJ

3. Conclusions

In this paper we have presented some Tauberian theorems for Orlicz (C, 1, 1)A"
summability method and Orlicz (H, k,1)A” summability method in n—normed
spaces for double sequences. We have also introduced slowly oscillating condi-
tions for Orlicz (C, 1, 1) A"— summable double sequences and Orlicz (H, k, ) A" —
summable double sequences in n—normed spaces. Tauberian theorems has
many applications in other disciplines also. Likewise, in mathematical physics
[3] we use Tauberian Theorems for stabilizing the solutions of the Cauchy
problem for the heat kernel equation, to handle multicomponent gas diffusion
and to solve asymptotic Cauchy problem for a free Schrodinger equation in the
norms of different Banach spaces. In applied mathematics, the general version
of Fourier Tauberian theorems for monotone function combined with Berezin’s
inequality gives new version of the Li-Yau estimates for the counting function
of the Dirichlet Laplacian [16].

Acknowledgement: The authors thank the anonymous referees for providing
suggestions which improved the presentation of the paper. The corresponding
author thanks the Council of Scientific and Industrial Research (CSIR), India
for partial support under Grant No. 25(0288)/18/EMR-II, dated 24/05/2018.



138 Kuldip Raj, Anu Choudhary
REFERENCES
[1] W. Arendt, C. Batty, M. Hieber and F. Neubrander, Vector-valued Laplace transforms

2]

3]

[15]

[16]

[17]

and Cauchy problems, Monogr. Math., Birkhaduser Verlag, Basel, 2001.

K. Chandrasekharan and S. Minakshisundaram, Typical means, Oxford University
Press, Oxford, 1952.

Y. N. Drozhzhinov and B. 1. Zavyalov, Applications of Tauberian theorems in some
problems in mathematical physics, Theoret. and Math. Phys., 157(2008), No. 3, 1678-
1693.

M. Et and R. Colak, On generalized difference sequence spaces, Soochow J. Math,
21(1995), No. 4, 377-386.

H. Gunawan, On n-inner product, n-norms and the Cauchy-Schwartz inequality, Sci.
Math. Jpn., 5(2001), No. 1, 47-54.

H. Gunawan, The space of p-summable sequence and its natural n-norm, Bull. Aust.
Math. Soc., 64(2001), No. 1, 137-147.

G. H. Hardy, Theorems relating to the summability and convergence of slowly oscillating
series, Proc. Lond. Math. Soc., 8(1910), No. 2, 301-320.

H. Kizmaz, On certain sequence spaces, Canad. Math. Bull., 24(1981), No. 2, 169-176.
J. Korevaar, Tauberian theory. A century of developments, Grundlehren der Mathe-
matischen Wissenschaften, Springer-Verlag, Berlin, 2004.

J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces, Israel J. Math., 10(1971),
No. 3, 379-390.

A. Misiak, n-inner product spaces, Math. Nachr., 140(1989), No. 1, 299-319.

F. Mdricz, Ordinary convergence follows from statistical summability (C, 1) in the case
of slowly decreasing or oscillating sequences, Colloq. Math., 99(2004), No. 2, 207-219.
M. Mursaleen and K. Raj, Some vector valued sequence spaces of Musielak-Orlicz func-
tions and their operator ideals, Math. Slovaca, 68(2018), No. 1, 115-134.

K. Raj, C. Sharma and S. Pandoh, On some generalized spaces of sequences via Riesz
mean and Musielak Orlicz function, Southeast Asian Bull. Math., 42(2018), No. 2,
251-266.

K. Raj, A. Choudhary and C. Sharma, Almost strongly Orlicz double sequence spaces of
regular matrices and their applications to statistical convergence, Asian-Eur. J. Math.,
11(2018), No. 3, 1850073, 14pp. (DOI 10.1142/S1793557118500730).

Y. Safarov, Fourier Tauberian theorems and applications, J. Funct. Anal., 185(2001),
No. 1, 111-128.

S. Sharma, K. Raj and A. Sharma, Some sequence spaces of Invariant means and
lacunary defined by a Musielak-Orlicz function over n-normed spaces, Thil. Math. J.,
11(2018), No. 1, 31-47.

O. Talo and F. Basar, On the slowly decreasing sequences of fuzzy numbers, Abstr.
Appl. Anal.,; 2013(2013), Art. ID 891986, Tpp. .

O. Talo and C. Cakan, Tauberian theorems for statistically (C, 1)—convergent sequences
of fuzzy numbers, Filomat, 28(2014), No. 4, 849-858.

A. Tauber, Ein satz der Theorie der unendlichen Reihen, Monatsh. Math. Phys.,
8(1897), No. 1, 273-277.

B. C. Tripathy and A. J. Dutta, Statistically convergent and Cesdro summable double
sequences of fuzzy real numbers, Soochow J. Math., 33(2007), No. 4, 835-848.

B. C. Tripathy and B. Sarma, Statistically convergent difference double sequence spaces,
Acta Math. Sin., Engl. Ser. , 24(2008), No. 5, 737-742.



