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EXTENDED b-METRIC SPACE, EXTENDED b-COMPARISON

FUNCTION AND NONLINEAR CONTRACTIONS

Maria Samreen1, Tayyab Kamran2, Mihai Postolache3

Fagin et al. used some kind of relaxed triangle inequality for the distance mea-
sure in pattern matching and called this measure as non-linear elastic matching. In-
trigued by such idea, recently, Kamran et al. introduced a new intuitive concept of
distance measure to extend the notion of b-metric space. We present some fixed point

theorems when the underlying ambient space is an extended b-metric space and the con-
traction condition involve a new class of comparison functions. To substantiate the valid-
ity of our results we obtain many well-known pre-existing results in literature. Moreover,

we have applied our result to study the solution to an integral equation.
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1. Introduction

The celebrated Banach contraction principle is known as a very fundamental tool for
providing the existence and solutions for many mathematical problems involving differential
equations, integro-differential equations and integral equations. Efforts have been made to
investigate and generalize this remarkable theorem to make it more viable in many other
ambient spaces [3, 8, 9, 28]. In this context Bakhtin [2], Bourbaki [7], Czerwik [11] and
Heinonen [15] generalized the structure of metric space by weakening the triangle inequality
and called it the b-metric space. Since then several articles have appeared which dealt with
fixed point theorems for single-valued and multi-valued functions in b-metric space: Ali et al.
[1], Berinde [5], Păcurar [21], Samreen et al. [26], Shatanawi et al. [27]. Afterwards, Fagin
et al. [14] utilized this kind of relaxation in the triangular inequality to incorporate with
pattern matching. The same kind of concept was also used for trade measure, Cortelazzo
et al. [10], and measure ice floes, McConnell et al. [20]. In this context, Kamran et al.
[17] introduced the concept of extended b-metric space by further weakening the triangle
inequality.

In this paper we introduce a new class of comparison functions and present some fixed
point theorems for the mappings satisfying a contraction condition involving a new class of
comparison functions when the underlying space is endowed with an extended b-metric. The
results obtained for such settings become more viable in different avenues of applications.

2. Preliminaries

The purpose of this section is to recollect some notions and results from literature,
for completeness.
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Let X be a nonempty set and s ≥ 1 be a given real number.
A function d : X ×X → R+ is said to be a b-metric [2, 11] on X and the pair (X, d)

is called a b-metric space if for all x, y, z ∈ X,
1. d(x, y) = 0 if and only if x = y;
2. d(x, y) = d(y, x);
3. d(x, z) ≤ s[d(x, y) + d(y, z)].
Let X := lp(R) with 0 < p < 1, where lp(R) := {x = {xn} ⊂ R :

∑∞
n=1 |xn|p < ∞}.

Then d(x, y) =
(∑∞

n=1 |xn − yn|p
)1/p

is a b-metric on X with s = 21/p. Note that (X, d) is
not a metric space.

A function φ : R+ → R+ which is increasing, and satisfies the property that limn→∞ φn(t) =
0 for all t ≥ 0 is said to be a comparison function (Matkowski [19]).

A function φ : R+ → R+ which is increasing, and satisfies the property that
∑∞

n=0 φ
n(t)

converges for all t > 0 is called a c-comparison function.
Note that any c-comparison function is a comparison function but the converse may

not be true, see, for example, Rus [23], Berinde [4].
Berinde [6, 23] introduced the class of b-comparison functions.

Definition 2.1. Let (X, d) be a b-metric space with s ≥ 1. A function φ : R+ → R+ is
known as a b-comparison function if which is increasing, and satisfies the property that∑∞

n=0 s
nφn(t) converges for all t ∈ R+.

Let (X, d) be a b-metric space with coefficient s ≥ 1. Then φ(t) = κt ; t ∈ R+ with
0 < κ < 1

s is a b-comparison function. The definition of the b-comparison function reduces
to that of a c-comparison function when s = 1.

3. Main results

In this section we recall the notion of extended b-comparison function and prove some
fixed point theorems involving such functions in the setting of extended b-metric spaces. In
the following we recollect the definition and some properties of the extended b-metric space
[17].

Definition 3.1 ([17], lema). Let X be a non empty set and θ : X×X → [1,∞). A function
dθ : X ×X → [1,∞) is called an extended b-metric if for all x, y, z ∈ X it satisfies:

dθ1. dθ(x, y) = 0 if and only if x = y;
dθ2. dθ(x, y) = dθ(y, x);
dθ3. dθ(x, z) ≤ θ(x, z)[dθ(x, y) + dθ(y, z)].
The pair (X, dθ) is called extended b-metric space.

Remark that a b-metric is a special case of the extended b-metric when θ(x, y) = s
for s ≥ 1.

To show the concreteness of the idea of extended b-metric space we include the fol-
lowing nontrivial example of extended b-metric space.

Example 3.1. Let X = {1, 2, 3, . . .}. Define θ : X ×X → [1,∞) and dθ : X ×X → R+ as:

θ(x, y) =

{
|x− y|3 if x ̸= y

1 if x = y
and dθ(x, y) = (x− y)4

Then (X, dθ) is an extended b-metric space.

Proof. Note that (dθ1) and (dθ2) trivially hold.
For the real numbers a, b with a = 0 or |a| ≥ 1 and b = 0, or |b| ≥ 1 we establish the

following relation

(a+ b)4 ≤ |a+ b|3
[
a4 + b4

]
. (1)
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Case i. Inequality (1) is trivially satisfied if either a = 0 or b = 0.
Case ii. For |a| ≥ 1, |b| ≥ 1 we get

(a+ b)4 =
(a+ b)4

(a4 + b4)
(a4 + b4)

≤ (a+ b)4

|a+ b|
(a4 + b4)

= |a+ b|3(a4 + b4).

Finally by setting a = x− y, b = y− z where x, y, z ∈ X then a = 0 or |a| ≥ 1 and b = 0 or
|b| ≥ 1. Thus inequality (1) yields (dθ3).

(x− z)4 ≤ |x− z|3
[
(x− y)4 + (y − z)4

]
Note that sup{θ(x, y)|x, y ∈ X} = ∞. �

In the following, the concepts of convergence, Cauchy sequence and completeness are
introduced in extended b-metric space.

Definition 3.2 ([17]). Let (X, dθ) be an extended b-metric space. Then a sequence (xn) in
X is said to be:

(i) convergent if and only if there exists x in X such that dθ(xn, x) → 0 as n → ∞,
we write limn→∞ xn = x,

(ii) Cauchy if and only if dθ(xn, xm) → 0 as n,m→ ∞.

The extended b-metric space (X, dθ) is complete if every Cauchy sequence converges
in X. We note that the extended b-metric dθ is not a continuous function in general. The
following lemma is trivial.

Lemma 3.2. Let (X, dθ) be an extended b-metric space. Then every convergent sequence
has a unique limit.

Proof. It is trivially followed from Definition 3.1 (dθ3). �
We define the concept of f -orbital lower semi-continuity (in case of extended b-metric

space) as used in [16].

Definition 3.3. Let f : D ⊂ X → X and there exist some x0 ∈ D such that the set
O(x0) = {x0, fx0, f2x0, . . .} ⊂ D. The set O(x0) is known as an orbit of x0 ∈ D. A function
G from D into the set of real numbers is said to be f -orbitally lower semi-continuous at
t ∈ D if {xn} ⊂ O(x0) and xn → t implies G(t) ≤ lim infn→∞G(xn).

For some technical reasons we introduce another class of comparison functions, as
follows.

Definition 3.4. Let (X, dθ) be an extended b-metric space. We say that a function
φ : R+ → R+ is an extended b-comparison function if it is increasing, and there exists a
mapping f : D ⊂ X → X such that for some x0 ∈ D,O(x0) ⊂ D,

∑∞
n=0 φ

n(t)
∏n

i=1 θ(xi, xm)
converges for all t ∈ R+ and for every m ∈ N. Here xn = fnx0 for n = 1, 2, . . .. We say that
φ is an extended b-comparison function for f at x0.

Remark 3.3. (I) It is easily seen that by taking θ(x, y) = s ≥ 1 (constant) for any x,
y ∈ X, Definition 3.4 coincides with Definition 2.1 for any arbitrary self-map f on X.

(II) Since θ(x, y) ≥ 1 for every x, y ∈ X, then by setting s = infx,y∈X θ(x, y) we have
∞∑

n=0

snφn(t) ≤
∞∑

n=0

φn(t)

n∏
i=1

θ(xi, xm).

The above relation invokes that every extended b-comparison function is also a b-comparison
function for some s ≥ 1.
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Example 3.4. Let (X, dθ) be an extended b-metric space, f a self-map on X, assume that
for x0 ∈ X, limn,m→∞ θ(xn, xm) exists. Define φ : [0,∞) → [0,∞) as

φ(t) = κt, such that lim
n,m→∞

θ(xn, xm) <
1

κ
.

Then by using ratio test one can easily see that the series
∑∞

n=1 φ
n(t)

∏n
i=1 θ(xi, xm) con-

verges. Here xn = fnx0 for n = 1, 2, . . . .

Now we proceed to establish our main result.

Theorem 3.5. Let (X, dθ) be a complete extended b-metric space such that dθ is continuous.
Let f : D ⊂ X → X be such that O(x0) ⊆ D. Assume that

dθ(fx, f
2x) ≤ φ

(
dθ(x, fx)

)
, for each x ∈ O(x0), (2)

where φ is an extended b-comparison function forf at x0. Then f
nx0 → ξ ∈ X (as n→ ∞).

Furthermore, ξ is a fixed point of f if and only if G(x) = dθ(x, fx) is f -orbitally lower
semi-continuous at ξ.

Proof. Let x0 ∈ X be arbitrary, define the iterative sequence {xn} by

x0, fx0 = x1, x2 = fx1 = f(fx0) = f2(x0) . . . , xn = fnx0 . . .

Then by successively applying inequality (2), we obtain

dθ(xn, xn+1) ≤ φn
(
dθ(x0, x1)

)
(3)

By the triangle inequality and (3), for m > n we have

dθ(xn, xm)

≤ θ(xn, xm)φn
(
dθ(x0, x1)

)
+ θ(xn, xm)θ(xn+1, xm)φn+1

(
dθ(x0, x1)

)
+ · · ·+ θ(xn, xm)θ(xn+1, xm)θ(xn+2, xm)...θ(xm−2, xm)θ(xm−1, xm)φm−1

(
dθ(x0, x1)

)
≤ θ(x1, xm)θ(x2, xm) · · · θ(xn−1, xm)θ(xn, xm)φn

(
dθ(x0, x1)

)
+θ(x1, xm)θ(x2, xm) · · · θ(xn, xm)θ(xn+1, xm)φn+1

(
dθ(x0, x1)

)
+ · · ·+

θ(x1, xm)θ(x2, xm) · · · θ(xn, xm)θ(xn+1, xm)...θ(xm−2, xm)θ(xm−1, xm)φm−1
(
dθ(x0, x1)

)
.

The series
∑∞

n=1 φ
n
(
dθ(x0, x1)

)∏n
i=1 θ(xi, xm) converges for each m ∈ N. Let

S =
∞∑

n=1

φn
(
dθ(x0, x1)

) n∏
i=1

θ(xi, xm), Sn =
n∑

j=1

φj
(
dθ(x0, x1)

) j∏
i=1

θ(xi, xm).

Thus for m > n, the above inequality implies

dθ(xn, xm) ≤
[
Sm−1 − Sn

]
.

Letting n → ∞, we conclude that {xn} is a Cauchy sequence. Since X is complete then
xn = fnx0 → ξ ∈ X. Assuming that G is orbitally lower semi-continuous at ξ ∈ X, we
obtain

dθ(ξ, fξ) ≤ lim inf
n→∞

dθ(f
nx0, f

n+1x0)

≤ lim inf
n→∞

φn
(
dθ(x0, x1)

)
= 0.

Conversely, let ξ = fξ and xn ∈ O(x) with xn → ξ. Then,

G(ξ) = dθ(ξ, fξ) = 0 ≤ lim inf
n→∞

G(xn) = dθ(f
nx0, f

n+1x0),

and this completes the proof. �
Remark 3.6. The assertion of Theorem 3.5 holds if we replace f -orbital continuity of G
with continuity of f .
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4. Consequences and Applications

To substantiate the degree of validity of our result, in this section we include many
results from literature obtained as special cases. Theorem 3.5 includes main results by
Czerwik [12, Theorem 1] and Samreen et al. [25, Theorem 3.10 (5)] as special cases when
underlying space is a b-metric space. It also yields some of the results by Proinov [22] and
Hicks and Rhoades [16] in case of metric space.

In the following we include an analogue of the theorem of Hicks and Rhoades [16], in
the setting of extended b-metric space.

Theorem 4.1. Let (X, dθ) be a complete extended b-metric space such that dθ is continuous,
D ⊆ X, and x0 ∈ D. Let f : D ⊂ X → X be such that O(x0) ⊆ D. Suppose that
limn,m→∞ θ(xn, xm) exists and κ is a constant so that limn,m→∞ θ(xn, xm) < 1

κ for all
xn, xm ∈ O(x0). Assume that

dθ(fy, f
2y) ≤ κdθ(y, fy, ) for each y ∈ O(x0).

Then fnx0 → ξ ∈ X (as n → ∞). Furthermore ξ is a fixed point of f if and only if
G(x) = dθ(x, fx) is f -orbitally lower semi-continuous at ξ.

Proof. Define φ : [0,∞) → [0,∞), φ(t) = κt. Then Example 3.4 invokes that φ is an
extended b-comparison function for f at x0. Hence the result follows from Theorem 4.1. �

Remark that Theorem 4.1 extends/generalizes [16, Theorem 1] to the case of extended
b-metric spaces.

Definition 4.1 ([24]). Let α : X×X → [0,∞). A self-map f on X is said to be α-admissible
if

α(x, y) ≥ 1 =⇒ α(fx, fy) ≥ 1 x, y ∈ X.

Theorem 4.2. Let (X, dθ) be a complete generalized b-metric space such that dθ is a
continuous function. Let f : X → X satisfy

α(x, y)dθ(fx, fy) ≤ φ
(
dθ(x, y)

)
, for every x, y ∈ X, (4)

where φ is an extended b-comparison function for the self-map f at x0 ∈ X.
Assume that:
(i). f is α-admissible.
(ii). α(x0, fx0) ≥ 1 for x0 ∈ X.
Then fnx0 → ξ ∈ X (as n→ ∞).
Furthermore ξ is a fixed point of f if and only if G(x) = dθ(x, fx) is f -orbitally lower

semi-continuous at ξ.

Proof. By using condition (i) and (ii) we obtain

α(fnx0, f
n+1x0) ≥ 1, n = 1, 2, . . . .

For n = 1, 2, . . ., the contraction condition (4) implies

dθ(f
nx0, f

n+1x0) ≤ α(fnx0, f
n+1x0)dθ(f

nx0, f
n+1x0) ≤ φ(dθ(f

n−1x0, f
nx0)). (5)

The above inequality (5) is equivalent to (2). Thus all the conditions of Theorem 3.5 are
satisfied. Hence the result follows. �
Remark 4.3. 1. Given that dθ is a continuous function, we note that if the self-map f is
continuous at some ξ ∈ X then the function G(x) = dθ(x, fx) is also continuous at ξ. Thus,
the orbital continuity of G in Theorem 4.2 can be replaced by the continuity of f .

2. For θ(x, y) = 1, Theorem 4.2 reduces to [24, Theorem 2.1].

Before moving towards another application, we state the following lemma which is an
extension of the idea from Example 3.4.
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Lemma 4.4. Let (X, dθ) be an extended b-metric space, f a self-map on X, x0 ∈ X and
limn,m→∞ θ(xn, xm) < 1

κ , where κ ∈ (0, 1). Assume that ψ is a comparison function then
φ(t) = κψ is an extended b-comparison function for f at x0.

It is well-known that nonlinear integral equations play a fundamental role in modeling
and solving many nonlinear problems, see [13]. Inspired by [18], an an application of our
result, we shall establish the existence of a solution to the following type of integral equation.

x(t) = p(t) +

∫ t

0

S(t, u)g(u, x(u))du, t ∈ [0, 1], (6)

where g : [0, 1]×R → R, p : [0, 1] → R are two bounded continuous functions and S : [0, 1]×
[0, 1] → [0,∞) is a function such that S(t, ·) ∈ L1([0, 1]) for all t ∈ [0, 1].

Consider the operator

f : X → X, f(x)(t) = p(t) +

∫ t

0

S(t, u)g(u, x(u))du. (7)

Observe that each fixed point of f is a solution of integral equation (6). Also, f is well-
defined since g and p are two bounded continuous functions. Thus, we state and prove the
following result for the existence of a fixed point for (7), which in turn reduces to the result
for the existence of a solution to (6).

Theorem 4.5. Let f : X → X be the integral operator given by (7). Suppose that the
following conditions hold:
(i) for x ∈ X and for every u ∈ [0, 1], we have

0 ≤ g(u, x(u))− g(u, f(x)(u)) ≤ 1

4

√
ln (1 + |x(u)− f(x)(u)|2);

(ii) for every u ∈ [0, 1], we have ∥∥∥∥∫ 1

0

S(t, u)du

∥∥∥∥
∞
< 1.

Then f has a fixed point.

Proof. Consider the space X = C([0, 1],R) of all continuous real valued functions defined
on [0, 1]. Note that X is a complete b-metric space with respect to dθ(x, y) = ∥x− y∥∞ =
supt∈[a,b] |x(t)− y(t)|2, where θ : X ×X → [1,∞) is defined as θ(x, y) = 2. By construction,

it is evident that f is continuous. Also, by condition (ii), for x ∈ X, we write

|f(x)(t)− f2(x)(t)|2 =

∣∣∣∣∫ t

0

S(t, u)[g(u, x(u))− g(u, f(x)(u))]du

∣∣∣∣2
≤

∫ t

0

|S(t, u)|2|g(u, x(u))− g(u, f(x)(u))|2du

≤
∫ t

0

|S(t, u)|2 ln (1 + |x(u)− f(x)(u)|2)
16

du

≤ 1

16
ln (1 + ∥x− f(x)∥∞).

Then we have ∥∥f(x)− f2(x)
∥∥
∞ ≤ 1

16
ln (1 + ∥x− f(x)∥∞).

Hence, we deduce that

d(f(x), f2(x)) ≤ κφ(d(x, f(x))),
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where κ = 1
8 and φ(r) = 1

2 ln (1 + r) is a comparison function. It follows from Lemma 4.4
that κφ is an extended b-comparison function. Further, For x0 ∈ X, limm,n→∞ θ(xn, xm) =
2. Thus, all the conditions of Theorem 3.5 are immediately satisfied and hence the operator
f has a fixed point, which is a solution of the integral equation (6). �

As a special case of Theorem 4.5, we give the following result for a fractional-order
integral equation.

Corollary 4.6. Let f : X → X be the integral operator given by

f(x)(t) = p(t) +

∫ t

0

(t− u)α−1

Γ(α)
g(u, x(u))du, t ∈ [0, 1], α ∈ (0, 1),

where Γ is the Euler gamma function given by Γ(α) =
∫∞
0
tα−1e−tdt. Suppose that the

following conditions hold:
(i) for x ∈ X, we have

0 ≤ g(u, x(u))− g(u, f(x)(u)) ≤ Γ(α+ 1)

8

√
ln (1 + |x(u)− f(x)(u)|2)

for every u ∈ [0, 1].
Then f has a fixed point.
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