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ON (2-CLOSED ) REGULAR HYPERGROUPS

Mohammad HaMIDI' and Violeta LEOREANU-FOTEA2

In this paper we construct reqular hypergroups on all nonempty set.
Fundamental group is obtained via a fundamental relation on a regular hypergroup
and it is shown that any group is a fundamental group (especially free group).
Moreover, closed hypergroups are investigated.
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1. Introduction

The hyperstructure theory was introduced by F. Marty at the 8th congress of
Scandinavian Mathematicians in 1934 [14]. Marty introduced the concept of hyper-
groups as a generalization of groups and used it in different contexts like algebraic
functions, rational fractions and non commutative groups. Fundamental relations
are a main tool which connects algebraic hyperstructures theory with algebraic struc-
tures theory. The fundamental relation S* is one of the most important relations
that was introduced on hypergroups by Koskas [12] and studied mainly by Corsini
[5]. Up to now, many researchers have studied hyperstructures theory and its appli-
cations. S. Sh. Mousavi et. al showed that semihypergroup category and hypergroup
theory have not free objects and defined and investigated the notion of weak free
(semi) hypergroups [17]. M. Hamidi et. al defined a new fundamental relation 7* on
divisible hypergroups and obtained divisible groups via this relation and computed
automorphism groups of very thin H,—groups [9, 10]. Extensive hypergroups were
introduced by Chvalina [4] and studied also by C. Massouros [15, 16], who called
them closed hypergroups. Further materials regarding groups and hypergroups are
available in the literature, see for instance [1, 2, 3, 6, 7, 8, 11, 13, 18]. In this paper,
first we construct regular hypergroups on a nonempty set and investigate proper-
ties of this class of regular subhypergoups. We analyse closed hypergroups, in the
context of regular hypergroups. Then we define and investigate generated subhy-
pergroups in regular hypergroups. Regular subhypergroups are analysed, using the
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fundamental relation [3; moreover, we show that all (free) group is a fundamental
group. The results of this paper are accompanied by various examples.

2. Preliminaries

In this section, we mention some definitions and results from [19], which we
need in what follows.

Let H be a nonempty set and P*(H) be the family of all nonempty subsets of
H. A function o : H x H — P*(H) is called a hyperoperation. For all z, y of H,
x oy is called the hyperproduct of x and y. An algebraic system (H,o1,02,...,0,)
which has at least one a hyperoperation o; is called a hyperstructure and a binary
structure (H, o) endowed with one hyperoperation o is called a hypergroupoid. For
all two nonempty subsets A and B of H, Ao B means U aob. A hypergroupoid

a€AbeEB

(H,o) is called a semihypergroup if for all z,y,z € H,(xoy)oz = z o (yo z)
and a semihypergroup (H,o) is called a hypergroup if satisfies in the reproduction
aziom, i.e. for all z € Hyxo H = Hox = H. A hypergroup (H,o) is called a
reqular hypergroup, if it has at least an identity element and all element of H has
at least an inverse. In other words, there exists e € H, such that for all x € H
, we have x € (zoe)N(eox) and for all x € H there exists ' € H such that
e€ (xoa')N (2’ ox). A regular hypergroup (H,o) is called commutative, if for all
z,y € Hyxoy =yox. A commutative hypergroup (H,o) is called a join space if
for all elements a,b,c,d € H, a/bNe¢/d # () implies that (aod) N (boc) # 0, where
a/b denotes the set {x € H | a € x o b}. A join space (H,o) is called geometric,
if there exists a x € H such that z oz = {z} = x/x. A nonempty subset K of a
hypergroup (H, o) is a subhypergroup if for all a of K we have ao K = Koa =K
and subhypergroup K of H is called a closed subhypergroup, if for all k1, ko € K and
x € H, k1 € (xokg)N(keox) implies that z € K. Let H; and Hy be hypergroups. A
map f : Hy — Hj is called an homomorphism if for all x,y € Hy, f(x-y) C f(z)- f(y)
and is called a good homomorphism if for all z,y € Hy, we have f(z-y) = f(x)- f(y).

A hypergroup (H,o) is called flat, if for all subhypergroup K of G, we have
wg = wy N K, where wyg = {x € H | ¢(x) = 1} is the heart of H. For all
homomorphism f : Hy — Ha, Ker(f) = {z € Hi | f(z) € wg,}. Let (H,0) be a
semihypergroup and A be a nonempty subset of G. We say that A is a complete part

n

of G if for all nonzero natural number n and for all ay,...,a, of H, AN Hai # 0
. i=1
implies that H a; C A.
i=1
3. On closed hypergroups

In this section, we analyse regular hypergroups, mainly closed hypergroups,
and highlight identity and inverse elements. Generated subhypergroups are studied
in the context of regular hypergroups.
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From now on, for a regular hypergroup H we denote by Id(H) the set of all
identity elements of H and for all x € H,z_! denotes an inverse of x with respect
to the identity element e € Id(H). Denote by In.(z) the set of all inverse elements
of x with respect to e.

Theorem 3.1. Let H be a nonempty set. Then there exists a binary hyperoperation
“o” on H such that (H,o) is a commutative reqular hypergroup.

Proof. Let |H| > 1. For all x,y € H define a hyperoperation “o” on H by zoy =

o —
{z}, ifz=y Clearly, Id(H) = H.
{z,y}, otherwise.

0

Theorem 3.2. Let (G,0), (H,o') be regular hypergroups, f : (G,o) — (H,o') be a
homomorphism and x,y € G. Then
(1) if e € Id(Q), then e € Ine(e);
(i) if e € Id(G), then f(e) € Id(H);
(i1i) if e € Id(G), then we have f(x') € Ingey(f(x));
(iv) xB*y implies that f(x)B*f(y);
(v) if f is a bijection, then for all x € G, f(B*(x)) = 5*(f(x)).
(vi) if (G,0) = (H,o), then G/B* = H/B*.
Example 3.1. Let H = {0,1,2}. Then (H,o) is a hypergroup, where o is defined
as follows:
ol0 1 2
0[{o} {0} {0,1,2}
1{1} {1} {o0,1,2}
21 {2} {2} {0,1,2}
Clearly K1 = {0} and Ko = {1} are subhypergroups of H but K1 N Ks is not a
subhypergroup of H.

Remark 3.1. If (G, o) is a regular hypergroup and {H; | i € I} is a family of its
reqular subhypergroups, then ﬂ H; s not necessarily a reqular subhypergroup.
el

1P

Example 3.2. Let G = {a,b,c,d}. Define a hyperoperation “o” on G as follows:
a b c d

{a} {a} {a,b,¢} {a,b,d}

{a} {a} {a,b,¢} {a,b,d}

{a,b,c} {a,b,c} {a,b,c} {c,d}
d|{a,b,d} {a,b,d} {c,d}  {a,b,d}

Clearly (G, o) is a reqular hypergroup. It is easy to see that Id(G) = {c,d}, In.(a) =
{c} = In.(b), In.(c) = G, Ing(a) = {d} = Ing(b) and Ing(d) = G. Set Hy =
{a,b,c} and Hy = {a,b,d}. Clearly Hy and Hy are regular subhypergroups of G, but
Hyi( H2 = {a,b} is not a regular subhypergroup.

QO S Q | o
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Remark 3.2. Let (G,0) be the reqular hypergroup, defined in Example 3.2. We
have In.(a o b) = In.(a) = {c}, while In.(b) o In.(a) = coc = {a,b,c}. Hence in
general Inc(aob) # Ing(b) o In.(a).

Definition 3.1. Let (G, o) be a hypergroup. G is called a closed hypergroup, if for all
x,y € G, {x,y} Cxoy. The hypergroup (G,o) where for all z,y € G,z oy = {z,y}
1s called 2—closed hypergroup.

The following result can be easily checked for the 2—closed hypergroup (G, o),
which is commutative.

Theorem 3.3. Let z,y € G. We have
(1) x/x =G.
(i1) x/y ={x} for x #y.
(131) 1d(G) = G.
Ing(x) =G and Ingy(y) = {x} forz #y.
FEvery subhypergroup of G is a closed subhypergroup.

(iv
(v
Theorem 3.4. Let (G,0) be the 2—closed hypergroup and z,y, z,t € G. Then
(1) z/ynz/t #0 if and only if x € {y,z} or z =1t;
(ii) (G,0) is a join space.
(131) (G, o) is geometric if and only if |G| = 1.

~— — — —

Theorem 3.5. Let (G, 0) be a closed hypergroup and ) # H C G. Then
(i) (G,0) is a reqular hypergroup;
(17) Id(G) = G and for all x,y € G,z € Iny(y) and In,(x) = G;
(131) if (G, 0) is 2—closed, then for all x,y,z € G we have Ing(y o z) = Iny(y) o

Ing(2);

() if |G| = n and (G,0) is 2—closed, then (H,o) is a regular subhypergroup of
(G,o0);

(v) if {H;i}ier is a family of regular subhypergroups of G and ﬂHZ # 0, then

1€l
ﬂ H; is a reqular subhypergroup of G.
el
Proof. (i), (i1) Let x,y € G. Then {z,y} C x oy, so (G,0) is a regular hypergroup
and Id(G) = G. Moreover, x € In,(y) and In,(z) = G.
(7i1) We have that x oy = {x,y} and so In,(y) = {z} for all z,y € G. Hence

Ing(yoz)=1In{y,z} ={x} =z ox=In,(y) o Ing(2).

(iv) H={x1,x9,...,x1}, where 1 <k <n. So (H,o) is a regular hypergroup.
(v) It is obvious. O

Corollary 3.1. Let (G, o) be a 2—closed hypergroup. If |G| = n, then |8y =2" —1,
where 8, = {H | H is a subhypergroup of G}.
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Definition 3.2. A regular hypergroup (G, o) is called a quasi complete regular hy-
pergroup, if for all a € G and e € Id(G), In.(a) is a complete part, that it means, if
for all nonzero natural number n and for all ay,...,a, € G, the following implication
holds:

Inc(a)N(agoago...oa,) #0 = (a10azo...0ay) C In.(a).

Proposition 3.1. Let (G,0) be a quasi complete regular hypergroup and a,b € G.
Then for all e € 1d(G) we have Inc(aob) C In.(b) o Inc(a).

Proof. Let t € In.(aob), then e € to(aob) = (toa)ob. It implies that (toa)NIn.(b) #
(). Since (G, o) is a quasi complete regular hypergroup, we obtain that (toa) C In.(b)
and sot € (toe) Cto(aolne(a)) = (toa)oIne(a) C In.(b) oIne(a). It follows
that Ine(aob) C Ing(b) o Ine(a). O

Example 3.3. Consider the regular hypergroup (G,o) in Ezxample 3.2. Clearly
Inc(a)N(boe) # 0, but (boc) € Inc(a). So the converse of Proposition 3.1 is not
necessarily true.

Notation 3.1. Let (G, 0) be a regular hypergroup and A C G. Then for all z € G
and alln € Z, we denote

roxo...ox, ifn>0

| —
n times
2™ = 1d(G), ifn=0.
U Ine(z), ifn<0
ecld(G)

Denote by L(A) the set of all finite products of elements A with respect to o.
n
If A={ai,as,...a,}, denote @ai =Q10a90...0Q,.
i=1
Proposition 3.2. Let (G,0) be a 2—closed hypergroup. Then
{r} n>0

G n<0’
(ii) for all A C G, we have L(A) is the set of finite parts of A.

(i) for all v € G, 2™ =

Proof. (i) For n < 0,2™ = G, since In.(x) = {e} and for all n > 0, 2™ = {z}.
k

(7i) For all 1 < k < n,@ai =ajoago...ar = {ay,as,...,a}. It follows

=1

k
that £(A) = {()ai | k € N} = {{a1,a2,...,ar} | k € N'}. O
=1

Definition 3.3. Let (G, 0) be a regular hypergroup, A be a subset of G and {H; | i €

I} be the family of all subhypergroups of G which contain A, such that ﬂHl s a
el
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subhypergroup of G. The subhypergroup < A > generated by A is ﬂHl If A=
iel

{a1,a9,...,a,}, then the subhypergroup < A > is denoted by < ai,aq,...,an >.

Example 3.4. Let G ={0,1,2,3}. Then (G,0) is a reqular hypergroup, defined as

follows:

0 1 2 3

{or {1} {2} {3}

{1} {02} {3} {0,2}

{2} {3v {0}y {1}

{3} {02} {1} {0,2}

Then < 0 >= {0}, <2 >={0,2},< 1>=G and < 3 >= G. Moreover, < 0,2 >=

{0,2} and for others x,y € G,< x,y >= G.

W N = OO0

Theorem 3.6. Let (G,0) be a 2—closed hypergroup and A = {aj,az,...,a,} be a
subset of G.
(i) B={t|te a{kl o ang oal ke N} is a regular subhypergroup of (G, o).
(ii) < A>=A.
(#ii) If a € G, then < a >={t | t € a™,n € N}.

Proof. (i) By Proposition 3.2, we have
B={t|te aIkloang oalfn ki € N} = {t |t € ajoago...0a,} = {ay,az,...,an}.

By Theorem 3.5, B is a regular subhypergroup of G.

(ii) By (i), since A is the smallest regular subhypergroup of G which contains
A, it follows that < A >= A.

(i7i) Let a € G. By (ii), we have < a >= {a}. O

[
O

Example 3.5. Let G = {a,b,c,d,e}. Define a hyperoperation on G as follows:

a b c d e

{a}  {a,0} {a,c} {a,d} {a,e}

{a,b} {o}  {b,c} {b,d} {b,e}

{a,c} {bc} {c} A{ed} {ce}

{d {bd} {ed {4 {de}

e | {ae} {be} {ee} {de} {e}

Clearly (G, o) is 2—closed hypergroup. It is easy to see that for allx € G, < x >= {x}
and for all z,y € G, < x,y >= {xz,y} is a reqular subhypergroup of (G,o) and for
al x,y,z € G, < x,y,z >={x,y,2}.

QU O Q|0

Theorem 3.7. Let (G, o) be a quasi complete reqular hypergroup and A = {aq,...,an}
be a nonempty subset of G. Then
(1) B={t|te aIkl o ang ...0 aILk”, a; € A k; € Z} is a regular subhypergroup of
(G,0);
(ii) if a € G, then < a >={t | t € a',n € Z}.
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Proof. (i) Since Id(G) N B # (), it follows that B # (). Clearly (B,o) is a semi-
hypergroup. For all x € B, there exist ki,...,kn,J1,-..-9m € Z such that = €

a{kl o agkz ...0 ay"’", SO
n m
rxoB= U xOyQU{QaIkiOQa;»% | (l1,...,lm) €Z™} C B,
yeB i=1 j=1
where @}, ..., al, € A. Moreover, for all t € B, we have t € eot C xoz ot C x0B,

it concludes that B C z o B and so B=x0 B = Box. Let x € B. By Proposition
3.1, for all e € Id(G),

Ing(z) C Ine(aIk1 o ag}” ...0 ailk") C Ine(azk") 0...0 Ine(a?“) CB

and so () # In.(z) C B. Therefore, (B, o) is a regular hypergroup.
(7i) It is immediate. O

Example 3.6. (i) Let G = {1,2,3,4}. Define a hyperoperation “o” on G as follows:

|1 2 3 4
{1} {12} {1,3} {14}
{1,2} {1,2} {2,3} {2,4}
{1.3} {3,2} {1,3} {3,4}
{14 {420 {43} {14
Clearly (G,o) is a closed hypergroup. It is easy to see that < 1 >= {1},< 2 >=
{1,2},<3>={1,3} and < 4 >= {1,4}. For allz,y € G, < z,y >= {1,z,y} is a
regqular subhypergroup of (G,o) and for all x,y,z € G~ {1}, < z,y,z2 >=G.
(13) Let G ={0,2,4,6}. Define a hyperoperation “o” on G as follows:

ol0 2 4 6

0{o} {2} {4} {6}

2 {2} {4} {6} {0}

4144} {6} {0} {2}

6]{6} {0}y {2} {4}
Clearly (G, 0) is a quasi complete regular hypergroup which is actually isomorphic to
the group (Za,+). It is easy to see that < 0 >= {0},< 2 >= G, < 4 >= {0,4} and
< 6 >= G. Moreover < 0,4 >=< 4 > is a reqular subhypergroup of (G,o) and for
alx,y,z€ G, < z,y,z >=G.

W N —| O

3.1. Construction of regular hypergroups

In this subsection, we construct regular hypergroups using the concept of
reduced words on a set.

Definition 3.4. Let A be a nonempty set and consider A=t = {a™' | a € A} a
disjoint set with A, such that there is a bijection A — A™', which we denote by
a — a~t. Now, we choose an element 1 ¢ A|JA™" and we call A|JA™LJ{1} the
alphabet on A.
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Define a nonempty word w on A, as a formal expression of the form w =

afla?a?’ . Ha where §; = 1, a; € AJA Y J{1} and for somek € N,a;, =1
forallk >n .

We say that two such expressions represent the same word if they have the
same elements in the same positions . The sequence w = 111... is called the empty
word and we denote it by 1. If a € A, then a' will be denoted by a and a” will be
denoted by 1

A word w = aflsl agQ agQ ... on A is said to be a reduced word if either it is empty

~1 are never adjacent and if there exists an index k such

or for all a; € A,a; and a,
that ai’“ = 1 then for all ¢ > k,afi = 1. Every nonempty reduced word has the
form w = al aq ag" ...a%111... and in what follows we shall denote this word by
w = a‘ilag?a3 ...a%, where n € N,

Let A* = {w | w is a reduced word on A}, where A # ().

Notation 3.2. Let A be a nonempty set and A* = {w | w is a reduced word on A}.
Then for all x € G and all n € Z we denote

TT...T n>0
S
(n—times)
=11 n=0,
z iz b2l o n<o
—
(n—times)

For example x**x¥? and 26 are both abbreviations for rxxzxr and so x*iat? =
16
x¥°.

Now, we define a binary hyperoperation ” o” on set A* x A*, as follows:

(w1, we) o (ws,wy) = {(wiws,y) | y contains of letters of way, wy}. (1)

Hence if (wq,ws) Hal ,Hbez ) and (ws,wy) H c; ,Hd“’ then by jux-

i=1
n k
taposition (also called concatenation) we have wjws = Hafi Hci‘i,wl = lw and
i=1 =1
ww™! = w lw = 1, where w € A*. For example,

(a1lasas, 1b1) o (a3 te1,dilda111)

= {(a1a2c1,b1), (arazcy, dr), (arazcy, da), (arazcr, bidy), (arazcr, diby),
(aragcy, bids), (a1azcy, doby), (aragcy, dids), (a1azcy, dady), (ajagcr, bidids),
(aragcy, bidady), (a1ager, didaby), (arager, dibids), (a1azcr, dadiby),
(arazcy, dabidy), ...}

Example 3.7. Let B = {b}. Then B* = {b}* = {1,b,bb,bbb,b=1 b=1b71 ...} =
{bi" | n € Z}.
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Proposition 3.3. Let A be a non-empty set. Then
(1) A— A*;

(11) A — A* x A*;

(7i1) A* and A* x A* are infinite.

Proof. Let w € A*. Foralla € A, 01 : A — A* x A* defined by o1(a) = (a,w) and
o9 : A — A* defined by o3(a) = a are inclusion maps. O

Theorem 3.8. Let A be a nonempty set. Then there exists a hyperoperation “o”

on A* X A* such that (A* x A* o) is a regular hypergroup.

Proof. We consider the hyperoperation o defined in definition (1) on A* x A*.
It is easy to see that other axioms are satisfied and so (A* x A*, o) is a regular
hypergroup. O

e

Theorem 3.9. Let A be a nonempty set. Then there exists a hyperoperation “e
on A* such that (A*,e) is a regular hypergroup.

Proof. For all wy and ws, define a hyperoperation o on A* as follows:

. 5
{1,a1,a9,...,a,}, 1fw1:w2:Ha/,
wy ® w2 = n =1 m
. d; €;
{a1,...,an,b1,..., by, w1, we }, ifw; = Hai’ , Wy = Hbi’.
i=1 =1

Hence (A*,e) is a regular hypergroup.

Example 3.8. Let A= {a}. Then
(i) (A*,e) = {1,a,a**,a*?,... a7 ,a*"2,.. .} is a regular hypergroup, for which
Id(A*) = {1} and for allw € A*, {1,w} C In;(w);
(ii) (A*,.) is a commutative group, where for all a*™, a¥™ € A*, a‘".a¥™ = g™ tn;
(iii) (A* x A*, o) = {(1,1),(1,a),(a,1),(a,a), (a*?,1),..., (a**,a),...} is a reqular
hypergroup such that |Id(A* x A*)| > 1.

4. Regular hypergroups and fundamental relations

In this section, we show that all groups are fundamental groups via the fun-
damental relation on regular hypergroups.

Definition 4.1. (i) A group (G, ) is said to be a fundamental group if there exists

a nontrivial regular hypergroup (H, o) such that ((Iféo),*) = (G,).
(i) A fundamental group (G,.) is said to be a self fundamental group if there exists
a nontrivial hyperoperation o on G such that (%, x) = (G, ).

Lemma 4.1. Let (G,.) be a group. Then for all group (H,-), there ezists a binary
hyperoperation” o” on group G x H such that (G x H, o) is a regular hypergroup.



182 Mohammad HAMIDI, Violeta LEOREANU-FOTEA

Proof. Let (H,-) be a nonzero group. Define a hyperoperation ” o” on G x H, by
(g,h)o (g ') ={(g9-9',h),(g-¢',h')}. Therefore (G x H, o) is a regular hypergroup.
O

Remark 4.1. If G and H are groups, then:

(i) The regular hypergroup (G x H, o) is called the associated reqular hypergroup to
G via H (or shortly, associated regular hypergroup) and denote it by (Gm,o).
(#3) The mapping ¢ : G — Gy defined by ¢(g) = (g,1) is an embedding.
(iii) For H =7 , we denote Gy by G.

Theorem 4.1. Let (G1,-) and (Ga,-) be isomorphic groups. Then, for all group
(H,-), Gi, and Ga,, are isomorphic reqular hypergroups.

Theorem 4.2. Every group is a fundamental group.

Proof. Let (G,-) be a group. By Lemma 4.1, for all group (H,-), (G x H,o) is

a hypergroup. For all ¢ € G and (h,h') € H x H, we have {(g, h),(g,h")} =

(g,h) o (1,h'), then (g,h)B(g,h"). Thus B(g,h) = {(g,x) | = € H}. Define the

mapping ¢ : (%, x) — (G,.) by ¢(8(g,h)) = g. Obviously, ¢ is well-defined

and one to one, since for all (g, h), (¢',h') € Gx H, B((g,h)) = B((¢', 1)) if and only

if g = ¢ if and only if ©(8(g,h)) = (B(¢',h')). Let (g,h),(¢’,h') € G x H. Then,
)

©(B(g,h)* B(g', W) = 0(B(g.9'sh) = (Blg-g' h))
= g-9 =¢(Bg,h)- By, 1))

Thus, ¢ is a homomorphism. Now, for all g € G,p(8(g,1)) = g, hence ¢ is onto.
Therefore, ¢ is an isomorphism and ((GX%, *) = (G, .). O]

Theorem 4.3. Let (G,-) be a group. Then for all group (H,-),
(1) (Id(Gg),o) is a reqular hypergroup;
(1) Id(Id(Gg)) = Id(Gr);
(131) (Id(Id(Gp)),-) is a group;
(w for all e := (1g,h) € Id(Gg) we have In.(In.(Gx)) = Gu;
(v) (Ine(Ine(Gm)),-) is a group;
(vi) (Ine(Ine(GH)),0) is a reqular hypergroup.

Proof. (i), (ii) Since Id(Gy) = {1g} x H, so, for all h,h' € H we have (1g,h) o
(1g,h') ={(1g,h), (1g,h")}. Thus, (Id(GxH), o) is a hypergroup. Clearly Id({1¢}x
H)={lg} x H and for all (1g,h) € Id({1g} x H) and for all (15,1h") € {1} x H
we have Ing p)(1g,h') = {(1g, h)}.

(731) Define a map ¢ : (Id(1d(Gn)), ) = (H,-) by ¢(lg,h) = h. It is easy to
see that ¢ is an isomorphism and so (Id(Id(Gp)),-) is a group.

(1v), (v), (vi) Let e := (1g, h) € Id(Gg). Then we have In.(Gg) = U (g7,

geG,h'eH

h') = G x H and so In.(In.(Gg)) = Gg. O

NN NSNS

In what follows, we apply the fundamental relation 8 to regular hypergroups
of identities.
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Theorem 4.4. Let (G,-) be a group. Then for all group (H, ),
(1) (Id(Gg),0)/B is a subgroup of (Id(Id(Gpg)), "),
(#3) for all e := (1g,h) € Id(Gg) we have (In.(Gp),0)/B is a subgroup of
(Ine(Ine(Gp),-).

Proof. (i) By Theorem 4.3, we have Id(Gy) = {1g} x H so for all (h,h') € H x
H, we have {(1¢,h), (1g,n)} = (1g,h) o (1g, 1), whence (1¢,h)B(1g,h'). Thus
B(lg,h) = {(lg,z) | x € H} and (Id(Gp),0)/B8 = {B(1g,h) | h € H}. Tt follows
that |[(Id(Gp),0)/B| = 1.

(7i) By Theorem 4.3, we have (In.(Gg),o) = Gg so (In.(Gpg),0)/f=G. O

Theorem 4.5. Let G and H be two sets such that |G| = |H|. If (G,0) is a regular
hypergroup, then there exist a hyperoperation “o’” on H , such that (G,o) and
(H,o"), are isomorphic reqular hypergroups.

Theorem 4.6. (Z,+) is a self fundamental group.

Proof. For (Z,+), consider the associated hypergroup (Z x Zg,0). By Lemma 4.1,
(Z x Zg, o) is a regular hypergroup and by Theorem 4.2, ((ZX‘#’O), %) = (Z,4+). Since
Z is an infinite set, it follows that |Z| = |Z x Zs| and by Theorem 4.5, there exists a
hyperoperation “o’” on Z , such that (Z,0’) and (Z X Zs, o), are isomorphic regular
hypergroups. We have (Z, +) = (%, %) =2 (@, x). Therefore, (Z,+) is a self

fundamental group. 0

Theorem 4.7. Let A be a nonempty set. Then for all arbitrary element b, the
fundamental group (A* x {b}*/B,*) is isomorphic to group (A*,-).

Proof. Clearly by Theorem 3.8, (A* x {b}*,0) is a regular hypergroup. Moreover,
(A* x {b}*)/B, ) and (A*,.) are groups and we define a map 6 : (4* x {b}*)/5 —

(A*,-) by 0(5*(1_[ afi, b)) = H afi. It is easy to see that 6 is an isomorphism and
i=1 i=1

o (A% x {b})/8 = (47, ). n

Corollary 4.1. Let A be a nonempty set. Then (A* x A*)/B = (< A >,).

Example 4.1. Let A = {a}. Consider the reqular hypergroup ({a}* x {a}*, o) with
basis {a}, defined in Example 3.8. Now for all m,n € Z, we have B*(a*",a*™) =
{(a*",a**) | k € Z}. Define a map 0 : ({a}* x {a}*)/B,%¥) — (< a >,-) by
0(B(a*™, a**F)) = a™, where (< a >,-) is the infinite free group. Firstly we show
that 0 is well-defined and one to one. Let (a*™,a'*), (¥, a**") € {a}* x {a}*.
Since | < a > | is infinite, it follows that 0(B(a*™, a**)) = 0(B(a*™,a**")) if and
only if ™ = o™ if if and only if n = n' if and only if B(a*",a'*) = B(at, atr").
Moreover, for p € Z, 0(B(a*™, a*®)) x 0(B(a*™,a**")) = O(B(a}™*", a\P)) = @™t =
0(B(a*™, a**)) - 0(B(a*,a**")), so 0 is a homomorphism. Clearly 0 is an onto map
so 0 is an isomorphism and ({a}* x {a}*)/B, %) = (< a >,-).

The following results concerning 2-closed hypergroups can be checked.
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Theorem 4.8. Let (G,0) be a reqular hypergroup. Then
(1) if e € I1d(G), then [(e) is an identity element in the fundamental group
G,o

(( 2 ),*);
d(G) Nwg = 1d(G);

(id) 1
(1i1) if lwg| > 2, then there exists x € G such that wg = B(x);
() if [Id(G)| > 2, then there exists x € G such that Id(G) = B(x);
(v) 1d(G)/B = wa/B;
i)

if |[Id(G)| > 2, then canonical homomorphism ¢ is not necessarily one to one.

(v

Example 4.2. (i) Let G ={a,b,c,d,e}. Consider the reqular hypergroup (G, o),
defined in Ezample 3.5. Since 1d(G) = G, for all x € G it follows that
B(x) =G. So G/ ={B(x)}, where x € Id(G).
(ii) Consider the reqular hypergroup defined in Example 3.4. Clearly Id(G) = {0}
and wg = {0,2}, hence Id(G) # wg.

Corollary 4.2. Let (G,0) be a 2—closed hypergroup. Then
(1) wg = G;
(7i) (G,0) is a flat hypergroup.

Theorem 4.9. Let f : (G,0) — (G',0') be a regular hypergroup homomorphism.
Then

._\
—~
~
e
—
Q
S—
\/

—closed hypergroup , then Ker(f) = G;

Theorem 4.10. Let (G,0) be 2—closed hypergroup, A C G and {H; | i € 1} be a
family of subhypergroups of G.

(1) <A>/B=pB(A),

(44) ifﬂHi # 0, then (ﬂ H;)/B = ﬂ(HZ/B) and (ﬂ H;)/B is a group,

iel iel iel iel
(i) ((JHi)/8 = J(Hi/B).
icl icl

(iv) (G,0)/B = 1.
Example 4.3. Let G = {1,2,3,4,5,6,7}. Consider the hypergroup (G, o), defined
as follows:
1 2 3 4 ) 6 7
{1} {2y {3p {4 {5y {67} {67}
{2} {1y {50 {67 {3 {4 {4}
3+ {67y {1} {5} {4} {2} {2}
{4} {50 {67y {1} {2} {3} {3}
{5y {4y {20 {3 {67 {1} {1}
{67y {3y {4y {2y {1} {5} {5}
{6.7v {3y {4 {2+ {1} {5} {51

N O U W N |0
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Then (G, o) is a reqular hypergroup, G/B = S3,wg = Id(G) = {1},
Hy=<1>={1},Hy, =< 2>={1,2}, H3 =<3 >={1,3}, Hy =< 4 >={1,4},
H; =<5 >=Hg=<6>=H; =<7>=1{1,5,6,7},
Hi/B ={B(1)} Ha/B = {B(1),8(2)},
Hs/B ={B(1),B(3)}, Ha/B = {B(1),5(4)} and
Hs/p = Hg/B = Hz/B ={B(1),B(5),8(6)}, since 5(6) = 5(7).

7 7

Clearly (ﬂ H;)/B = ﬂ(Hl/ﬂ) = {B(1)}, but (G,0) is not 2—closed regular hyper-
i=1 i=1

group, so the converse of Theorem 4.10, is not necessarily true.

5. Conclusions

We analysed in this paper a class of regular hypergroups, that is closed hy-
pergroups, in particular 2-closed hypergroups. Other results are dedicated to quasi
complete regular hypergroups and to construction of regular hypergroups. Finally,
this construction is used in order to obtain groups through fundamental relations.
This topic can be extented to the study of other classes of hypergroups, using a
similar construction.
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