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PARAMETER MARCINKIEWICZ INTEGRAL ON
NON-HOMOGENEOUS MORREY SPACE WITH VARIABLE
EXPONENT

Guanghui LU?

In this paper, the author proves that the parameter Marcinkiewicz integral MFP is
bounded on Morrey space with variable exponent MZ(()) (X)n over the non-homogeneous
space (X,d,p). Meanwhile, the boundeness of commutator Mg generated by the regular
bounded mean oscillation space (= RBMO) and MP on the Mg((_')) (X)) is also obtained.

As corollaries, the boundeness of the MP and commutator the Mz on the Lebesgue space
with variable exponent is also obtained.
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1. Introduction

During the past fifteen and twenty years, many authors have paid much attention
to study the classical theory of harmonic analysis with non-doubling measure which only
satisfies the polynomial growth condition. For example, in 2005, Sawano and Tanaka [13]
gave out the definition of Morrey space, and respectively established the boundedness of
the Hardy-Littlewood maximal operator, fractional integral and Marcinkiewicz integral. In
2007, Hu et. al showed that the Marcinkiewicz integral M is bounded on Lebesgue space
LP(p) with p € (1,00), and bounded from the Hardy space H!(u) into the Lebesgue space
L'(u) (see [3]). The further research about the integral operators or function spaces under
non-doubling measure, we can see [0} [7, 13} [I'7, (18] and the references therein.

Regarding as a generation of the classical Lebesgue space, Orlicz in 1931 first intro-
duced the definition of Lebesgue space with variable exponent (see [II]). Fortunately, Orlicz
et.al have researched a wide class of space, namely, Orlicz space and Musielak-Orlicz space
(see [8, @]). However, up to 1991, the Lebesgue space with variable exponent LP()(R™)
and the Sobolev space with variable exponent W*?()(R") are systematically studied by
Kovéacik and Rakosnik [5]. Since then, the spaces with variable exponent on R™ have been
widely studied, for example, Wang [16] proved that Marcinkiewicz integral operator and its
commutator are bounded on Herz space with variable exponent. The more redevelopment
about the space, we can see [T, 2], [10].

Let X := (X,d,u) be a quasimetric measure space, if p is a complete measure, and
there exists a non-negative real-valued function (quasimetric) d on X x X satisfying the
following conditions:

(i) d(z,z) =0 for all = in X; (i) d(z,y) >0 for all x # y, z, y € X;

(iii) for all z, y, z € X, there exists a constant a; > 0, such that d(z,y) < a1(d(z, z)+
d(y, 2));
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(iv) there exists a constant ag > 0, such that d(z,y) < aed(y,z) for all z,y € X.
Moreover, we always assume that the balls B(z,r) := {y € X : d(z,y) < r} are
measurable, 0 < pu(B(z,7)) < 00, (X)) < 0o and p({z}) =0 for all x € X and r > 0 in this

paper.
A measure 1 on X is said to satisfy the growth condition, if there exists a positive
constant C such that, for all z € X and r > 0,

w(B(xz,r)) < Cr. (1.1)

Then the (X,d, u) is called a non-homogeneous space. In this setting, we will study the
boundedness of the parameter Marcinkiewicz integral M, and its commutator M} on Morrey
space with variable exponent over the (X, d, ). In 2010, Vakhtang and Alexander [I5] proved
that the modified maximal function M and the fractional integral with variable exponent
I,y is respectively bounded from the Morrey space with variable exponent M q( ))(X )N into

the M;f((_) (X)nNa, where Na is a positive constant satisfying N > 1 and @ := aj(ai(ap+1)+1)
with a1, ag > 0. Motivated by this, we will mainly prove that the parameter Marcinkiewicz
integral M? is bounded from the M;f((_')) (X)n into the M q(()) (X)~a, and the commutator
MY generated by the regular bounded mean oscillation space (= RBMO) and M” on the
MAC )(X)N is also obtained.

p(+)
Suppose that p is a u-measurable function on X. We denote

p-(E) :=infp(z)  and p+(E) := sup p(z).
Moreover, we simply abbreviate p_ :=p_(X) and p; := p4 (X).
Definition 1.1. [I5] Let N > 1 be a constant. Suppose that p is a function on X such that
0<p_ <py <oo. We say that p € P(N) if there is a constant C > 0 such that
[w(B(z, Nr))|p-Bler)=pe(Blen) < ¢ (1.2)
forallx € X andr > 0.

Definition 1.2. [I5] Let 0 < p_ < py < oco. We say that the function p on X satisfies the
log-Hélder continuity condition p € LH(X) if
A 1
p(x) —pY)| < —F——, dlz,y) <,
o)~ )] € s o) <5

where the positive constant A does not depend on x, y € X.

For any ball B, we respectively denote its center and radius by c¢p and rg (or r(B)).
Let o > 1 and 8 > «, we say that ball B is an («, 5)-doubling ball if u(aB) < Su(B), where
aB denotes the ball with the same center as B and r(aB) = ar(B). Especially, for any

given ball B, we denote by B the smallest doubling ball which contains B and has the same
center as B. Given two balls B C S in X, define

—1+Z 2kB

where Np g is denoted by the smallest integer k such that r(2*B) > r(S).
The following definition of the regular bounded mean oscillation space is from [I4].

Definition 1.3. [14] Let 7 € (1,00). A function f € Li _(u) is said to be in the space
RBMO(u) if there exists a constant C' > 0 such that for any ball B centered at some point

of supp (i),

g [ 1) = mp(Plaut) < € (13)
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and

Imp(f) —ms(f)| < CKps (1.4)
for any two doubling balls B C S, where mp(f) represents the mean value of f over ball B.
Moreover, the minimal constant C' satisfying (1.3) and (1.4) is defined to be the norm of f
in the space RBMO(u) and denoted by || f|lrBmo(y)-

We give out the definition of parameter Marcinkiewicz integral on X.

Definition 1.4. Let K be a locally integrable function on X x X\ {(z,y) : x = y}. Assume
that there exists a constant C > 0 such that for all z, y € X with x # vy,

C
K (z,y)| < i) (1.5)
and for any y,y € X, d(z,y) > 2d(z,2’) and € € (0,1],
(1K)~ K] + 1K 0) = Kol | < 0500 (16)

The parameter Marcinkiewicz integral MP(f) associated to the above kernel K is defined by,
forx € X and p > 0,

2 3

dt

) . (1.7)

M%ﬂ@)(lw t

Given a function b € RBMO(y), the commutator M} (f) associated with the M (f)

is defined by
2 .\ 2
de
t) . (1.8)

Mﬁﬁ@%—(ém

We now recall the notation of Morrey space with variable exponent M 5 ((,‘)) (X)n in

1
te

1
te

t& K@ n)lde )l 0@) = ) f6)du()

[5].

Definition 1.5. [I5] Let N > 1 be a constant. Suppose that 1 < q_ < q(z) < p(z) < py <

o0o. Then the Morrey space with variable exponent Mf((_')) (X)n is defined by

Mé’((.')) (X)n = {f is measurable : ||fHM5((..))(X)N < oo},
where ) )
(- = su B(z,Nr))|»E "~ 4@ aO) (B(z.r))- 1.9
gy, =50 BB N B oy (09

Remark 1.1. (1) If we take p(xz) = q(zx) in (1.9), then the M;’((.'))(X)N is just the variable

exponent Lebesgue space Lp(')(X). Respectively, its definition as follows
£l oo (x) = inf{A > 02 S, (f/A) < 1},

where 1 < p_(-) < p(-) < oo and Sy(f) = [+ |f(z)[P®)dpu(z) < oo. For the other properties
of LP©) | we can see [5, 12].

(2) If (X, d, ) := (R™,| - |,dx), p(z) and q(z) are the constants, then the Mé)((:)) (X)n
as in (1.9) is just the Morrey space MP(R™) under non-doubling measure (see [13]).

Finally, we make some conventions on notation. Throughout the whole paper, C

represents a positive constant being independent of the main parameters. For any subset £

of X, we use xg to denote its characteristic function. Given any ¢ € (1,00), let ¢’ := #

denote its conjugate index.
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2. Parameter Marcinkiewicz integral M”

In this section, we mainly establish the boundedness of the parameter Marcinkiewicz
integral M on the Lebesgue space with variable exponent LP()(X) and on the Morrey space
with variable exponent MZ((:)) (X)N-

The main theorems of this section are stated as follows.

Theorem 2.1. Let K satisfy the conditions (1.6) and (1.7), 1 < p_ < py < oo, N be a
constant satisfying the conditions N > 1 and p € P(N) defined as in (1.3). If there exists a
constant C' > 0 such that, for all x € X and r > 0, the following inequality

[w(B(, Nr))|p-Blen)=p@) < ¢ (2.1)
holds, then M? is bounded in LP)(X).

Theorem 2.2. Let K satisfy the conditions (1.6) and (1.7), 1 < ¢- < q(z) < p(z) < p; <
oo. Suppose that N := a1(1 4+ 2ag) and p € P(N) defined as in (1.2), ¢ € P(1). Then MP is

bounded from the M (( ))(X)N into the Mé’((:))(X)Na.

For any f € L (i), the modified maximal function M; y (see [15]) is defined by

1

1 . :
Moty =sp (e [ wlaw) eex. @)

where N is a constant greater than of equal to 1. Moreover, when s = 1, we abbreviate
My = Mj n. Moreover, the sharp maximal function of M*f (see [3]) is defined by

V@) = s s [ 170 - ma(ldnt) + s R0GetL

(B,S)EA, Kp s

(2.3)

where A, = {(B,S):z € BC Sand B, S doubhng balls} and f € L ().

For 0 < r < oo, let M} f(z) = [Mﬁ(|f| )(x)]* for z € X. A simple computation shows
that if 0 < r < 1, it has

Mf(x) < C.M*f(z), =€ X. (2.4)

Now we establish the following lemmas on the (X, d, u).
Lemma 2.1. Let 7 € (0,1), g € L (X) and p-measurable function f satisfy the following
condition

p{z e X ¢ |f(x)| > t}) <oo, forallt >0,

then

/X | @)g(@)ldu(x / ME(f) () M () (2)dpu(z). (2.5)

Remark 2.1. With a way similar to that used in the duality inequality (see [12]), it is not
difficult to show that (2.5) holds. Hence, here we omit the proof.

Lemma 2.2. Let K satisfy the conditions (1.5) and (1.6), N > 1, s € (1,00) and py €
(1,00). If M* is bounded on L?(u), then there exists a constant C > 0 such that, for all
fe L>(u) N Lo (p),

MAMP(f)](2) < CMa v (f)(@).

Proof of Lemma 2.2. By applying the idea of the Theorem 9.1 in [14], it only suffices to
prove that

g [ O~ hsldnts) < OV () (e) (2.6)
for all x and B with z E B, and
|hB - hs‘ S CKB“S'MS’N(f)(:L’) (27)
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for all ball B C S with « € B, where B is arbitrary ball and S is doubling ball,
hp ==mpM"(fxx\1p5)] and hg:=msM’(fxx\15)]-

Now we give out the estimate for the (2.6). For a fixed ball B, z € B and f € L*(u),
decompose f as f:= f1 + fo := fX%B +fXX\%B. Then, write
1
n(5B)

; / NC(f)(y) — hlda(y) <

+@ /B IMP(f2)(y) — hpldu(y) =: D1 + Da.

/ M (1) ()l dpe(y)
B

By applying Holder inequality, (2.2) and the (L°(u), L*(p))-boundedness of M” (see
[7), we can get

1
s

D1 < ([ B anm) el < e
Since
DZSM% / / IV (£2) () — M (o) ()l duy)dul2),

thus, for any y, z € B, we only need to estimate |M?(f3)(y) — MP(f2)(2)|. By applying
Minkowski inequality, we have

M (f2) () — MP(f2)(2)]
g( h / K (3, ) [d(y, w))? f2(w)dpa(uw)
0 d(y,w)<t

g</0°‘”‘

(I
(I

/ L KCwG W fwan)

) 1
dt \°
t1+2p

2 3

dt

K , W d , W p w)dp(w _
/d(y,w)<t<d(z,w) (y, w)ld(y, w))” f2(w)dpa(w) t1+2p>

- / K (2, w)ld(z, w))? fo(w)dju(uw)
d(z,w)

K(z,w)ld(z,w)]” f2(w)dpu(w)

d(z,w)<t<d(y,w)

2 3
dt
t1+2p

K (y, w)[d(y, w)]” fa(w)dp(w)

d(y,w)<t

1

2 2
) :ZE1+E2+E3.

dt
t1+2p
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By (1.5), the Minkowski inequality, the Holder inequality and (2.2), we have

w)ld(y, w)]? fa(w)dp(w)| ——
</O ‘/d(y’wKKd(Z’w)K(y, )d(y, w)]” fa(w)dp(w) t1+2p>

[fa(w) RS U
SC/X[d(y,wn?-ﬂ([d(y,w)w [d(z,wmp) du(w)

oo

[d(z, )]
c LS d
< Zj /Qkng\m_lxéB) ol ane)

Hence, we have E; < CM, n(f)(x).

With an argument similar to that used in the estimate of Ej, it is not difficult to
obtain that Eo < CM, n(f)(x).

For any y, z € B, by applying (1.5), (1

.6), the Minkowski inequality, the Holder
inequality and (2.2), we can deduce that
2 g \*
p_ P e
( L ) (40— 40 )t tmp)
d(zw)<t
1
K (y,w) — K(z,w) 2 dt )’
d =
+< ‘/i(u w)<t [d(y, )] f2( ) ’u'( ) tl+2p
d(z,w)<t

(ww)<t tl+2p
d(z,w)<t

< [, ity ([ dt)éduw)

()<t tlt+2p

*/X\ﬁB 'K(ymi, >]< s "(/d = )édmw)

d(z,w)<t
0o ! A B
kz:: ok—1 w 7" </2k><§B (w)[*dp( )) [1(27 x gB)}l
00 e 1 A o
+Ck2:1 2k—1 % 7"1+6</2k><§3| ( )| du( )) [N(2kx 33)]
< OM (1)) Y 5y < CM N ()

k=1
Which, together with E; and Eg, we get (2.6).

We now estimate (2.7). For any balls B C S with « € B, where B is an arbitrary ball
and S is a doubling ball, denote Hp r + 1 by H. Write

his — hs| < 'mB[M%fo\QHs)} sV (Frxans)]

D (Pxas g)]| + ms D (s )

=: F1 +F2 —|—F3
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With an argument similar to that used in estimate of Eg, it is not difficult to get
Fy < CM; v (f) ().

We now turn to F3. For any y € B, by applying (1.5), the Minkowski inequality, the
Holder inequality and (2.2), we have

MP(fxzms\5) ()

KAl o 7Y
< Jovonga s 17 ) (/d@,z) t“”) v

H-1

S / O g

kx %S\(zk—l X %S) d(ya Z)

k=1

H-1 ) S 1 —
<% T o 1P 000) 590
< CKpsMs n(f)(2)-

Similarly, we also have Fy < CKp ¢M; n(f)(z).
Combing the estimates for Fq, Fy and Fg3, imply (2.7). Hence, the proof of Lemma
2.2 is finished. 0

Also, we need establish the following lemmas on the modified maximal operator M, y.

Lemma 2.3. Let u(X) < 00,1 < s <p_ <py < oo, N > 1 be a constant and the inequality
(2.1) hold. Then M, n as in (2.2) is bounded on LP)(X).

Lemma 2.4. Let p(X) < 00, 1 < s < ¢- < q(z) < p(x) < py < oo. Suppose that
N = a1(1 + 2ag) and p € P(N) defined as in (1.3), ¢ € P(1). Then My n as in (2.2) is
bounded from the M;)((V'))(X)N into the M;)((,.))(X)Na-

The following lemma is from [12].

Lemma 2.5. 12 Let E be a subset of X such that u(E) < oo and 1 < p_(E) < p(:) <
q(-) < ¢4+ (F) < 0o. Then the inequality

1fllzrer ) < (X4 ENDf | ao ()
holds for all f € L1O(E).

Now we give out the proof of Lemmas 2.3 and 2.4, respectively.

Proof of Lemma 2.3. With the same spirit to the proof of the Theorem 3.1 in [I5], we
first prove that for all f € LP()(X) such that

A+ NN llror(x) <1 (2.8)

and all x € X,
Mo S < 0 (2770 @) +1) (2.9
Let NB := B(xz, Nr). Then by applying Lemma 2.5 and (2.8), it is easy to see that

Il p-or(py < 1. (2.10)
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By using Hoélder inequality, (2.1) and (2.10), we can deduce that
(M f ()P

< [ N5 p(x)/s [(/ If(y |s>< duly )> o] [u(B)]l_LS@]

p(z)
(v B) o
<C [H(NB)]P(I)/S <M(NB)A|f Y| du(y))

< (MxllsPO)w) +1).

Hence, we prove that (2.8) holds.

Further, let us set that || f|| o) (x) < 1 and prove that || Ms n [l o) (x) < CllfllLre) (x)-
In addition, we also assume that (1 + u(X))[|fllLe)(x) < 1. By applying the LP-(X)-
boundedness of My in [4], we can get

(=)

J (e @ane) < | ([ pnn® - @) g ol

<c|( [ 1rre (fv)du(x)f " [u(X)]”l]p <C [ 1@P ) duto).

What’s more, for any f satisfying only the condition Hf||Lp<.>(X) < 1, the result holds. In

special, if we take g := ﬁ, then by Lemma 2.8, we get (14 u(X))lgllzrc)(x) < 1. O

a+

Proof of Lemma 2.4. With a slightly modified argument similar to that used in the proof
of Theorem 3.4 and Lemma 2.3 in this section, it is not difficult to obtain Lemma 2.4. Here
we do not give out the proof. O

Now let us turn to the Theorems 2.1 and 2.2.

Proof of Theorem 2.1. By applying the Lemma 2.3, Hoélder inequality, (2.4) and Lemmas
2.5 and 2.6, we have

/ IMP(f)(2)g(@)|dp(z <C/ MM () () M (9)(2)dpa()

<c /X M, (f) (@) My n (9) (2)dp(z)
< ClIMa N (Dl oo ) Ms,8 ()| oo (x) < ClFlzoer (x)llgll oo x)-

Further, we can get

M Leer (x) =

/Mp (z)dp(@)| < Cfll v (x)-

‘QHLq( )(X)<1

Thus, the proof of the Theorem 2.1 is finished. ]

Proof of Theorem 2.2. By applying (1.9), (2.2), (2.3) and Lemmas 2.5 and 2.7, we have

IV 320 )0 < LD 0 1) < CIMEE D]y 20 5,

S CHMS,N(f)H]u;’((l'))(x)Na S OHf||M;’((.‘>>(X)N'

Thus, we complete the proof of the Theorem 2.2. O
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3. Commutator M} on Morrey space with variable exponent

In this section, we will prove that the commutator M} generated by the b €
RBMO(y) and M” is bounded on LP()(X) via the sharp maximal function. Besides, the

boundedness of the M} on M 5 ((.'))(X )~ is also obtained.

Theorem 3.1. Let b € RBMO(u), K satisfy the conditions (1.5) and (1.6), 1 <p_ <py <

oo and N > 1 be a constant. If there exists a constant C' > 0 such that, for all x € X and
r > 0, the following inequality

W(B G, NP~ B2 < 0
holds, then MY is bounded in LPC)(X).

Theorem 3.2. Let b € RBMO(u), K satisfy the conditions (1.5) and (1.6), 1 < ¢q— <
q(z) < p(z) < py < 0. Suppose that N := a1(1 + 2ag) and p € P(N) defined as in
(1.2), ¢ € P(1). Then the MY is bounded from the M;)((;)) (X)n into the M;’((.'))(X)Na with
a= al(al(ao —+ 1) =+ ].)

By an argument similar to that used in the proof of the Lemma 3.4 in [3], we can get
the following lemma .

Lemma 3.1. Let b € L>(u), K satisfy the conditions (1.5) and (1.6), N be a constant
satisfying the condition N > 1, s € (1,00) and po € (1,00). If M? is bounded on L*(p),
then there exists a positive constant C such that for all f € L (u) N LP°(u) and x € X,

MM (f))(z) < C”b”RBMO(,u){MS,N[Mp(f)] + [ fllze= (M)}

Now we give out the proof of Theorems 3.1 and 3.2.

Proof of Theorem 3.1. By using Theorem 2.1, Lemmas 2.2 and 2.3, we can deduce that

VG (P oer (x) < IMAME O o) (x) < ClbllRBMO () |Ms, 8 VP ()]l 200> ()
< CllbllrBMOo () [MP () Lrer (xy < ClIbllRBMO () | F I L2 (X)-
So, the proof of the Theorem 3.1 is finished. O

Proof of Theorem 3.2. By using Theorem 2.2, Lemmas 2.4 and 3.1, we have
NG a3 00 < || MV ( P s x)

< C”bHRBMO(u) ”MS.,N[Mp(f)]HM;’((_'))(X)Na < CHb”RBMO(M) H'fHMf((,'))(X)N'

Na

Hence, the proof of Theorem 3.2 is completed. ]

4. Conclusions

With the result obtained in [I5], the author proves that the parameter Marcinkiewicz
integral M” and the commutator M} which is generated by the M and the regular bounded
mean oscillation space (=RBMO) is bouned on the Morrey space with variable exponent
and the Lebesgue space with variable exponent, respectively.
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