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CONTROLLABILITY FOR THE VIBRATING STRING EQUATION
WITH MIXED BOUNDARY CONDITIONS

Alexandru Negrescu'

In this paper we study the controllability in T = w of the vibrating
string equation with mized boundary conditions by solving a moment problem.
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1. Introduction

We consider the vibrating string equation

Pu  0%u
— = — t 1
92 = 92 € (0,7), >0, (1)
with the following initial and mixed boundary conditions:
ou ou
u(z,0) =0, py —(z,0) =0, %(O,t) = f(t), wu(mt)=0, (2)

where f € L%(0, ).
0
In our problem, u(z,t) denotes the vertical displacement and —u(x,t) the

vertical velocity of the point at position x at time ¢. This problem is relevant for the
modeling of the longitudinal vibration in a spring with the end fastened at x = 7w and
with a traction force exerted at the end x = 0, which allows to control vibrations.

There are some significant papers which studied the controllability of the wave
equation with mixed boundary conditions, using the Hilbert Uniqueness Method:
in [2] Cui and Gao proved the exact controllability for the one-dimensional case
in a non-cylindrical domain, in [1] Cavalcanti showed the exact controllability for
the time-dependent coefficients case, in [6] Heibig and Moussaoui proved the exact
controllability in a plane domain with cracks, by using a boundary control.

In this paper, we obtain some new properties of the reachable sets, using the
Fourier series method presented in [7], and we study the exact controllability of
the mixed problem for the wave equation at T = m, using the moment problem
approach.

Denote by uf the solution of equation (1) with conditions (2).

Let us define Hy = {¢ € H'(0,7); p(7) = 0} and
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After some computations, detailed in [8], we obtain that the function wy(t) solves

the following non-homogeneous second order differential equation:

ug(t) + (kJr )Uk \/>f

with the initial conditions: wu (O) = 1} (0) = 0. Therefore,

s1n<k:+ )(t—s)d

which implies

__\/Zki:oki% [/Otf(s)sin<k+;> (t—s)ds} cos (k—i‘;) z.  (3)

In [8] we have also shown that the map ¢ + u/ (-, ) belongs to
C ([0 7], Hy) 0 CH([0; 7], L2(0; 7).
For the case:
Po _ 0P
oz 0z’
with the following initial and mixed boundary conditions:

P00 =E), w0 =n), FEO.H=0, wrmt=0

O<z<m, t>0,

where &, € L%(0, 7) with:

\/>Z§kCOS<k+ > and n(x):\/zgnkcos<k+;>x
(ks2)

we find the solution (see [8])

o(x, t) [Z[&wos(kﬁ- )t+k+

1
sin (kz—l— 2) t

()

The map ¢t — (-, t) belongs to C ([O;T],dom(—A)%) N CL([0; T, L%(0; 7)), for all

2
T > 0, where A is the operator Ah = % with
x

dom A = {h € H*(0,7), 15 (0) = 0,h(m) = o} :

It follows that

SR (o romen(ie )]

SICHE

We define:
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Definition 1.1. The reachable set of the displacement at time T is
Rp(T) = {uf (,T). f € L*(0,T)} € H
while

R(T) = {(M(-,T), %f(-,T)) fe LQ(O,T)} C H, x L*(0,7)

1s the reachable set of the pair (u, ?Z)
We remark that R(7T) is the image of the map
Ar: L*(0,7) — Hy x L*(0,7),

defined by:

Lemma 1.1. The adjoint operator A% : Hy x L*(0,7) — L?*(0,7) is given by:

N (5) = kg (§) = aker aa =,

with:
Ip1
AFFE = Z22(0,T — ¢
T ot ( ) )
and
dpa
A= 22(0,T —t
TTI at ( Y )7
where @1(x,t) solves (4) with the conditions: p1(x,0) = &(x), %(w,O) =0, and
wa(x,t) solves (4) with the conditions: @a(x,0) =0, %(m,O) =n(z).

ot

Proof. The inner product of H is that of H'(0,7) and the next inner product gives
us a norm equivalent with the standard norm in H*(0,7) (see [4]):

mw=wwm+[¢mwmm@w6m@m
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We compute the following inner product:

(ALf, (@) b, = (u! (2,T),&(2)) B, =

= \[/5 Zsm(k:—i— ) [/ sm(k:—i—;)(T—s)f(s)ds] dz
0 s){\/;kzzo[/o §’(:U)sin<k+2>xdx]sin<k+;)(T—s)}ds
- /;f@){—ﬂ;[/J(k—t—;)ﬁ()cos(k—l—;)afdx}-

(ks D)ok
- /OTf(S){—\/Zki)@qL;)gksin<k+;>(T—s)}ds.

So,
[(AT fZ(kJr )gks,ln( >(T—t).

If we compare with (6), we see that

(b e ) = 20,1 -,

where @ (x,t) solves (4) with the conditions ¢i(z,0) = &(z), 01 (z,0) =0.

ot

An analogue computation shows that

[(43) ] fznkcos(m 3) @0,

We compare with (6) and we can write

[(83)" ] (1 = %2 (0,7~ ),

D2

where pa(x,t) solves (4) with the conditions pa(x,0) = 0, iy —(z,0) = n(z).

2. Properties of the solution map

The characterization of the sets Rp(T) and R(T') is very important for the
study of the properties of controllability. Now, we present some general properties

of these two sets, for T > 0.

Theorem 2.1.

1) RHT) = {(f,n) € Hy x L?(0,7) : %(O,t) =0,Vt € (0,T), where ¢

ot

solves (4) with respect to (&,1m)}.
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0
2) RH(T) = {§ € Hy: 8—;0(0,16) =0,t € (0,7), and ¢ solves (4) with
n = 0}.
3) If the solution of (4) satisfies the following implication:
¢

5, (0.0 =0Vt € (0,T) = ¢ =0,

then R(T) is dense in Hy x L%(0, 7).
4) If the solution of (4) satisfies the following implication:

0
af(o t) =0,V € (0,T) = ¢ =0,
then Rp(T) is dense in Hy.
ForT < r:

5) R(T) is closed if

0
/0 af(O t) dt > my <|f|%{+ + ""iQ(O’ﬂ) ’ o
for all (§,m) € Im Ar.
6) Rp(T) is closed if
T9 2
| 15000] = moet,. ;

for all € € Im AL

Proof. 1) and 2): We characterize R(T)*, which is Ker A, so, (¢,77) € Hy x L?(0,7)
belongs to R(T)* if and only if 0 = (Arpf, &M, 1207 =
(LAREm) 200 = (fLAFE + AT L2(0.m), for every [ € L2(0,7), ie., AFE+

AZ1 = 0. The previous lemma implies that AX&(t) + A% n(t) = %’0(0, T —t), where

@(x,t) solves (3) with the conditions ¢(x,0) = &(x) and gt(x 0) = n(x). So, 1)

and 2) are proved.

3) and 4): This property implies that R+ (T) = {0} and so R(T) is dense in
H, x L?(0, 7). Then Rp(T) is dense in H,.

5) and 6): Consider A%.(&n,nmn) — (1, 2), for n — co. Then {A%(&n,1n) }n is
a Cauchy sequence and, using the inequalities (6) and (7), it follows that: || (§n4p, Tintp)—

(gn,nn) ||H+><L2( 0,m) = | (€ntp — Ens Mntp — ) ||H+><L2(0,7r) <
— HA (&ntps Mntp) — *T(fmnn)Hm(o,n) < g, for all n > n. and p > 1. There-

fore {(&n, M) }n is a Cauchy sequence and there exists ILm (&nymn) = (&,m) which

implies that lm A7.(&n, 1) = A7(E,m), then (41, ¢) = A7 (&, 7).

. oul .
Now, we prove that the transformation f — —— is continuous. From (3) we

ot

obtain

auf [Z[/f cos<k+ >(t—s)ds]cos(k+ )
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oy V25 (f 0000 (k43 =005

2 1
because the system of the normalized eigenfunctions {\/7 oS (k: + 2> x} is
77
k>0

and

H 8uf

complete (see [5]).
If note gr(s) :

Cos< ) ).f(s)ds:/oTcos<k+;>s-gT(s)ds:

= / [ ()COS/ﬁSCOS*—gT( )sink‘ssing} ds.
0

f(T —s), we obtain:

Now, consider the following functions: g¢ri(s) = and

0 T <s<m
gr2(8) = gT(s)sing 0<s<T’

Therefore,

3 /OT <k+1> (T —s) - f(s)ds

2
+

0 I <s<m
gT(s)cosg 0<s<T

2
<

k=0
o
22(
k
oo
= 7'('2
k=0

Using the Parseval identity we obtain:

> /OTCOS <k + ;) (T — s)f(s)ds

T T
= 71'/0 g2 (s)ds = 71'/0 AT — s)ds < 7[‘”]0”%2(077‘.) < 0.

s
) cos ks cos = ds

IN

T s
/ gr(s)sinkssin — ds
0 2

).

2 2
—gr1(8) cosksds —gr2(s)sinksds
™ T

2
< 7 (lgril220,m) + l9r2l3200,0))

o0

oul
We obtain that the transformation f +— B is continuous. So the operator

At is bounded and, because we proved above that the range of A% is closed, it
follows that the range of Az, which is R(T'), is also closed (see Banach Closed Range
Theorem from [3], pp. 488-489). O

3. Controllability for T'= =

Definition 3.1. ([10], p. 3) The wave equation (1) is controllable at time T' if, for
every ¢ € Hy, there exists a control f € L*(0,) such that uf (-, T) = 1.
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We conclude with the following theorem, which gives us the controllability at
time T' = m:

Theorem 3.1. The reachable set Rp(w) = H.

Proof. We use the explicit formula (3) to deduce the controllability of the displace-
ment at time T = w. Therefore, we have that

uf (m) = —\/ziki%{/owf(s)sin<k+;> (W—s)ds]cos<k+;>x
= 23 |y [ (s ) sl )0

where g(t) := f(m —t).

The controllability can be obtained by solving a moment problem. So, the
problem of controllability is reduced to the possibility to find the identification of
the Fourier coefficients

{]{:i%/oﬂg()&n(k—i-;) ds} ,

k>0

~—

with g € L2(0, 7).

2 1
The sequence {\/> sin <k: + 2> x} is the sequence of the normalized
i k>0
eigenfunctions of the selfadjoint operator A in L%(0, ), where:

dom A = {h € H*(0,7),h(0) = 0,/ (r) =0} and Ah(z) = h"(x).

The system of eigenfunctions is a complete system in L2(0,) (see [5]), so it

follows that
4 1
{{/ g()s1n(k+ ) d},gELQ(O,W)} =12
0 2 k>0

We know that the functions from H'(0, ) have the following property for the
Fourier coefficients:
& )
k= k 1 — &k
with {&;}k>0 € 2. Then, for every ¢ € Hy(0,7), there exists f € L%(0,7), such
that uf (z, ) = (). O
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