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FIXED POINT RESULTS FOR A PAIR OF a.,- DOMINATED
MULTIVALUED MAPPINGS WITH APPLICATIONS

by Tahair Rasham!, Abdullah Shoaib?, Nawab Hussain® and Muhammad Arshad*

The purpose of this paper is to find out fixed point results for a pair of semi
as-dominated multivalued mappings fulfilling a generalized locally Ciric type rational
F—dominated multivalued contractive condition on a closed ball in complete dislocated
b-metric space. Examples and applications have been given. Our results extend several
comparable results in the existing literature.
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1. Introduction and Preliminaries

Fixed point theory plays a foundational role in functional analysis. Recently, many
fixed point results have been proved satisfying contraction on a closed ball instead of a
whole space (see [16, 17, 18, 19, 20, 21, 22]). In the present paper, we have achieved fixed
point results for generalized F-contraction on a sequence contained in a closed ball for a
general class of semi a,-dominated mappings rather than a,-admissible mappings and for a
weaker class of strictly increasing mappings F' rather than class of mappings F introduced
by Wardowski [23]. The notion of multi graph dominated mapping is introduced. Fixed
point results with graphic contractions on a closed ball for such mappings are established.
We establish the existence of common fixed of multi <-dominated mappings in an ordered
space. Examples are given to demonstrate the variety of our results. An application is given
to approximate the unique common solution of nonlinear integral equations. Moreover, we
investigate our results in a better framework of dislocated b-metric space. New results in
ordered spaces, partial b-metric space, dislocated metric space, partial metric space, b-metric
space and metric space can be obtained as corollaries of our results. We give the following
definitions and results which will be needed in the sequel.

Definition 1.1. [12] Let X be a nonempty set and let dj, : X x X — [0, 00) be a function,
called a dislocated b-metric (or simply dp-metric), if there exists b > 1 such that for any
x,y,z € X, the following conditions hold:

(i) If dp(x,y) = 0, then . = y;

(i) dp(z,y) = dy(y, 2);

(iil) dp(z,y) < blds (2, 2) + db(2,y)].

1PhD scholar, Department of Mathematics and Statistics, International Islamic University, H-10, Islam-
abad - 44000, Pakistan, e-mail: tahir_resham@yahoo.com

2 Assistant Professor, Department of Mathematics and Statistics, Riphah International University, Is-
lamabad - 44000, Pakistan, e-mail: abdullahshoaibl5@Qyahoo.com

3Professor, Department of Mathematics, King Abdul Aziz University, P.O.Box 80203 Jeddah 21589,
Saudi Arabia

4Professor, Department of Mathematics and Statistics, International Islamic University, H-10, Islamabad
- 44000, Pakistan



4 Tahair Rasham, Abdullah Shoaib, Nawab Hussain, Muhammad Arshad

The pair (X, dp) is called a dislocated b-metric space. It should be noted that every
dislocated metric is a dislocated b-metric with b = 1.

It is clear that if dp(z,y) = 0, then from (i), z = y. But if z = y, dp(x, y) may not be
0. Forz € X and € > 0, B(z,e) = {y € X : dp(x,y) < e} is a closed ball in (X, d;). We use
D.B.M space instead dislocated b-metric space.

Definition 1.2. [12] Let (X, dp) be a D.B.M space .
(i) A sequence {z,} in (X,dp) is called Cauchy sequence if given € > 0, there corre-
sponds ng € N such that for all n, m > ng we have dy(, ) < eor lim dy(xn,2m) = 0.
n,m—o00

(ii) A sequence {x,,} dislocated b-converges (for short dp, -converges) to x if lim dp(x,,,
n—0o0

x) = 0. In this case x is called a dp-limit of {x,,}.
(iii) (X,dp) is called complete if every Cauchy sequence in X converges to a point
x € X such that dp(z,z) = 0.

Definition 1.3. Let K be a nonempty subset of D.B.M space of X and let z € X. An
element yy € K is called a best approximation in K if

dy(x, K) = dp(z,90), where dp(z, K) = ig;db(x,y).
y

If each z € X has at least one best approximation in K, then K is called a proximinal set.
Let U, where b > 1, denote the family of all nondecreasing functions )y : [0, +00) —

[0,4+00) such that Z:;’Cl bRE(t) < +oo and by (t) < t for all ¢ > 0, where ¢ is the k"

iterate of 1. Also b1t (¢) = bbay (7 () < by (t).

We denote P(X) be the set of all closed proximinal subsets of X.

Definition 1.4. [20] The function Hy, : P(X) x P(X) — R*, defined by

Hy, (N, M) = max{sup dy(n, M), sup dp(N,m)}
neN meM

is called dislocated Hausdorff b—metric on P(X).

Definition 1.5. Let (X, dp) be a D.B.M space. Let S : X — P(X) be multivalued mapping
and @ : X x X — [0,400). Let A C X, we say that the S is semi a,-dominated on H,
whenever o, (i,517) > 1 for all ¢ € H, where a.(i,51) = inf{a(i,l) : | € Si}. If H = X,
then we say that the S is a,-dominated. If S : X — X be a self mapping, then S is semi
a-dominated on H, whenever «a(i,Si) > 1 for all i € H.

Lemma 1.1. Let (X,dp) be a D.B.M space. Let (P(X), Hy,) be a dislocated Hausdorff
b—metric space on P(X). Then, for all G, H € P(X) and for each g € G such that dy(g, H) =
dy(g, hg), where hy € H. Then the following holds:

Hdb (G7 H) 2 db(97 hg)

2. Main Result

Let (X,dy) be a D.B.M space, zg € X and S,T : X — P(X) be the multifunctions
on X. Let z; € Szp be an element such that dy(xo, Szo) = dp(xo,x1). Let 9 € Txy be
such that dp(x1,Tx1) = dp(z1,22). Let 3 € Sxo be such that dp(x2, Sza) = dp(z2,x3).
Continuing this process, we construct a sequence x, of points in X such that xo,y1 €
Sxo, and xopto € Twopy1, where n = 0,1,2).... Also dp(zan, Son) = dp(Tan, Tant1),
dp(2n+1, TTont1) = dp(Tant1, Tant2). We denote this iterative sequence by {T'S(z,)}. We
say that {T'S(z,)} is a sequence in X generated by zg. For z,y € X, a > 0, we define
Db($7y) as

dy (2, Sz) .dy (y, Ty)
a+dy (z,y)

Dy(z,y) = max{dy(z,y), s dy(z, 57),dp(y, Ty)}.
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Theorem 2.1. Let (X,d;) be a complete D.B.M space. Suppose there exist a function
a: X xX —[0,00). Let, r > 0, z9 € By, (x0,r), F be a strictly increasing function and
S, T : X — P(X) be two a,-dominated mappings on Bg,(xo,7). Assume that, for some
Uy € Uy, the following hold:

T+ F(Hg, (52, Ty)) < F(¢(Dy(z,y))) (1)

for all z,y € By, (zo,r) N{TS(zn)}, a(z,y) > 1 and Hy, (Sx,Ty) > 0. Also if, By, (zo,7) is

closed and

> g (dy (w0, Sx0))} < 7 for all n € NU{0} and b > 1. (2)
=0
Then {T'S(x,)} is a sequence in By, (z0,7), @(Tn,Tnt1) > 1 for all n € NU {0} and
{TS(xy,)} = x* € Bg,(x0,r). Also if the inequality (1) holds for z* and either a(z,,z*) > 1
or a(x*,xy,) > 1 for all n € NU{0}, then S and T have common fixed point z* in By, (zo, ).

Proof. Consider a sequence {T'S(x,)}. From (2), we get

dy(zo,71) < > b (dy(x0, Sxo))} < 7.
i=0

Let 29, -+ ,x; € Bg,(xo,r) for some j € N. If j = 2i 4+ 1, where i = 172,...7%. Since
S, T : X — P(X) be a a,—dominated mappings on By, (zo,7), 80 au(z2;, Sze;) > 1 and
Oé*(JZQH_th‘QiJ,_l) Z 1. AS 04*(3721',5.1321‘) Z 1, this implies inf{a(xgi,b) :b S S.]?Ql} Z 1. AlbO
Xoir1 € Sway, 80 aXa;, T2i11) > 1. Now by using Lemma 1.1, we obtain,

T+ F(dy(x2i41, T2i42)) T+ F(Hg, (S22, Tx2i41)) < F(p(Dp(x2i, Z2i41)))

F (yp(max{dy(x2:, T2i41), dp(T2i41, T2i42)})

If max{dy(z2;, 2i+1), dp(@2i41, T2it2)} = dp(T2i41, T2i42), then

INIA

dp(T2i+1, T2i42) < by (do(T2it1, T2i12)).
This is the contradiction to the fact that by, (t) < t for all ¢ > 0. So

max{dp(®2i, T2i+1), dp(T2i+1, T2it2)} = dp(T2i, T2i41)-
Hence, we obtain
dy(T2i41, T2it2) < Vp(dp(T2i, T2i41))- (3)

As au(x9i—1,Txoi—1) > 1 and we; € Txo—1, s0 a(rai_1,x2;) > 1. Now, by using Lemma
1.1, we have

T+ F(db(x2iax2i+1)) T+ F(Hdb(TxZifla S£U2i)) < F("/}b(Db(xZiax%fl)))
F(yp(max{dp(x2;, x2i—1), dp(x2i, T2i+1)})).

Since F is strictly increasing function then we have

<
<

dp(z2i, T2i41) < Yp(max{dp(es, 2i-1), dp(x2i, T2i+1)})
If max{dy(z2i,x2i-1), dp(x2:, T2i+1)} = dp(x24, T2i41), then
dp(2i, T2i41) < Y (dp(T2i, T2i11)) < by (dp(T2i, T2it1))-
This is the contradiction to the fact that by (t) < ¢ for all ¢ > 0. Hence, we obtain
dp(22i, 22i+1) < Yp(dp(T2i-1,72;)). (4)
As 1y, is nondecreasing, so

Uy (dp(22i, T2i41)) < Yp(p(dy(T2i—1,%2i)))-
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By using above inequality in (3), we have

dy(22i11, Tait2) < 1/)l?(db(x21'—17x21')))'

Continuing in this way, we obtain

dy (22041, T2i12) < Vi T (dy (20, 21)). (5)
Now, if 7 = 27, where 1 = 1,2, ... % By using (4) and similar procedure as above, we have
dy (221, T2i41) < V3 (dy(w0, 71)). (6)

Now, by combining (5) and (6)
dy(zj,2541) < wg(db(xo,xl)) for all j € N. (7)
Now, by using triangle inequality and by (7), we have
dy(xo, xj41) < bdy(wo, 1) + bPdy (w1, 22) + .. + U dy (25, 2541)
bdy (w0, 1) + b2y (dy (w0, 21)) + ... + V4] (dy (w0, 1))

Zbi+l{¢é(db(xo,$1))} <r.

=0

N

A

Thus z;41 € Bg,(20,7). Hence z, € By, (xo,r) for all n € N, therefore {T'S(z,)} is a
sequence in By, (zg,r). As S,T are a,,—dominated on By, (zo,7), S0 a.(T2n, Sx2,) > 1 and
s (Tona1, Tony1) > 1. This implies a(x,, ne1) > 1. Also inequality (7) can be written as

dp(Tpy Tpg1) < U5 (dp(x0, 1)), for all n € N. (8)

As SIS bFF(t) < 400, then for some p € N, then the series

Zbkwb “H(dp(wo,21))),

converges. As iy (t) < t, so
VL (P (dy (w0, 1)) < b7 (YE ™ (dy (w0, 21))) for all n € N.
Fix £ > 0, then there exists p(¢) € N, such that

by (VPO (dy (20, 1)) + b2 (PO (dy (0, 1)) + -+ < &
Let n,m € N with m > n > p(e), then, we obtain

dy(Tp, ) < bdp(Tn, Trny1) + deb(mnH, Tppo) + o+ 0" Ay (Tm—1, Tm)
< by (yy (db(xowl))) S 0T T (T (dy (0, 1))
< bR (o, @) + PO (Ao, 1)) + o <
Thus we proved that {T'S(z,,)} is a Cauchy sequence in (Bg, (zo,7),ds). As every closed

set in a complete D.B.M space is complete, so there exists z* € By, (zo,7) such that
{T'S(x,)} — z*, that is
lim dp(xy,,z*) = 0. 9)

n—oo

Now,

dp(z*, Sx™) bdp (2™, Tont2) + bdp(Tant2, ST*)

bdy (2™, xony2) + bHa, (Tx2n41,52). (by Lemma 1.1)

INIA
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By assumption, a(x,,z*) > 1. Suppose that dy(z*, Sx*) > 0, then there exist positive
integer k such that dy(z,, Sxz*) > 0 for all n > k. For n > k, we have

dp(x*,Sz") < bdp(z*, Tant2) + bbp(max{dy(z*, zan41), dp(x*, Sz*),

dp (z*, Sx*) .dy (Tan41, T2n+2)
a+dy (z*, Tant1)

s dp(Tant1, Tany2)})-

Letting n — oo, and using the inequality (9), we obtain a contradiction. So our supposition
is wrong. Hence dp(z*,Sz*) = 0 or z* € Sz*. Similarly, by using the Lemma 1.1 and (9)
we can show that =* = Tx* or * € Tx*. Hence the S and T have a common fixed point x*
in By, (co,7). Now,

di(z*,x*) < bdy(z*, Tx") + bdy(Tz*,x*) <0

This implies that dp(z*, 2*) = 0. O

Theorem 2.2. Let (X,dy) be a complete D.B.M space. Suppose S : X — P(X) be
a multivalued mappings and F be a strictly increasing function. Assume that, for some
Uy € Uy, the following hold:

T+ F(Hy, (Sz,SY)) < F(p(Dy(z,y)))

for all z,y € {SS(xy,)}. Then {SS(z,)} — 2* € X and S has a fixed point z* in X and
dp(x*,z*) = 0.

Definition 2.1. Let X be a nonempty set, < is a partial order on X and A C X. We say
that a < B whenever for all b € B, we have a < b. A mapping S : X — P(X) is said to be

multi <-dominated on A if a < Sa for eacha € A C X. If A = X, then §: X —» P(X) is
said to be multi <-dominated.

Theorem 2.3. Let (X, =,dy) be an ordered complete D.B.M space. Let, r > 0, xg €
By, (zo,7), F be a strictly increasing function and S,7 : X — P(X) be two multi <-
dominated mappings on By, (zo,r). Assume that, for some 1, € ¥y, the following hold:

T+ F(Ha,(Sz,Ty)) < F(u(Ds(,y))) (10)

for all z,y € By, (zo,r) N{TS(zn)}, x Xy and Hy, (Sz, Ty) > 0. Also if, By, (zo,r) is closed

and
n

Z bt (dy (20, 21))} < 7 for all n € NU {0} and b > 1. (11)
i=0
Then {TS(z,)} is a sequence in By, (zg,r) and {T'S(z,)} — x* € By, (zg,r). Also if the
inequality (10) holds for «* and either x,, < z* or * < x,, for all n € NU {0}. Then S and
T have a common fixed point «* in By, (x,r) and dp(x*, z*) = 0.

Proof. Let a: X x X — [0, +00) be a mapping defined by a(x,y) = 1 for all z € By, (zo,7),
x =y, and a(z,y) = 0 for all other elements z,y € X. As S and T are the dominated
mappings on Bg,(xo,7), so x < Sz and x < Tz for all x € By, (vo,r). This implies that
x 2 bforallbe Sz and z < ¢ for all ¢ € Tx. So, a(x,b) =1 for all b € Sz and a(z,c) =1
for all ¢ € Tz. This implies that inf{a(z,y) : y € Sz} =1 and inf{a(z,y) : y € Tz} = 1.
Hence au(x,Sz) = 1, a.(z,Tz) = 1 for all x € By, (zg,r). So, S,T : X — P(X) are the
a,—dominated mapping on By, (2o, 7). Moreover, inequality (10) can be written as

T+ F(Hqg, (Sz, Ty)) < F(¢s(Dy(,9)))

for all elements x,y in Bg,(xo,7) N {T'S(x,)}, alz,y) > 1. Also, inequality (11) holds.
Then, by Theorem 2.1, we have {T'S(x,)} is a sequence in By, (zo,7) and {T'S(z,)} —
x* € By, (xo,7). Now, x,,x* € By, (zo,r) and either z,, < * or * < x,, implies that either
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a(Zpn,x*) > 1 or a(z*,z,) > 1. So, all the conditions of Theorem 2.1 are satisfied. Hence, by
Theorem 2.1, S and T have a common fixed point 2* in By, (xo,r) and dp(a*,2*) =0. O

We have the following result without closed ball in an ordered complete D.B.M space.
Also we write the result only for one multivalued mapping.

Theorem 2.4. Let (X, <,dp) be an ordered complete D.B.M space. Let S : X — P(X)
be a multi <-dominated mappings on X and F' be a strictly increasing function. Assume
that, for some 1, € ¥y, the following hold:

7+ F(Ha,(Sz, Sy)) < F(ihp(Do(x,y))) (12)

for all z,y € {SS(zy)} with x < y. Then {SS(z,)} — 2* € X. Also if the inequality (12)
holds for z* and either z,, < z* or * <X z,, for all n € NU{0}. Then S has a fixed point z*
and dp(z*,2*) = 0.

Example 2.1. Let X = Q* U {0} and let d, : X x X — X be the complete dislocated
b-metric on X defined by

dy(z,y) = (x +y)* for all 2,y € X
with parameter b = 2. Define the multivalued mappings, S, 7 : X x X — P(X) by,
2
G [g, Salife e [0,19nX
[z, + 1] if x € (19,00) N X,
and

3
T [qu] if 2 €[0,19] N X
[x+ 1,24+ 3]if x € (19,00) N X.

Considering, o = 1,r = 400, then Bg, (xo,7) = [0,19] N X. Now dp(x9, Szo) = dp(1,51) =
dy(1,3) = 2. So we obtain a sequence {T'S(z,)} = {1, 3, 15, 35, ---} in X generated by .
Let oy (t) = 2L, then by (t) < t. Define

10°
a(z,y){ll 1f:v>y}'

otherwise

2
Now, if 2,y € Bg,(xo,7) N{TS(x,)} with a(z,y) > 1, we have

3 r 2z
Hy(Sz,Ty) = max{sup dl(a,[%,—f]),sup 4,25, 0))
a€ESz beTy 3" 3

- { (500 (60
oo o e 2 (57 (2))

Hdb(sx’ Ty)) < ¢b(Db(x7 y))
which implies that, for any 7 € (0, %] and for a strictly increasing mapping F'(s) = In s, we
have

Thus,

T+ F(Hq, (Sz,Ty)) < F(hp(Dy(x,y)))-
Note that, for 20, 21 € X, then «(20,21) > 1. But, we have

T+ F(Hy, (520, T21)) > F(1by(Dy(20,21))).



Fixed Point Results for a pair of a,- Dominated Multivalued Mappings with Applications 9

So condition (1) does not hold on X. Also, for all n € NU {0}, we have

nL , 16 "4
20T (o, 21))} = - x 2 (2)" <400 =7,
1=0 1=0
Thus the mappings .S and T are satisfying all the conditions of Theorem 2.1 only for =,y €
By, (xo,7) N {T'S(x,)} with a(x,y) > 1. Hence S and T have a common fixed point.

3. Fixed Point Results For Graphic Contractions

In this section we presents an application of Theorem 2.1 in graph theory. Jachymski,
[14], proved the result concerning for contraction mappings on metric space with a graph.
A graph G is connected graph if there must be exist a path among any two different vertices
(see for detail [8]).

Definition 3.1. Let X be a nonempty set and G = (V(G), E(G)) be a graph such that
V(G) =X, AC X. A mapping S: X — P(X) is said to be multi graph dominated on A if
(z,y) € E(G), for all y € Sz and x € A.

Theorem 3.1. Let (X,d;) be a complete D.B.M space endowed with a graph G with
constant b > 1. Let r > 0, g € By, (zo,r) and S,T : X — P(X). Assume that for some
¥y € Uy, the following hold:

(i) S and T are multi graph dominated on By, (2o, 7) N {TS(x,)}.

(ii) There exist 7 > 0 satisfying and a strictly increasing mapping F' such that

T+ F(HdL(S:E7Ty)) < F('(/)b(Db(l‘vy)))? (13)

whenever x,y € By, (zo,7) N{TS(z,)}, (z,y) € E(G) and Hy, (Sz,Ty) > 0.

(1) 327 0™y (do (w0, 1))} <7

Also if, By, (zo,r) is closed then, {T'S(z,)} is a sequence in By, (zo,7), (Tn, Tnt1) €
E(G) and {T'S(x,)} — m*. Also, if the inequality (13) holds for m* and (z,,m*) € E(G)
or (m*,z,) € E(G) for all n € N U {0}, then S and T have common fixed point m* in
Bdl ((E(), 7“).

Proof. Define, o : X x X — [0,00) by

_J 1, itz € Bg(xo,7), (x,y) € E(G)
o(,y) _{ 0, otherwise.

As S and T are semi graph dominated on By, (zg,7), then for © € By, (zo,7), (z,y) € E(G)
forally € Sz and (z,y) € E(G) for ally € Tx. So, a(x,y) = 1 forally € Sz and a(z,y) =1
for all y € T'z. This implies that inf{a(z,y) : y € Sz} = 1 and inf{a(z,y) : y € Tz} = 1.
Hence a.(z,Sx) =1, a,(z,Tz) = 1 for all x € By, (xg,7). So, S,T : Z — P(Z) are the semi
a,-dominated mapping on By, (xg, 7). Moreover, inequality (13) can be written as

T+ F(Hg, (Sz,Ty)) < F(¢p(Dp(z,9)))

whenever z,y € By, (zg,r) N{TS(x,)}, a(z,y) > 1 and Hy, (Sz,Ty) > 0. Also, (iii) holds.
Then, by Theorem 2.1, we have {T'S(z,)} is a sequence in By, (xo,7) and {T'S(z,)} —
m* € By, (x0,7). Now, ,,m* € By, (xo,r) and either (x,,m*) € E(G) or (m*,z,) € E(G)
implies that either a(x,,m*) > 1 or a(m*,x,) > 1. So, all the conditions of Theorem 2.1

are satisfied. Hence, by Theorem 2.1, S and T have a common fixed point m* in By, (zo,7)
and d;(m*,m*) = 0. O



10 Tahair Rasham, Abdullah Shoaib, Nawab Hussain, Muhammad Arshad

4. Application to the systems of integral equations

Theorem 4.1. Let (X,d,) be a complete D.B.M space with constant b > 1. Let ¢g € X
and S,T : X — X. Assume that, there exist 7 > 0 and a strictly increasing mapping F' such
that the for some 1, € ¥y, the following holds:

T+ F(di(Sz,Ty)) < F(dp(Do(,9))), (14)

whenever z,y € {T'S(z,)} and d(Sz,Ty) > 0. Then {T'S(xz,)} — w € X. Also if the
inequality (14) holds for u, then S and T have unique common fixed point u in X.

Proof. The proof of this Theorem is similar as Theorem 2.1. We have to prove the uniqueness
only. Let v be another common fixed point of S and T. Suppose d;(Su,Tv) > 0. Then, we
have
T+ F(di(Su,Tv)) < F(ihp(Dy(,y)))
This implies that
dl(u,v) < 1/1b(dl(u,v) < dl(u,v),
which is a contradiction. So d;(Su,Tv) = 0. Hence u = v. O

In this section, we discuss the application of Theorem 4.1 in the form of Volterra type

integral equations.
k

u(k) = / Hi(k, by u(h))dh, (15)
0
k

c(k) = [ Ha(k, b, c(h))dh, (16)
/

for all k& € [0,1]. We find the solution of (15) and (16). Let X = C([0,1],R;) be the set
of all continuous functions on [0, 1], endowed with the complete dislocated b—metric. For

u € C([0,1],R,), define supremum norm as: |[ull, = sup {|u(k)|e~7*}, where 7 > 0 is
ke[0,1]
taken arbitrary. Then define

2
dr(u,c) = [ sup {|u(k) +0(k)|67’“}] = Jlu+cl?
kel0,1]
for all u, c € C([0, 1], R;.), with these settings, (C([0,1],R}), d,) becomes a complete D.B.M
space.
Now we prove the following theorem to ensure the existence of solution of integral
equations.

Theorem 4.2. Assume the following conditions are satisfied:
(i) Hy, H : [0,1] x [0,1] x C([0,1],R}) — R;

(ii) Define
k
Su(k) = /Hl(k,hw(h))dh,
Ok
Te(k) = Hy(k, h,c(h))dh.
/

Suppose there exist 7 > 0, such that
7N (u,c)e™
<

Hy(k,h Hs(k, h _
| 1(; 7U)—|— 2(7 ’C)|7TN(U,C)+1
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for all k,h € [0,1] and u, c € C([0,1],R), where

lu(k)+Su(k)|l,-llc(k)+Tc(k)|,
[u(k) + (k)| , *= 1z\|u(k)+z(k¢)|\rc
|u(k) + Su(k)|, , [u(k) + Te(k)||,

)

N(u,c) =1 [ max

Then integral equations (15) and (16) has a unique solution.

Proof. By assumption (ii)

k
Su(l) + Tet)] = [ |Halh o u(h) + Ha(k, hoc(h))] dh.
0
/ 7N (u,c)e™
< ——————dh
b/ TN (u,c) + 1
N(u,c) ¢
TN(u,c) +1
This implies
- N(u,c
|Su(k) + Te(k)| e™™ < MEC))H
" 1 < 1
N(u,c) = [[Su(k) + Te(k)|
So all the conditions of Theorem 4.1 are satisfied for F(c) = —;—%, ¢ > 0 and d;(u,c) =

lu + c||2. Hence integral equations given in (15) and (16) has a unique common solution.

F—

O

5. Conclusions

In the present paper, we have obtained fixed point results for a pair of generalized
dominated contractive multivalued mappings on an intersection of a closed ball and a

sequence. We have used a,-dominated mappings which are and showed that fixed point
exists even if the contractive condition holds on subspaces rather than on whole spaces.
Many fixed point results for multivalued and singlevalued contractive mappings can also be
obtained as corollaries of our results.
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