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COINCIDENCE POINT THEOREMS IN S-METRIC SPACES USING
INTEGRAL TYPE OF CONTRACTION

by Tatjana Dosenovié!, Stojan Radenovié?, Asieh Rezvani® and Shaban Sedghi*

In the present paper, we consider a coupled coincidence point results in
partially ordered S-metric spaces using integral type of contraction as well as the mized
monotone property of the mappings. We also generalize the famous Branciari fized
point theorem [A. Branicari, A fized point theorem for mappings satisfying a general
contractive condition of integral type, Int. J. Math. Sci. 29 (9), 531-586, (2002)] from
the metric spaces to the framework of partially ordered S-metric spaces.
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1. Introduction and Preliminaries

The famous Banach contraction [8] principle is one of the most important and most
cited result in the fixed point theory. After that a huge number of papers was appeared,
which represented a generalization of this important result (see [5], [34], [35]). A Bran-
ciari [10] generalized the Banach contraction principle in the context of integral type of
contraction. Namely, Branciari in [10] proved the following result.

Theorem 1.1. Let (X, d) be a complete metric space, k € (0,1), and let f: X — X be a
mapping such that for each x,y € X,

d(fz,fy) d(z,y)
/ p(t)dt < k/ o(t)dt
0 0

where @ : [0,4+00) — [0, +00] is a Lebesgue-integrable mapping which is summable (i.e., with
a finite integral) on each compact subset of [0,400), nonnegative, and such that for each
e >0, fOE o(t)dt > 0. Then f has a unique fized point a € X such that for each x € X,
lim f"z =a.
n—oo

Also, in literature exists a large number of generalizations of metric spaces, such as
2-metric spaces ([17], [18])), D*-metric spaces ([32]), partial metric spaces ([1], [6], [9], [11],
[36]), cone metric spaces ([21]), S-metric spaces [29], [30], b-metric spaces [15], G—metric
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spaces ([4], [7], [12], [25], [33]) and Gp-metric spaces ([2]). For the coupled questions in these
ordered spaces see ([3], [14], [19], [24].)

Definition 1.1. [30] Let X be a nonempty set. An S-metric on X is a function S : X3 —
[0,00) that satisfies the following conditions for all x,y,z,a € X.
(S1) 0 < S(z,y,2) for all x,y,z € X with x #y # z,
(S2) S(z,y,2) =0 ifx =y =z,
(S3) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z,2,a) for all x,y,z,a € X.
The pair (X, S) is called an S-metric space.

Example 1.1. [30] Let X = R? and d be an ordinary metric on X. Put S(x,y,z) =
d(z,y) +d(z, 2) +d(y, 2) for all x,y,z € R?, that is, S is the perimeter of the triangle given
by x,y,z. Then S is an S-metric on X.

Definition 1.2. [31] Let (X, S) be an S-metric space and A C X.

(1) If for every x € X there exists r > 0 such that Bs(x,7) C A, then the subset A is called
an open subset of X.

(2) Subset A of X is said to be S-bounded if there exists r > 0 such that S(z,x,y) < r for
all z,y € A.

(3) A sequence {x,} in X convergent to x if and only if S(xy,xn,x) = 0 as n — co. That
is, for each € > 0, there exists ng € N such that for each n > ng, S(xn,2n,x) < & and
we denote by 1£>n T, =T

(4) A sequence {le} z'(;zoX is called a Cauchy sequence if for each € > 0, there exists ng € N
such that for each n,m > ng, S(Tp, Tn, Tm) < €.

(5) The S-metric space (X, S) is said to be complete if every Cauchy sequence is convergent.

(6) Let T be the set of all A C X witch x € A if and only if there exists r > 0 such that
Bs(x,r) C A. Then 7 is a topology on X.

Lemma 1.1. [31] Let (X, S) be an S-metric space. If there exist the sequences {x,}, {yn}

such that lim x, =z and lim y, =y, then lim S(z,Zn,yn) = S(z,x,y).
n—> 00 n—-> 00 n—00

Lemma 1.2. [16] Let (X, S) be an S-metric space. Then
S(x,z,2) <25(x,z,y) + S(y,y,2) and S(x,x,2) <25(x,z,y) + S(z,2,y) for all
r,y,z € X.
Also, S(z,z,y) = S(y,y,x) for all z,y € X by [29].

Definition 1.3. [20] In each partially ordered set (X, =) the elements x,y € X are called
comparable if x <y or y =X x holds.

Definition 1.4. Let X be a nonempty set. Then (X,S,=) is called an ordered S-metric
space if: (X, S) is a S-metric space and (X, =) is a partially ordered set.

Definition 1.5. [9] Let (X, <) be a partially ordered set and F': X x X — X. The mapping
F' is said to have the mixzed monotone property if F' is monotone non-decreasing in its first
argument and is monotone non-increasing in its second argument, i.e., for any r,y € X,
T1,T2 € X; Z1 j Ty = F(‘Tlvy) j F(Qj27y)7
Y192 € X, 1 2yp = F(z,m) = F(a,y2).

Definition 1.6. [13] Let (X, =) be a partially ordered set and suppose F : X x X — X
and g : X — X. The mapping F is said to have the mixed g-monotone property if F is
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monotone g-non-decreasing in its first argument and is monotone g-non-increasing in its
second argument, i.e., for any x,y € X,

T1,Tg € X7 g(xl) j g(.]fg) = F(xhy) j F(any)i
y1,92 € X, g(y1) 2 9(y2) = F(z,p1) = F(x,y2).

Definition 1.7. [9] An element (z,y) € X x X is called a coupled coincidence point of the
mappings F': X x X - X and g : X — X if F(x,y) = gz and F(y,x) = gy, and their
common coupled fized point if F(z,y) = gr =x and F(y,z) = gy = y.

Definition 1.8. [22] Let X be a nonempty set. Then we say that the mappings F : X x X —
X and g: X — X are commutative if gF(x,y) = F(gz, gy).

Definition 1.9. [22] An element (z,y) € X x X is called a coupled fized point of mapping
F:XxX— X if Fz,y) =z and F(y,z) =y. Obviously, (x,y) is a coupled fized point if
and only if (y,x) is such.

Definition 1.10. Let (X,S) and (X', S’) be two S-metric spaces, and let f : (X,S) —

(X',8") be a function. Then [ is said to be continuous at a point © € X if and only if for

every sequence Ty, in X, S(xn,xn,x) = 0 implies S'(f(xn), f(zn), f(x)) = 0. A function f

s continuous at X if and only if it is continuous at all x € X.

Lemma 1.3. [23] Let {r,}nen be a non-negative sequence such that lim r, =r. Then
n—oo

Tn

lim p(t)dt = /OT p(t) dt,

n—oo 0

where ¢ : [0,400) — [0,+00] is Lebesgue integrable, summable on each compact subset of
[0, +00) and [, @(t)dt > 0 for each ¢ > 0.

Lemma 1.4. [23] Let {r,}nen be a non-negative sequence. Then

Tn

lim p(t)dt=0

n—oo 0
if and only if lim r, = 0, where ¢ : [0,+00) — [0,+00] is Lebesgue integrable, summable
n—oo

on each compact subset of [0,+00) and [, @(t)dt > 0 for each ¢ > 0. For other details also
see [4].

2. Main results

Firstly, we introduce the following two new notions in the framework of partially
ordered S—metric spaces.

Definition 2.1. We say that partially ordered S—metric space (X, S, <) is regular if it has
the following properties:

(r<) if for non-decreasing sequence {x,} holds S (zy,xn,xz) — 0 as n — oo, then
Tp 2 for alln € N;

(r=) if for non-increasing sequence {yn} holds S (Yn,yn,y) — 0 as n — oo, then
Yn =y for alln € N.

Definition 2.2. Let (X, S, <) be a S—metric space. Mappings f,g : X — X are called
S—compatible if

S(f(g(xn)), f(g(xn)) ;g (f () =0 asn— o0,
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holds whenever f (x,),g (x,) are sequences in X such that
T S (F (22).f (@) 1) = lim S (g () 0 (x) 1)
for some t € X.
Example 2.1. Let X = [0,1] and let S : X3 — [0,00) be the S—metric defined as follows:
S(z,y,2) = o —2[+ ]y — 2],

forall x,y,z € X withx Xy Xz orxz >y = z where a < b if and only if b < a for all
a,b € X. It is clear that (X, S, <) is a partially ordered complete S—metric space. Define the
self mappings f and g on X by f (z) = iz and g (x) = 2*. The pair (f,g) is S—compatible

but it is not commuting.

Assertion a similar to the following lemma were used (and proved) in the course of
proofs of several fixed point results in various papers for framework of metric spaces (for
some details see [26]-[28]).

Lemma 2.1. Let (X, S) be a S—metric space and let {x,} be a sequence in it such that

lim S (41, Tny1,2n) =0.
n—oo

If {z,} is not a Cauchy sequence, then there exist an € > 0 and two sequences {my} and
{ni}, ng > my > k of positive integers such that the following sequences tend to € when
k— o0

S (xmk ) xmk ) -’I:nk) 9 S (m’m,)c ) xmk ) xnk+1) ) S (mmk717 "L‘mk717 ./L'nk) )

S (xmk—17 Lmy—1, xnk-l-l) S (xmk—i-lv Lmy+1, Ink-‘rl) y e
Proof. Suppose that the sequence {x,} is not a Cauchy sequence. Then, there exist £ > 0

and subsequences {z,, } 1 {xn, }, such that for every k € N i ny > my > k the following is
satisfied:

S(Tmys Tmgs Ty ) > € and S(Tmy, Ty, Tnp—1) < €.

Then, using Lemma 1.3, Lemma 1.6 and (S3) we have

S S S(mmk;mmkyxnk)

< QS(Ska y Tmy xmk—l) + S(xmk y Lmy s znk—l)

< €+25($mk7xmkaxmk71)a
and

e < lim S(Zmy,, Tmy, Tny,) < €.
k—o00
Therefore lim S(xn,,Tn,, Tm,) = Hm S(@m,, Tm,, Tn,) = €. Further, as
k— o0 k— o0

1S (T s Ty s Tmy,) — S(xnk+1»xnk+17wmk)| < 2S(xnk+17$nk+17xnk)

we obtain that

Hm S(Znyys Tngyrr Ty, ) = M S @y s Ty s Ty, ) = €.
k—o0 k—o0

Analogous, it can be proved that
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S (xﬂm—la mmk—hl'nk) 75 (xmk—laxmk—lamnk—&-l) 5 S (zmk+1a$7nk+17$nk+1) geeen

tend to e. O

Our first result is a generalization of the Branciari’s fixed point theorem in the context
of partially ordered S—metric spaces.

Theorem 2.1. Let (X, S, <) be a partially ordered S—metric space. Let f : X — X and
g X — X be mappings such that f is g—non-decreasing and there exists vo € X with
gxo =X fxo. Let there be a constant k € (0,1) such that the following holds:

S(fx,fy,fz) S(gx,9y,9%)
et dt <k / o (t)dt (1)
0 0

for all x,y,z € X with gx < gy < gz or gz = gy = gz where ¢ : [0,00) — [0,00) is Lebesgue
€

integrable, summable on each compact subset of [0,00) and [ (t)dt > 0 for each ¢ > 0.
0

Assume the following conditions hold:
(1) f(X) Cg(X),
(i) f and g are continuous and compatible and (X, S) is a complete, or
(iv) (X, S, R) is regular and one of f(X) or g(X) is complete.
Then f and g have a coincidence point in X, i.e., there exists u € X such that fu = gu.

Proof. We shall prove this Theorem in several steps.

Step I.

Since there exists o € X with gzg < fxo then by (i) we can define so-called Jungck
sequence Y, = f () = g (xn41) for all n € N. If yi. = yg41 for some k € Ny then u = x4
is a request coincidence point. So, we will suppose that y,, # y,+1 for all n € Ny. In this
case we shall prove that

Yn = Un+1- (2)

We will use the mathematical induction as well as the g—non-decreasing property for the
mapping f. Because from ¢ (x¢) < f (x0) = g (1) follows f (x0) < f (x1), i.e., yo < y1. Let
Yn = Yn+1 for some fixed n € N, i.e., gr,41 < gTn42. As the mapping f is g—non-decreasing
we get that f(z,41) < f(Zn42), L€, Ynt1 < Ynt2. The proof for (2) is complete.

Step 1II.
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The sequence {y,} is Cauchy. Firstly, we have

S(Yn+1,Yn+1,Yn)

p (1) dt
0
S(f$n+17fwn+1yfln)

- / oL

0
S(9Tn+1,9Tn+1,9%n) S(Yn Yn,Yn—1)
< & / o(t)dt =k / o () dt
0 0
S(Yn—1,Yn—1,Yn—2) S(y1,91,%0)
< K / pt)dt <. <k" / e(t)dt =0, ask =00  (3)
0 0

Hence according to Lemma 1.4 we get that S (yn11,Yn+1,Yn) — 0 as k — oco. If {y,}
is not Cauchy sequence in S—metric space (X, .5), then there exist ¢ > 0 and two sequences
{my} and {ny}, np > my > k of positive integers such that the following sequences tend to
€ when k — oo :

S(ymk+1aymk+17ynk+1) a’nd S (ymkaymk,ynk)a (4)

where y, = f(2,) = g (z41) (for all details see Lemma 2.1). Putting now in (1) x =y =
Tim,,, 2 = Tp, (it is possible, because it is by (2) gx =< gy =< gz) we obtain

S(Ympt1:Ymp+1:Yng 1) S (Ymy sYmy, sYny, )
/ o () dt < k / o (t) dt, (5)
0 0
from which, letting the limit as & — oo, follows
e e e
[ewae<k [ewie< [owa, (©
0 0 0

whih is a contradiction. Hence, {y,} is a Cauchy sequence.

Step III.
Let now (ii) holds. Then we have

for some u € X. Further, since f and g are continuous and compatible we get that

dim f(g(2n) = f (u), lim g (f (20)) =g (u) (8)

and Tim S (£ (g (2)) £ (9 (@) .9 (F (@) = 0.
We shall show that f (u) = ¢ (u). Indeed, on the other hand we have that

Tim S (f (9 (20))  (9/(@n)) 9 (F (20))) = S (F (), £ (w) 9 (w) 9)

Now, (8) and (9) imply S (f (u), f (u),g(u)) =0, ie., f(u) =g (u).
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If (iv) holds we obtain that y, = f(2,) = g (Zn1+1) = g (v) for some v € X. Also,
because (X, S, <) is regular we have that g (z,,) < g (v) for all n € N. Now, putting in (1)
=Y =2Tp, 2 =0 WwWe get

S(fxn, fan,fv) 5(gTn,gTn,gv)
pt)dt <k / w(t)dt — 0, as k — oo.
0 0
Since, on the other hand S (fx,, fon, fv) = S(g(v),g(v), f (v)) we again obtained
that f and g have a coincidence point. Here this is v, i.e., f (v) = g(v). Theorem 2.1 is

proved.
O

Putting g = ix-identity mapping on X, we get Branciari’s theorem in the framework
of partially ordered S—metric spaces.

Corollary 2.1. Let (X, S, X) be a partially ordered S-metric space and let f : X x X — X
be mapping such that f is non-decreasing and there be xqg € X with vy X fxg. Let there exist
a constant k € (0,1) such that the following holds:

S(fz,fy,fz) S(z,y,2)
/ o(t)dt < k / (), (10)
0 0

for all z,y,z € X withx 2y <Xz orxz =y = z, where ¢ : [0,00) = [0,00) is a Lebesgue
integrable mapping which is summable on each compact subset of [0,00) and fos p(t)dt >0
for each € > 0. Assume the following conditions:
(a) f is continuous and (X,S) is complete, or
(b) (X, S, =) is reqular and f (X) is complete.

Then f has a fixed point in X, i.e., there exists u € X such that fu = u.

Example 2.2. Let X = [0,1] and let S : X® — [0,00) be the S—metric defined as follows:
S(%?JJ) = Ix—Z|+ |y—Z|,

forall x,y,z € X withx 2y 2 z orxz =y = z where a < b if and only if b < a for all
a,b € X. It is clear that (X,S,=) is a partially ordered complete S—metric space. Define
the self mappings f and g on X by f (z) = s and g (x) = ta. Further, consider ¢ (t) = 2t
and k = 1. It is not hard to see that all the conditions of Theorem 2.1 are satisfied ((i), (ii))

and 0 is the coincidence point.

Our second result is a coupled coincidence point theorem in partially ordered .S—metric
spaces.

Theorem 2.2. Let (X,S,=) be a partially ordered S—metric space. Let F: X x X — X
and g : X — X be mappings such that F' has the mized g—monotone property on X and
there exist two elements ag,by € X with g(ag) = F(ag,by) and g(by) = F(bg,ap). Let there
be a constant k € (0,1) such that the following holds:

/S(F(a,b)vF(pm,F(cn")) /maX{S(ga,.qmw)7S(gb,gq7g?“)}

p(t)dt <k p(t)dt, (11)
0 0

for all a,b,c,p,q,r € X with ga = gp = gc and gb < gq =< gr or ga = gp = gc and
gb = gq = gr where ¢ : [0, +00) — [0, +00] is Lebesgue integrable, summable on each compact
subset of [0,4+00) and fOE p(t)dt > 0 for each e > 0. Assume the following conditions hold:
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(a) F(X x X) C g(X),
(b) g(X) is complete,
(c) g is continuous and commutes with F.

Then F' and g have a coupled coincidence point. Moreover, then there exists a € X
such that g(a) = F(a,a) = a.

Proof. Let ag, by be such that g(ag) < F(ao,bo) and g(by) = F(bo,ap). As F(XxX) C g(X),
we may choose ay, by in a way that g(a1) = F(ag,bo) and g(b1) = F(bg, ag).

Again since F(X x X) C g(X), we may choose as, by € X such that g(as) = F(a1,b1) and
g(b2) = F(b1,a1). Repeating this process, we can build two sequences {a,} and {b,} in X
such that,

g(ant1) = F(ap,b,) and g(b,y1) = F(bn,ay), for all n > 0. (12)
Now, we claim that for all n > 0,
g(an) = g(an+1)7 (13)
and
g(bn) i g(bn—‘rl)' (14)

Now we will use mathematical induction. Suppose n = 0. Since g(ag) = F(ao,bo) and
g(bo) = F(by,ap), we see that g(a1) = F(ag,bp) and g(b1) = F(bg,ao), and so g(ag) < g(ay)
and g(bg) = g(b1), i-e., (13) and (14) holds for n = 0. We now suppose that (13) and (14)
are valid for some n > 0. As we know that F' has the mixed g-monotone property and also
g(an) 2 glant1), g(bn) = g(bpy1), then from (12), we have

glant1) = F(an, bn) = F(ani1,bn)
and
F(bny1,an) 2 F(bn, an) = g(bnt1).
Also we have,
9(ant2) = Fant1,bni1) = Flany1,bn)
and
F(bny1;an) = Fbni1, ani1) = g(bni2)-
Then from (12) and (13), we get
9lant1) = glani2) and g(bpi1) = g(bni2).
We conclude by mathematical induction that (13) and (14) hold for all » > 0. Continuing
this process, we see clearly that
g(ao) 2 g(a1) 2 glaz) = ... 2 g(ant1)...

and

g(bo) = g(b1) = g(b2) = ... = g(bpi1)....

If (ant1,bny1) = (am by), then F and g have a coupled coincidence point. So we suppose that
(@n+t1,bnt1) # (an, by) foralln > 0, i.e., we suppose that either g(any1) = F(an,byn) # g(an)
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or g(bnt1) = F(bn,an) # g(bn).

Now, using (11), we have,

S(gan+1,9an+1,9an)
/ p(t)dt (15)
0

S(F(an1bn)7F(anvbn)wF(an—17bn—l))
/ o(t)dt

0
max{S(gan,gan,9an—1),5(gbn,gbn,gbn—1)}
< k/ o(t)dt.
0
Since
S(ganvganyganfl) S(F(anfl7bn71)7F(anflybn—l)7F(an727bn72))
/ oty = [ i< (16)
0 0
max{s(ganf1791171—179117172)75(91%71,gbnfhgbnfz)}
k/ o(t)dt,
0
and
S(gbn,gbn,gbn—1) S(F(bn—1,an-1),F(bn-1,an-1),F(bn—2,an_2))
/ o(t)dt = / p(t)dt < (17)
0 0

max{S(gbn—1,9bn—1,9bn_2),5(9an-1,9an_1,9an_2)}
k/ ()t
0

using (15) we have

/S(gan+l7gan+lfga’n) /S(F(an7bn)sF(an7bn)7F(anlubn1))

p(t)dt = o(t)dt < (18)

0 0

max{S(gan—1,9an-1,9an-2),5(gbn-1,9bn—1,9bn—2)}
kQ/ pt)dt < --- <

0
max{S(ga1,9a1,9a0),5(gb1,9b1,9b0)}
w/

o(t)dt.
0

Analogous, we have

S(gbn+1,9bn+1,9bn)
/ p(t)dt =

/S(F(bn,an),F(bn,an),F(bn_l,an_l))

p(t)dt < (19)

0 0

max{S(gbi,gb1,9b0),5(ga1,9a1,9a0)}
w/

o(t)dt.
0

Letting n — oo in (18) and (19) and using Lemma 1.4 we conclude that

lim S(gan+1,9an41,90,) =0 and lim S(gbnt1,9bn+1,9bn) = 0.
n—oo

n—oo

Now we have to prove that the sequences {ga, } and {gb,} are Cauchy sequences.
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Since g(ant1) = F(an,bp), g(bpt1) = F (bn,a,) and gani1 # gbniq for all n € Ny
{gans1},{gbn+1} are Cauchy sequences if and only if {(gant1,gbn+1)} is Cauchy sequence
in (X2,8;) that is., in (X2, Smax) , where

Sy ((a7 b) ) (p7 Q) ) (07 7’)) =5 (a,p, C) +5 (b7 q, T)
that is.,
Smax (<a7 b) ) (pa q) ) (Ca T)) = max {S (Cl,p, C) 75 (b7 q, 7")} .

Putting G,, = (gan,gb,) € X2. If {G,} is not Cauchy sequence, then according to
Lemma 2.1 the following subsequences tend € when k — oo :

S (gamk-‘rla gamk-i-laga'nk-i-l) and Smax (GmkamkaGnk) )
where
Gmk = (gamkvgbmk) k) Gnk = (gankagbnk) })
Taking in (11) a = p = am,,b = q = by, and ¢ = a,, ,r = b, we get

S(gmy+1:9%my, £1,90n, +1) Smaz(Gmy, ,Gmy:Gny,)
o () dt < k / o (b) dt. (20)
0 0

Now, letting k — oo in (20) we obtain

O/@(t)dt§k0/<p(t)dt<O/Lp(t)dt.

A contradiction. Hence {ga,+1} and {gb,+1} are a Cauchy sequences in g(X). Since g(X)
is complete, we have {ga,} and {gb,} are convergent to some a € X and b € X respectively.
Since g is continuous, we have {g(ga,)} is convergent to ga and {g(gb,)} is convergent to
gb, that is,

lim g(g(an)) = g(a) and  lim g(g(bn)) = g(b).

n—oo n—oo

Since, F' and g are commutative, we have

F(g(an),g(bn)) = g(F(an,bn)) = g(g(an+1))

and

F(g(bn)7g(an)) = 9<F(bman)) = g(g(bn+1)).
Next, we have prove that (a,b) is coupled coincidence point of F' and g.
From (11) we obtain

/S(F(a,bLF(mb),gyanﬂ) /S(F(mb),F(a7b)7F(gamgbn))

pt)dt = e(t)dt
0

max{S (gavgavggan)aS(gb1gbngbn)}
kj /
0

0
<
Letting n — oo we have F'(a,b) = ga. Similarly we have F(b,a) = gb. Next, we claim

that a is a common fixed point of the mappings F' and g. Suppose now that ga # gb. Then
from (11) we have
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S(gb,gb,ga) S(F(b,a),F(b,a),F(a,b))
/ ot = [ ()t
0 0

/max{s(gbﬂb,ga),S(ga,ga,gb)}

IA

k
0

max{S(gb,gb,ga),S(gb,gb,ga)}
g

0
S(gb,gb,ga)
< / p(t)dt.
0

Contradiction. Therefore ga = gb i.e. F(a,b) = ga = gb = F(b,a). It remains to be
prove that ga = a and gb = b. Using (11) we have

S(ga,ga,9an+1) S(F(a,b),F(a,b),F(an,bn))
/ p(t)dt = / o(t)dt
0 0
max{S(ga,ga,ga),S(gb,gb,gbn)}
< k/ o(t)dt.
0
Letting n — oo we get
S(ga,ga,a) max{S(ga,ga,a),S(gb,gb,b)}
/ o(t)dt < k / o(t)dt. (21)
0 0
Similarly
S(gb,gb,b) max{S(gb,gb,b),S(ga,ga,a)}
/ p(t)dt < k/ o(t)dt. (22)
0 0
From (21) and (22) we have
max{S(ga,ga,a),S(gb,gb,b)} max{S(gb,gb,b),S(ga,ga,a)}
/ ot < k[ ()
0 0
max{S(gb,gb,b),S(ga,ga,a)}
< / o(t)dt.
0

Contradiction. So a = ga = F(a,b) = F(b,a) = gb=1b.
]

The next is our third new result in the framework of partially ordered S—metric
spaces with the coupled question. It is not comparable with previously.

Theorem 2.3. Let (X, S, <) be a partially ordered S-metric space. Let F: X x X — X
and g : X — X be mappings such that F' has the mized g-monotone property on X and
there exist two elements ag,by € X with g(ag) = F(ag,by) and g(by) = F(bg,ap). Let there

be a constant k € (0,1) such that the following holds:
S(F(b,a),F(q,p),F(r,c))+S(F(a,b),F(p,q),F(c,r)) [S(ga,gp.gc)+S(gb,9q,97)]
/ oty <t [ S, (23)

0 0

for all a,b,c,p,q,r € X with ga = gp = gc and gb =< gqg <X gr or ga < gp = gc and
gb = gq ¥ gr, where ¢ : [0,00) — [0,00) is a Lebesgue integrable mapping which is summable,
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non-negative, integrable function and such that for each € > 0, fo o(t)dt > 0. Assume the
following conditions:
(a) F(X x X) C g(X),
(b) g(X) is complete,
(¢c) g is continuous and commutes with F'.
Then F and g have a coupled coincidence point. Moreover, then there exists a € X
such that g(a) = F(a,a) = a.

Proof. LetTg:XxX—)XxXandTF:X><X—>X><Xbedeﬁnedas ,(a,b) = (ga, gb),
Tr(a,b) = (F(a,b),F(b,a)). Let S} : (X ) [0, 00) be defined as Sy ((a, b) (p,q),(r,c)) =
S(a,p,r) + S(b,q,c). If (X, S, =) is partially ordered S metric space, then (X2, 5, ,C) is
also partially ordered S metric space.

It is obvious that (23) becomes

S (Tr(Y),Tr(V),Tr(Z)) S (Tg(Y),T4(V),T(2))
o (t)dt <k / o (1) dt, (24)
0 0

where Y = (a,b),V = (p,q),Z = (¢,r). Also the conditions in Theorem 2.3 imply that
Ty (ao,b0) C T (ao,bo), Ty (Y) CE Ty (V) C Ty (Z) or Ty (Y) 3 T, (V) 2 Ty (Z) as well
as Tp (X x X) C T, (X x X). Further we obtain that Ty (X x X) is complete and Ty, is
continuous and commutes with Tr.

The proof further follows according to Theorem 2.5. ]

Let A, B C R. The function ¢ : A — B is called sub-additive integrable function if
and only if for x,y € A

oty . ’
0/¢(t)dt§0/<p(t)dt+0/<p(t)dt.

For such functions we have the following result:

Corollary 2.2. Let (X, S, <) be a partially ordered S-metric space. Let F: X x X — X
and g : X — X be mappings such that F has the mized g-monotone property on X and
there exist two elements ag, by € X with g(ag) = F(ag,by) and g(by) = F(bg,ap). Let there
be a constant k € (0,1) such that the following holds:

/S(F(b,a),F(q,p),F(T,c))

p(t)dt +

S(F(aﬂb)’F(p,Q)’F(C’T))
L/ (1)t < (25)

0 0

[S(ga,gp.gc)+5S(gb,9q,97)]
v P,
for all a,b,c,p,q,r € X with ga = gp = gc and gb <X gqg <X gr or ga < gp = gc and
gb = gq = gr, where ¢ : [0,00) — [0,00) is a Lebesgue integrable mapping which is summable,
non-negative, sub-additive integrable function and such that for each € > 0, foa p(t)dt > 0.
Assume the following conditions:

(a) F(X x X) C g(X),
(b) g(X) is complete,
(¢) g is continuous and commutes with F.
Then F and g have a coupled coincidence point. Moreover, there exists a € X such
that g(a) = F(a,a) = a.
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Proof. Since the function ¢ is sub-additive we have that from (25) follows

S(F(b,a),F(q,p),F(r,c))+S(F(a,b),F(p,q),F(c,r)) [S(ga,gp,gc)+S(gb,gq,g7)]
/ s <k [ Pty (26)
0 0
and using Theorem 2.3 we conclude that the result follows. |

Corollary 2.3. Let (X, S, =) be a partially ordered S-metric space. Let F': X x X — X
and g : X — X be mappings such that F has the mized g-monotone property on X and
there exist two elements ag, by € X with g(ag) = F(ag,by) and g(by) = F(bg,ap). Let there
be a constant k € (0, %) such that the following holds:

/S(F(b#l),F(q7p)7F(T70))+S(F(a»b)7F(p,Q),F(cw)) /maX{S(gaﬂp,QC)75(9b7gq7gr)}

p(t)dt < k p(t)dt,
0 0

for all a,b,c,p,q,r € X with ga = gp = gc and gb =< gqg = gr or ga <X gp = gc and
gb = gq = gr, where ¢ : [0,00) — [0,00) is a Lebesgue integrable mapping which is summable,
non-negative, integrable function and such that for each € > 0, fOE o(t)dt > 0. Assume the
following conditions:
(a) F(X x X) C g(X),
(b) g(X) is complete,
(¢c) g is continuous and commutes with F'.

Then F and g have a coupled coincidence point. Moreover, there exists a € X such
that g(a) = F(a,a) = a.
Proof. Since
/S(F(b,a)yF(qﬂp)7F(Tvc))+S(F(a7b)7F(p7q)7F(0ﬂ”))

p(t)dt

max{S(ga,gp,gc),S(gb,9q,97)}
< k/ go(t)dt
0
S(ga,gp,gc)+S(gb,9q,97)
Sk/ p(t)dt,
0
results follows from Theorem 2.3. O
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