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SUB-RIEMANNIAN GEODESICS ASSOCIATED TO CR-GEOMETRY
ON HEISENBERG GROUP Hs.

Stanislav Frolik!, Jaroslav Hrdina?

We introduce a class of curves corresponding to the class of metrics of sub-
Riemannian geometry on the Heisenberg group Hz. Any curve from the class belongs to
a set of geodesics corresponding to a sub-Riemannian geometry on the Heisenberg group
Hs. We use the symmetries of CR-geometry as an additional geometric structure on Hsa
to construct these curves. We demonstrate how these classes of geodesics can be used
for the corresponding control systems.
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1. Introduction

We discuss the non-trivial sub-Rimannian geometry based on Heisenberg group Hs.
The control problem on Hj is well known [3, 5]. We discuss the geodesics of sub-Rimeannian
geometry with respect to additional geometric structures, [1, 2] and [4, 9]. Our solutions
are optimal trajectories with respect to a special class of metrics on distribution, [6]. On
top of that, we do not choose arbitrary symmetries for it, but to control the optimality we
choose an additional geometric structure on the distribution. The choice of the additional
geometric structure can be motivated for example by an application.

We introduce an algorithm, which embeds the Lie algebra of left invariant vector
fields into the algebra of its infinitesimal automorphisms. This algorithm is called Tanaka’s
prolongation. The algorithm has two steps. At first, it constructs the Lie algebra of au-
tomorphisms - this is called algebraic Tanaka’s prolongation - next, this algebra is seen as
an algebra of infinitesimal automorphisms. The second step is called geometric Tanaka’s
prolongation, [10, 11].

2. Heisenberg group Hi;

We will start with the classical definition of Heisenberg group Hj as a group of ma-
trices. The subset of 3 by 3 matrices over real numbers M3(R) given by the following set

1 T t
Hs = 0 1 a9];21,29,tE€R
0 O 1

defines a noncommutative group with the usual matrix multiplication. Consider the matrices

A,B € Hs.
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Then we can compute a product of matrices A and B as

1 21+7 t+t+a17
AB= {0 1 To + To
0 0 1

and inspect the inverse matrices to A and B

1 —Xr1 T1T2 — t 1 —X fli‘g —t
At =(0 1 —9 ., B'=10 1 —o
0 O 1 0 O 1

Then we can inspect the group commutator [A4, B] as

1 0 z1%2 — T129
[A,B]=ABA™'B '= [0 1 0
0 0 1

hence the commutator subgroup is

1 0 k
0 0 1

Now, assume C € T';(H3) be an element of the commutator subgroup and we compute the
product of a matrix A with its commutator C

1 Iy t 1 0 k 1 T t+k
AC=10 1 =9 01 0)J]=10 1 Ta = CA,
0 0 1 0 0 1 0 0 1

and therefore [A,C] = AC(AC)™! = I3. Hence I'y(H3) = [['1(H;3),H3] = I3 = e and
the group Hs is nilpotent of class 2. Lie group Hs is called the Heisenberg group with 3
parameters. The nilpotence class measures the noncommutativity of the group. The Lie
algebra of the Heisenberg group over the real numbers is known as Heisenberg algebra b,
[5, 8]. Tt is represented using the space of 3 by 3 matrices of the form

0 T t
f)s{ 0 0 z ;a,b,ceR}

—~

0 0 0
where a, b, c € R. The basis elements of the algebra
01 0 0 0 0 0 0 1
X=(0 0 O, Y=|0 0 1), Z={(0 0 O
0 0 0 0 0 0 0 0 0

satisfy the commutation relations
(X,)Y]=2 [X,Z]=0, [Y,Z]=0.

In the following, we shall associate with this group a noncommutative geometry of step
2. This geometry will have the Heisenberg principle built in. The bijection ® : R? — M3(R),

1 T1 t
(z1,22,1) = |0 1 3
0 0 1

induces a noncommutative group law structure on R3
(1) (w1, ma,t) 0 (2,2, ') = (x1 + 2, w0 + 5, t + ' + 2125).

The zero element is e = (0, 0,0) and the inverse of (x1,xs,t) is (—x1, —x2, x122 — t). The set
R3 together with the group law (1) will be called the nonsymmetric 3-dimensional Heisenberg
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group. This group can be viewed as a Lie group. The left translation L, : Hs — Hs, L,g =
ag,¥g € Hj is an analytic diffeomorphism with inverse L, = L,-1. A vector field x on H3
is called left invariant if

(La)+(Xg) = Xag, Va,g € Hs.

The set of all left invariant vector fields form the Lie algebra of Hs, dentoed by L(Hs). The
Lie algebra of H3 has the same dimension as Hj3 and it is isomorphic to the tangent space
T Hs.

It is obvious that vector fields

(2) Ny =0y, N2 =20, +210:, N3 =0

are left invariant with respect to the Lie group law (1).
On the Heisenberg group, an important role is played by the distribution H generated
by linearly independent vector fields n; and no :

x — Hy = spang{ni,na}t,

called the horizontal distribution. As [n1,n2] = 0; ¢ H, the horizontal distribution H is not
involutive, and hence, by Frobenius theorem, it is not integrable, i.e. there is no surface
locally tangent to H. A vector field V on R3 is called horizontal if and only if V, € H,,Vz.
A curve ¢ : [0,1] — R3 is called horizontal if the velocity vector ¢(s) is a horizontal vector
field along ¢(s). Horizontality is a constraint on velocities and it is called a non-holonomic
constraint. It is easy to show that any two points in Hj3 can be joined by a piece-wise
horizontal curve, i.e. a curve tangent to the horizontal distribution. The choice of vector
fields n; and ny as an orthonormal basis on the distribution H introduces a sub-Riemannian
structure on the Heisenberg group Hs.

We say that the pair (4(¢), ¢(t)) is an optimal pair if (t) is a length minimizer curve
with respect to sub-Riemannian structure on H and satisfies ¢ = uini(q) + uana(q),qg € M
with the control function u = 4(t). The Hamiltonian of the maximum principle is a family
of smooth functions parameterized by controls u = (uy,us) € R? and a real number, v < 0
given by

14 12
H(v, f) = (uini + uana, f) + 5(“? +u3) = urhy + ughs + 5(“? +u3),

where (-, -) denotes evaluation. If v = 0, we speak about an abnormal Hamiltonian. Other-
wise, we speak about a normal Hamiltonian and we normalize H by v = —1. The curve ¢(t)
is called an extremal, and it is a normal (abnormal) if it corresponds to a normal (abnormal)
Hamiltonian of Pontryagin’s maximum principle. The projection of each abnormal to M
coincides with a projection of a normal for 1-step filtrations, so for Heisenberg group Hs.
Thus we focus only on normal extremals.

Now, let us construct the adjoint representation of left invariant vector fields ni,ns.

0 0O 0 0 O
adni =0 0 0], adny=110 0 0
01 0 -1 0 0

and left-invariance leads to the following system which takes the form
(3) hi = ((ad dH)e;, ) = (es, (ad dH)*€),

where e; is the basis of 3 corresponding to n; and H : h5 — R corresponds to H and
¢ € TyH;.

The left-invariant Hamiltonian H satisfies dH = hi;dhj + hodhg and thus H = hie; +
hoes in formula (3). Direct computation gives the adjoint action ad(hie; + hoes) viewed as
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a linear endomorphism represented in the basis e; as

0 0 0
(4) 0 0 0
—hy h O

According to (3) we read off directly the vertical system from the action of the matrix (4)
and the horizontal system follows from the form of generators of the distribution (2). These
considerations leads to the formulation of the following proposition.

Proposition 1. Normal extremals of the approximation are solutions of the system

(5) hi = —hshy, hy=hghi, h3=0
(6) {).L‘:h27 y:¢h27 ¢:h1
where (5) is the vertical system and (6) is the horizontal system.

Let us start with the solution of the vertical system (5), which is independent of the
horizontal part (6).

Proposition 2. The system (5) has the solution of the form
hl = CQ sin(Clt) + Cg COS(Clt)
hg = Cg sin(Clt) - C2 COS(Clt)
hs =Ci

in the generic case hg # 0 for constants C1,Co,Cs. In the case hs = 0 we get hog = Cy, hy =
C3 for constants Cq,Cy, Cs.

Proof. The equation hs =0 implies hg = C4 for some constant Cy. If C; = 0 then hy = Cs
and hy; = Cj5 for constants Cy, C3. If C; # 0, then we get the system

()= (e 5" G

with constant coefficients and we get the solution by the discussion of eigenvalues and
eigenvectors of the corresponding matrix. (|

The horizontal system can be solved by the direct integration. Moreover, it is sufficient
to consider the initial condition z(0) = y(0) = ¢(0) = 0, because we get solutions with
different initial conditions using the group structure of Hs.

Proposition 3. In the case hs # 0, the horizontal system (6) has solutions satisfying
2(0) = y(0) = ¢(0) =0

o = Cil(cg — Cysin(Cut) — Cy cos(Cht)),
xTg = 4%12(201(022 + CHt — 4C5C3 cos(C1t) + 205C5 cos(2C t)
—4C3 sin(Cyt) + (C3 — C3) sin(201t) + 2C5C3),
t= CLI(CQ — Cycos(Cht) + Cssin(Cht))

for constants Cy,Cs,C3 from proposition 2. In the degenerate case hy = 0 we get v =
Cot,y = 12C,C5t%, ¢ = Cst for Cy, Cs from proposition 2.
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3. Symmetries of CR-structure on Hj

There exist two well-known nondegenerated geometric structures on top of Hs. These
are Lagrange contact structure and CR-structure. From now on we have chosen CR-structure
for further investigations. We will compute both algebraic and geometric Tanaka’s prolon-
gation in the case of algebra Hjs. Formally a CR (Cauchy-Riemann) structure is a smooth
manifold N equipped with a distribution D and an almost complex structure on D on this
distribution (i.e. an affinor J, such that J? = —Idp). Now, let us introduce it in a greater
detail.

Definition 1. Let M be a smooth manifold. Let J : TM — TM be a smooth tensor field
such that J2 = —Idy;. We call tensor field J the almost complex structure on M.

Definition 2. Let M be a smooth manifold. Let D be a distribution on M and J : D — D
is an almost complex structure on D. We call (M, D, J) the CR-structure structure on M.

Now we will define an additional CR-structure on distribution % = (n1,n2) on Hs.
An almost complex structure on distribution H, is defined on basis elements as

(7 J(n1) = —ng, J(n2) = nq.
In particular Lie algebra
go = {A € Hom(H,H),AJ = JA}
preserve CR-structure. So A € go if and only if A = id or A = J because of another
automorphism
Al(nl) = N2, Al(nQ) =ni, A2(n1) = —ny, AQ(nz) = —ni,

do not belong to gy because A1J # JA; and AsJ # JA,. This geometric structure is also
called Cauchy—Riemannian structure and is frequently studied, [7]. To embed the control
algebra to the algebra of infinitesimal automorphisms we use Tanaka’s prolongation. In
the rest of the chapter, we will explicitly show how to calculate algebraic and geometric
extensions of the Lie algebra gg.

3.1. Algebraic Tanaka’s prolongation.
Algebraic Tanaka’s prolongation is the standard algebraic method, which can be found
in [10, 11].

Theorem 3.2. Let Hj be the Heisenberg group equipped with distribution generated by vector
fields X1 = ny and Xo = ng from (2) and with CR-structure (7). The algebra of infinitesimal
authomorphisms of CR—structure (7) is generated by eight basis elements it forms a Lie
algebra with multiplication Table 1.

Proof. Now, let us proceed in the construction of algebra of infinitesimal automorphisms of
h. Let
a® = span{AY9, AV},
where we choose automorphisms as follows
AV(X1) = X1, AN(Xe)=Xa, AYXy) =X AYXe)=-Xi.

Because A? are derivations, then we can compute

AT (X3) = AY([X1, Xo]) = [AT(X1), Xo] + [X1, AY(X2)] = [X1, Xo] + [X1, Xa] = 2Xs,

A3(X3) = AS([X1, Xa]) = [AY(X1), Xo] + [X1, AY(X2)] = [Xa, Xo] + [X1, —X1] = 0.
Because 6! € Hom (g, g°) @ Hom (g=2,g!) then

§M(X1) = anAY + apA),  §H(Xo) = anAf + anAl,
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[ | X1 X, | X3 A9 Ay | A} Ad A?
X |0 Xs |0 X1 | —Xo | =AY | 3A9 Al
X, [ —-X;3 |0 0 Xy [ X; | -3AY [ —-AY [ -A]
X; |0 0 0 —2X3 |0 2X, |[—2X,[0
AV X, X, [2X3 |0 0 —Al [ -A} [ —2A?
A | X, -X; |0 0 0 Ad —Al |0
A TAY 3A | —2X, [ Al —AL]oO —2A% |0
AT =3A3[AY [2x, [ A A [2A% |0 0
A% [ AL AL O 2A7 |0 0 0 0

TABLE 1. Multiplication table of Tanaka’s prolongation for Heisenberg
group Hs

for some ay;,1 <i4,5 < 2. if o' € g' then
51 (X3) = [6"(X1), Xo] + [X1,8"(X2)] = [11A] + a12A3, Xo] + [X1, a21 AT + az2A3)]
= a AV (X2) + a12A9(Xs) — ag AY(X7) — e A (X))
= a1 Xe — a2 X1 — an Xy — @ Xo = (@11 — ag)Xo + (—a12 — az1) X,
Similarly we can compute
§H([X1, X3]) = [0 (X1), X5] + [X1, 0" (X3)]
= [04111\(1) + 0412A(2),X3] + [ X1, (—ai2 — a1) X1 + (a1 — a22) Xo]
= a11AY(X3) + a12A9(X3) + (a2 + 1) [ X1, X1] + (a11 — a22)[ X1, Xo]
=211 X3 + (11 — 22) X3 =0,
which obviously implies 3c;; = ago. Furthermore, we compute
5 ([X2, X3]) = [07(X2), X5] + [X2, 0" (X5)]
= [a21AY + a2AY, X3] + [Xo, (—a12 — a21) X1 + (11 — a22) Xo]
= a1 AY(X3) + a22A(X3) + (a12 + a21)[X1, Xo] + (@11 — a20)[ X2, Xo]
=201 X3 + (@12 + a21) X3 =0
which similarly implies 3an; = —ao thus we can evaluate 6' as
SH(X1) = an Al = 3an Ay, 61(X2) = agiAY + 31 A9,

To find g? let us choose parameters a1, a1 as (a1, a21) = (1,0) respectively (aq1, 1) =
(0,1), so we get

AM(X1) =AY Af(Xa) =3A3, Ay(X1) = —3A3,  Ay(Xz) = Al
Now, let us evaluate X3 in Al
AT(X3) = [A1(X1), Xo] + [X1, Af(X2)] = [AT, Xo] — [3A3, X1] = Xz — 3Xp = —2X,
A3(X3) = [A5(X1), Xo] + [X1, A3(X2)] = [-3A9, Xo] — [A, X1] = 83X, — X1 = 2X,
Assume, that 62 € Hom (g™, g*) @ Hom (g=2, g°), then
8%(X1) = BuAi + BizAs,  8°(X2) = BarA] + a2,
for some B3;;,1 <i,j < 2. Let us compute X3, [X1, X3, [Xo, X3] for 62 € g2,
0%(X3) = [0%(X1), Xo] + [X1,0%(X2)] = [B11A] + Br2A3, Xo] — [B21A7 + Bool\s, X1]
= 3B11A9 + B12AY — BarAY + 3B22AY = (Bi2 — Ba1)A] + (3811 + 3B22) A9
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From calculation of [ X7, X3], [X2, X5] in §? we are able to compute values of coefficients 3;;.
5%([X1, X3]) = [BuiA] + B2, Xs] — [(Bi2 — B21)AY + (3811 + 3822) A3, X1]
= =201 X2 + 2612 X1 + (B21 — B12) X1 — (3811 + 3B22) X
= (P12 + B21) X1 + (—5B11 — 3P22) X2 =0
0%([X2, X3]) = [Ba1 A1 + BazAs, Xa] — [(Br2 — Bo1) AT + (3811 + 3f22) A3, Xo]
= =201 X2 + 2622 X1 + (B21 — P12) X2 + (3B11 + 3622) X4

= (3811 + 5B22) X1 + (P21 — B12) X2 =0
These two equations imply following system of equations

Br2+ P21 =0 —5B11 —3B22 =0
3811 + 5822 =0 —f21 = P12 =0

whose solution is 511 = P22 = 0, 12 = — 321, SO
8(X1) = —Parh;, 03 (X2) = BarAy.

Let us try to compute g3. Chose 31 = 1 and then 82; = 0. It is obvious that such mapping
degenerates with such choice.

AF(Xy) =—Ay, AF(Xp)=A], A3(X1)=0, A3(X3)=0
Compute X3 in A2
A3 (X3) = [AT(X1), Xo] + [X1, AT (X)) = [-Ag, Xo] — [A], X3] = A) =AY =0
A3(X3) = [A3(X1), Xo] + [ X1, A3(X2)] = [0, X2] — [0, X1] =0
Now assume, that §° € Hom (g’l,gz)7 then
5 (X1) =mAT,  6*(Xz) = AT,
for some ~;,7 = 1,2. Now we will compute X3, [X1, X3],[X2, X3] in 5 e g’
§%(X3) = [6%(X1), Xo] + [X1,0%(X2)] = [nAT, Xo] — [12AT, X1] = AT + 1245
6% ([X1, X3]) = [mAT, X3] — [11A] + 7203, X1] = 0 — 11 AY — 372A9
6% ([ X2, X3]) = [72A7, X3] — [11A7 4+ 72A3, Xo] = 0 — 371 A — 1oAY

Obviously, the system has a single solution 73 = 72 = 0. Compute the rest of the brackets
[A], Aé] and construct multiplication table of this Lie algebra.

Xo

[A?,AO]( 1) = [Xl,AO] [A?,XQ} =—Xo+Xo=0
[AY, AS)(X2) = [Xa, A9] + [A}, = X1] = —(=X1) = X1 =0
[A}vAO](Xl) = [ 1aA0] [A%aXl] = A1

[A1, AD)(X2) = [3A9, A7) + [Af, Xo] = 3A3

[AL, AS)(X1) = [AY, A5] + [A], Xo] = 3A5

[AL, AS)(X2) = [BA9, A9] + [A], —X1] = —A}

[A3, A9](X1) = [~ 3A3aAO] [As, X1] = —3A3

[A5, AT(X2) = [A, AD] + [A3, Xo] = A}

[A3, AS](X1) = [-3A5, A3] + [Ag, Xo] = A}

[As, A3](X2) = [A, A9] + [A5, —X1] = 3A9

(AL, A3)(X1) = [A?’Al] [A1, —3A5] = 2A;

(A1, A3)(X2) = [3A
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[A%, AD)(X1) = [—A3, AT] + [A%, X1] = —2A,
[A%, AY](X2) = [Af, AY] + [A%, Xo] = 244
[A%, A9)(X1) = [-A3, AD] + [A%, X5] = 0
[A%, A3)(X2) = [A], AJ] + A%, —X1] =0
[A%, AT)(X1) = [-A3, Af] + [A% A]] =0
[A%, A}](X2) = [A}, A]] + [A%,3A3] = 0
[A%, A3)(X1) = [~A3, A] + [A%, —=3A3] = 0
(A%, A3)(X2) = [Ai,Az] [A%,A}] =0
which completes the proof |

3.3. Geometric Tanaka’s prolongation.

We got the 8-dimensional Lie algebra with the multiplication table (1). For simplicity
denote elements of Tanaka’s prolongation (mg)* as e;, so we got the following multiplication
table.

['7 } €1 €2 €3 €4 €5 €6 €7 €s

€1 0 €3 0 —€1 —€9 —€4 365 (&rd

) —e3 |0 0 —ey | €1 —3e5 | —ey —eg
€3 0 0 0 —263 0 262 —261 0

ey el es 2es 0 0 —eg —er | —2eg
€5 €9 —€1 0 0 0 (&rd —€g 0

€6 €4 3es | —2es | eg —e7 | 0 —2eg | 0

(rd —365 €4 261 (& €g 268 0 0

es —er €g 0 268 0 0 0 0

TABLE 2. Relabeled multiplication table

The next computation is based on the algorithm, which can be found in [11]. To find
infinitesimal automorphisms, we will introduce so-called Maurer-Cartan form, precisely the
mapping w : TM — g such that w = w,, dz; + wy,das + widt holds w(X;) = e;.

Lemma 1. Let H3 be a Heisenberg group equipped with distribution generated by vector
fields n1 and no from (2) and g is a Lie algebra generated by elements e;, i = 1,...,3 such
that [e1, e2] = e3. The Maurer-Cartan form is a mapping w : THs — g such that

w = (eg — teg)dry + esdre + erdxy = dtey + dries + (dxo — tdzy)es
and denote its parts as
w b= dte; + dxyes,
w2 = (dry — tdry)es.
Proof. 1t yields
e1 = (wg,dz1 + we,dzg + wdt)(0:) = wy,
e = (g, dz1 + wy,dze + widt)(0ny + t0z,) = Wa, + twa,,
e = (W, dz1 + we,dze + widt)(Dpy) = Wa, -

and substituting to the Maurer-Cartan form we complete the proof. |
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Theorem 1. The Lie algebra of infinitesimal automorphisms go & g1 © g2 is generated by
following vector fields:

)/el = 8t + I’lamz

Y., = Oy,
Yo, = O,
Ye4 = xlﬁwl + 2.%2812 + to;

1
= t@ml — 5(1’12 — t2)312 — xlat

1 3 1
Yes = <2t2 — 3:1?12) 8,5 + (3I1t — 2582)(9951 + <2t21’1 — 2I2t + 22E2 - 23313) 3“

=<
I

1
er (2:62 + tLEl) 8t + 5(1’12 — 3t2)ar1 + (21’1352 — t?’) 8£2

1

Ye, = 7§[Y@6’ 67]

Proof. Let e3 € g~2, then desired Y, holding
w(Y:B:;) - u72,

= e3, is exactly Yo, = O,,. Now let e5 € g~! such that we look for Y., holding
) =u"!+u"2, where

where u=2

w(Ye

2
uwl=ey du? =[utw
Evaluation of these equations
U =eg
du=2 = [eg, dte; + dzyes] = —dtes

L= ey, u™? = —tes, is solution Y, of equation w(Y,,) = es — tes.

Yo, = 0y, + 10y, — t0z, = Oy,
Furthermore let e; € g~! such that we look for Y., holding w(Y,,) = u~! + u~2, where

wlr=e, du? =[u

yielding u~

71,&)71}.

Evaluation of these equations
u = el

du=? = [61, dte; + dLElez] =dxies

yielding u=! = e;,u™2 = x;e3, is solution Y., of equation w(Ye,) = e1 + z1e3.

Ye, = 01 + 210,
It yields algebra (Y,,, Y.,,Ye,) isomorphic with algebra (X1, X2, X3). Now, let e; € g° such
that we look for Y, holding w(Ye,) = u® + v~ + =2, where
u® = ey,

du™t = [u®,w™],

du™? =[u ™t w4+ Wl w?).
Evaluation of these equations

u’ = ey

du~t = [64,dt61 + dﬂ?leg] = dte; + dzqes
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yielding ©® = e4,u™! = te; + z1e2 and moreover
du=? = [te; + w1eq,dte; + dxyes] + [eq, (dzy — tday)es] = (tdxy — x1dt)es + 2(dzy — tag)es
yielding u=2 = (222 — z1t)e3, we get solution Y, of equation w(Y.,) = es4 + te; + z1e9 +
(2%2 — (Elt)eg.

Y,e4 = 1‘18951 + 21‘28952 + t@t
Next let e5 € g° such that we look for Y, holding w(Ye,) = u® + =t + u~2, where

UO = €5,

du™t = [u®,w™],
du™? = [u™w )+ [u®,w™?).

Evaluation of these equations

’LL0:65

du~! = [es, dter + dzies] = dteg — dzyeg
yielding u® = e4,u™! = te; — x1e; and moreover
du=2 = [tea — xye1,dte; + dxqea] + [e5, (dzg — tdxy)es] = (—tdt — x1dxq)es
yielding uv=2 = —%(t2 + x1%)es, we get solution Y., of equation w(Y.,) = e5 + tes — x1e1 —
142 2
5 (7 +21%)es.

1
}/es = tﬁml — 5(1712 - tz)(?m — l’lat

Now let eg € g! such that we look for Y., holding w(Ye,) = u! +u® + =t + u=2, where

Evaluation of these equations
u' = eg
du® = [es, dte; + daqea] = dtey + 3dxqes
yielding u! = eg, u’ = tey + 3x1e5 and moreover
du™! = [teq + 3z1e5,dte; + dzies] + [eg, (dag — tdz)es)
= (3x1dt + 3tdzy — 2das)es + (¢dt — 3z1daq ey,
1

(t? — 3x12)e; + (3x1t — 212)es and additionally

. . _ 1
yielding u 5

1
du=? = [2(t2 —3x1%)e; + (3w1t — 229)ey, dtey + dl‘162:| + [tes + 3z1e5, (dzg — tdxy)es)

1 3
= (2tdx2 — 2t%dzy — 3taydt + 2zodt + ithxl — Zmlzdml) es

we get u™? = (2xot — 31221 — 3tx1®) es.
From those equations we get solution Y, of equation w(Ye,) = eg+tes+3z1es5+3 (12 — 331%) e1+
(3z1t — 2a2)es + (222 — 3221 — 124%) es.

1 3 1
YeG = <2t2 - 3$12) 8t + (3.731t — 2$2)6$1 + (2t2331 — 2.732t + 2332 - 21?13) 6x2
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Finally let e; € g* such that we look for Y., holding w(Ye,) = u! +u® +u=! +u=2,

where )

u = er,
du® = [ut, w1,
du™ = [ut, w2+ Wl W™,
du™? = [uHw )+ [uw?).

Evaluation of these equations

u1:e7

du® = [e7,dte; + dzies] = dzieq — 3dtes
yielding u! = e7,u® = x1e4 — 3tes and moreover
du~! = [z1e4 — tes, dtey + dxies] + [er, (dag — tdw)es]
= (z1day — 3tdt — 2das)es + (¢dxy + z1dt + 2dag)ey,

yvielding u™ = (tz1 + 222)e; + £ (212 — 3t?)es and additionally from equation

1
du~2 = [(twl + 2x5)e + 5(3312 — 3t%)ey, dte; + d$1€2:| + [z1e4 — 3tes, (dzg — tday)es)

1 3
= (2$1d1’2 + QCCQdiL'l — txld:vl - §$12dt + 2t2dt> €3

we get u 2= (29011132 — %twﬂ + %tg) es.
Accordingly we get solution Y., of equation w(Y.,) = e7 + z1e4 — 3tes + (tx1 + 222)e; +
%(xf — 3t%)eq + (21"13:2 — %txf + %t2) es.

1
Y;7 = <2$2 + t$1) O + 5(.%’12 — 3t2>8w1 =+ (2.1’1332 — t3) 8932

We computed seven infinitesimal automorphisms, which preserves the horizontal distribution
of our mechanism. The Lie bracket of vector fields Y, and Y., is defined by Lie algebra

multiplicative table 1[Ye,,Ye,] = —2Ye, which completes the proof. O

4. Notes on almost optimal control

We will use flows of vector fields from Theorem 1 given from the Tanaka’s prolongation
to design geodesics of Sub-Riemannian geometry. For every vector field Y from Theorem 1,
we can find its flow and use this flow to map a class of geodesics in sub-Riemannian geometry
3, which was defined by the choice of ny and nsy from (2) as the orthonormal basis. The left-
invariance of the Hamiltonian guarantees that the mapped class of curves will form geodesics
of the pullback of the original metric. Therefore, we consider the vector fields [Y,n1] and
[Y, ns] orthonormal. We continue with a direct computation that we demonstrate on two
vector fields. Here, as an example, we will display flows of vector fields of Y,, ;. € g".

Lemma 4.1. Let Y., and Y., are vector fields from Theorem 1 then their flows are the
following maps
x1et
Flouwf* = | w22
te!
tsin(t) + x1 cos(t)
2 .; 2 .
Flowfs — t 51n(t2) cos(t) T sm(2t) cos(t) + COSQ(t)t.Tl —tx1 + 2o
t cos(t) — x1 sin(t)

Proof. Direct computation completes the proof. O
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At this moment, we can construct classes of geodesics corresponding to different

metrics on H. The procedure is straightforward, so we demonstrate it with one example.
For example in the simple case of the flow Flow;*, the curves

2y = (%(03 — Cysin(Cht) — Cscos(Cht)),
1

2s
2y = 4%2(201(03 + C2)t — 40505 cos(Cht) + 2C5C5 cos(2Ct)
1
—4C2 sin(C1t) 4 (C3 — C2) sin(201t) 4+ 2CC3),
t= < (Cy — Cycos(Cyt) + Oy sin(Cht))

:Cl

are geodesics of Sub-Riemannian structure based on vector fields

ny = [l‘lazl =+ 25(}28352 =+ tat,(’)wl — argf)t] = —2x90; + 2190; — 8301 = —811
No = [.Tlawl + 2.1‘26352 + t@t,awz] = —26352

With this procedure, we are able to construct classes of geodesics corresponding to

the class of metrics on the Heisenberg group Hs. That means we have proposed a method,
how to transform a geodesic to an almost optimal curve with respect to a class of metrics.
In the sequel, we could use an elementary set of initial geodesics which would be extended
to any almost optimal curve, under some assumptions, to find solution, as studied in [6].
Further analysis could, for example, propose how to classify these geodesics or how to control
a dynamic system based on Hs.

(1]

[9
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