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PROJECTION METHODS WITH LINESEARCH TECHNIQUE
FOR PSEUDOMONOTONE EQUILIBRIUM PROBLEMS AND
FIXED POINT PROBLEMS

Li-Jun ZHU!, Yonghong YAO?, Mihai POSTOLACHE?

In this paper, we discuss pseudomonotone equilibrium problems and fized
point problems in real Hilbert spaces. With the help of linesearch technique, we
propose a projection algorithm without any Lipschitz-type condition for solving
equilibrium problems and fixed point problems. We show that the constructed
algorithm converges strongly to a common element of the investigated problems.
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1. Introduction

Let H be a real Hilbert space. Let C be a nonempty closed and convex subset
of H. Let f: C x C — R be a bifunction. Recall that the equilibrium problem
(shortly, EP(f,C)) consists of finding a point Z € C such that

f(z,x) >0, Vx € C. (1)

Denote the set of solutions of EP(f,C) by Sol(f,C).

The EP(f,C) has attracted so much attention both in its theory and some
relevant applications which can be refined from minimization problems, Nash equi-
libria ([2, 3, 14]), fixed point problems, variational inequalities ([11, 16]) and so on.
Iterative algorithms for solving EP(f, C') have investigated and further developed in
many different forms such as the proximal point algorithms ([13]), the projection al-
gorithms ([1]), the subgradient algorithms ([4, 8]) and the extragradient algorithms
([6, 19]).
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In order to solve EP(f,C), the bifunction f is always to be assumed to possess
Lipschitz-type condition (L): there exists ¢; > 0,2 > 0 such that

f(uijT) + f(vTawT) > f(uTawT) - CIHU]L - UTHZ - C2H'U]L - wTH2vvuT’UT7wT €,

and one of the following monotone properties (M1)-(M3):
(M1): strongly monotone if there exists ¢ > 0 such that

Fut vl + T, uf) < —¢fluf —of||%, Vul o € C.
(M2): monotone if
f(uf,vT) + f(vT,uT) <0, Vul,of e C.
(M3): pseudomonotone if
f(uf,vT) > 0 implies f(vf,u’) <0, Vul, ot € C.

In [12], Mastroeni studied EP(f,C) with f satisfying condition (L) and property
(M1) by using auxiliary problem technique. Moudafi [13] investigated the proximal
point algorithm for solving EP(f,C) with f satisfying property (M2).

Note that the condition (L), in general, is not verified. Furthermore, even if
the condition (L) holds, finding the constants ¢; and (2 is not an easy work. In
this respect, Nguyen, Strodiot and Nguyen [15] presented a hybrid method for solv-
ing EP(f,C) without condition (L) and fixed point problems by using a linesearch
procedure into the iterative step. Hung and Muu [7] extended the Tikhonov reg-
ularization method to the pseudomonotone equilibrium problem. Kazmi and Ali
[9] studied the EP(f,C) and a fixed point problem for an asymptotically quasi -
nonexpansivemapping. Kazmi and Yousuf [10] suggested an extragradient iterative
method for finding a common solution to EP(f,C) and fixed point problems of
nonexpansive mappings. Yang and Liu [19] introduced and analyzed a subgradient
extragradient algorithm for solving the pseudomonotone equilibrium problem and
fixed point problems.

Motivated and inspired by the above work, the purpose of this paper is to
further investigate EP(f,C) and fixed point problems. We devote to solve the
pseudomonotone equilibrium problems and fixed point problems of pseudocontrac-
tive operators. We propose an iterative algorithm based on the projected method
and hybrid method with linesearch technique for finding a common solution of the
equilibrium problems and fixed point problems. We prove the strong convergence of
the proposed algorithm.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || -||. Let
C be a nonempty closed convex subset of H. Recall that the distance between
a point x and C is defined as dist(z,C) = inf{||]x — a| : a € C}. Especially, if
C={ueH: (wu—v) <0} forw,ve H with w # 0, then

fwut =)
dista,0)={ w0 T EC
0, if ut e C.
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An operator S : C' — C is said to be pseudocontractive if
1Sy — Sul||> < |lu —u'||? + ||(I = S)u — (I — S)u'||?, Vu,u’ € C.

S : C — C is called -Lipschitz if ||Su — Suf|| < &lju — uf||, Vu,ul € C. If k = 1,
then S is called nonexpansive. If k < 1, then S is called x-contractive.
Recall that the metric projection Pg is an orthographic projection from H
onto C' and satisfies ||i — Pcla]|| < |Juf — |, Vul € C.
In the sequel, we use the following symbols.
e z, — 2/ means the weak convergence of z, to 2t asn — oo.
e 2, — p! stands for the strong convergence of z, to z' as n — co.
e Fix(S) denotes the fixed point set of S.
Let g : C — (—o00,+00| be a proper, lower semicontinuous and convex function.
Recall that the subdifferential dg of g is defined, for each u € C, by

dg(u) == {v' € H : g(u) — g(u) > (@l ul —u),vul € C}. (2)
It is known that u' solves the following minimization problem
min{g(u)}
if and only if
0 € dg(u') + Ne(uh), (3)
where N¢(u') means the normal cone of C' at u! defined by
Ne(wh) ={we H : (w,u—ul) <0,Yu e C}. (4)

Proposition 2.1 ([12]). Let f : CxC — R be a bifunction with f(Z,Z) = 0,Vz € C.
Then the following conclusions are equivalent
(i) = € Sol(f,C);
(ii) 2" solves the following minimization problem
; T
min f(z" 2).

Next, we consider the following auxiliary equilibrium problem which consists

of finding a point z' € C' with the property

f(21,2) + 55]l2" — 2| > 0,Vz € C, where ¥ > 0.

By Proposition 2.1, 2z € Sol(f,C) implies that z' also solves the following mini-
mization problem

min (<1, 2) + 551" — 2I1). o)

Let f:C x C' — R be a bifunction satisfying the following assumptions:

): f(ul,ul) =0,vul € C;

(f2): f is jointly sequently weakly continuous on D x D, where D is an open convex
set containing C' (recall that f is called jointly sequently weakly continuous on
D x D, if 2" — 2t and y™ — yf, then f(z",y") — f(zf,9"));

(£3): f(u',-) is convex and subdifferentiable for all uf € C;

(f4): f is pseudomonotone.

Lemma 2.1 ([12, 17]). Let f : CxC — R be a bifunction. If f satisfies assumptions
(f1)-(f4), then u' € Sol(f,C) if and only if ut solves the problem (5).
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Lemma 2.2 ([18]). Assume that the bi-function f : CxC — R satisfies assumptions
(f1)-(f4). For given two points u,v € C and two sequences {un} C C and {v,} C C,
if up, = u and v, — v, respectively, then, for any € > 0, there exist § > 0 and
Ne € N wverifying 0f (vn,-)(un) C 0f(0,-)(@) + 5B for every n > N, where B :=
{be H|Jp| < 1.

Lemma 2.3 ([5]). Let f:C x C — R be a bi-function satisfying assumptions (f1)-
(f4). Let {9,}22 be a real number sequence satisfying ¥y, € [0,9] C (0,1]. For a
given bounded sequence {zn} in C, y, solves the following strongly convex program

1
i { (o) 4 g5l = 117
Then {yn} is bounded.

Lemma 2.4 ([15]). For all z,2" € H and Vs € [0, 1], the following equality holds
lsz + (1 = Q)at? = cllz]|* + (1 = 9)ll2"]* — (1 = )l — 2T|I%.

Lemma 2.5. Let the operator S : C — C' be k-Lipschitz and pseudocontractive. For
any & € C and x' € Fixz(S), we have

|t — S[(1 = 9)& + 957> < || — 2T||> + (1 = 9)[|Z — S[(1 — ¥)& + 957]||?,
1
where ¥ € (0, m)
Lemma 2.6 ([20]). Let S : C — C be a continuous pseudocontractive operator.
Then S is demi-closedness.

Lemma 2.7 ([20]). Suppose {wy,} C [0,00), {vn} C (0,1), and {o,} are three real
number sequences satisfying
(i) wp+1 < (1 — vp)wp + 0n, Y > 1;
(i) D02y vp = 00;
(iii) limsup In <0 or o2 lon] < .
n—oo Vn
Then lim,,_,s @, = 0.

Lemma 2.8 ([4]). Let {w,} be a sequence of real numbers. Assume there exists at
least a subsequence {wy, } of {wy} such that wy, < wp, 41 for all k > 0. For every
n > Ny, define an integer sequence {T(n)} as

T(n) =max{i <n: wp, < Wp,4+1}-

Then T(n) — oo asn — oo and for all n > Ny, we have max{w,(n), Wn} < Wr(n)41-

3. Main results

In this section, we first give some assumptions and conditions. Let H be a real
Hilbert space. Let C be a nonempty closed convex subset of H and D be a given open
set which contains C. Let f : C'x C — R be a bifunction satisfying the assumptions
(f1)-(f4) in Section 2. Let S : C' — C be a s-Lipschitz pseudocontractive operator.
Let the operator ¢ : C — C be p-contractive. Let o € (0,1) be a constant.

Assume that the real number sequences {¢, }, {Un}, {7n}, {en}, {n} and {p,}
satisfy the following conditions:
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Cl)0<s<g <5<V, <V< Vn > 0);

1
( T (
(C2)0<T<T <1 <T2 <€, <T < 00;
(C3) vn €10,1], limp 00 v = 0 and Y07 v = o0;
(C4) 0 < liminf,, o0 ptp, < limsup,, o pin < 1.
Next, we construct an iterative algorithm for finding a common solution of the

equilibrium problem EP(f,C) and fixed point problem of S.

Algorithm 3.1. Step 0. For given initial value xo € H, set n = 0.
Step 1. Assume that {x,} has been given. Compute

zn = (1 —sn)zn + uS[(1 — Vp)xy + 9pSzy]. (6)
Step 2. Compute
1
— : i _ 2
Yn argglelg{f(zmz ) + QTnHZ” 21| } (7)

Criterion: if yn = 2y, then set u, = z, and jump to Step 4; otherwise, continuous
to the mext Step 3.
Step 3. Find the smallest positive integer m verifying

1
f(un,mayn) + 9 Hyn - ZnH2 <0, (8)
€n
where

Unm = (1 —0")zp + 0" yn, (9)

and consequently, write 0" = oy, and Uy m = Up.
Step 4. Construct

Cn ={ul € C: f(up,ul) <0} (10)
and compute
Tnt1 = Y (Tn) + (1 = v0) [tnzn + (1 — pn) Po, (2n)]- (11)
Step 5. Set n:=n+ 1 and return to Step 1.

Remark 3.1. The inequality (8) is well-defined, i.e., there exists a positive integer
m such that (8) holds.

In fact, if (8) is invalid, m must violate the inequality (8). Thus, for every
m € N, we get

1
f(un,mayn) + 9 Hyn - Zn||2 > 0. (12)
€n

Since upm = (1 — ™)z, + 0™yy, and o € (0,1), Upm — 25 as m — oco. Thanks to
the condition (f2), we deduce that f(up m,yn) = f(2n,yn). This together with (12)
implies that

1
f(znsyn) + 5 llym = 2al* = 0. (13)
€n
By the definition of y,,, we have

1 1
f(zn,yn) + ann - yn||2 < f(zn, 2n) + EHZ” - Zn||2 =0. (14)
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In terms of (13) and (14), we obtain 0 < (i — ﬁ)Hyn — 2,/|? < 0. This leads a
contradiction. Hence, the search rule (8) is well-defined.

Proposition 3.1. We have the following statements:
(i) If yn = 2n, then z, € Sol(f,C);

(i1) Sol(f,C) C Cy;

(iil) If yn # 2n, then zp, & Cy, and f(un, 2,) > 0.

Proof. (i) If y, = 2y, then 0 € Of(2n,-)(2n)+Nc(zn). Hence, (&, 2—2,) > 0,Vz € C
where &, € 0f(zn, )(2zn). By the subdifferentiable inequality of f(zy,,-), we have
f(zn,2) — f(zn,2n) > (&n, 2z — 2zp) for all z € C. Therefore, f(z,,2) > 0(Vz € C)
which implies that z, € Sol(f,C).

(ii) Pick up any ¢ € Sol(f,C). Then, we have f(g,q") > 0 for all ¢' € C.
By the pseudomonotonicity (f4) of f, we get f(qf,¢q) < 0 for all ¢" € C. Note that
un € C. Then, f(uy,q) <0 which implies that g € C,,. Therefore, Sol(f,C) C C,.

(iii) By (9), (f1) and (f3), we have

0= f(unyun) = f(una ( Un)zn + Unyn)

(1 - Jn)f( ) + Unf(unayn)

(1 —on)f(u nazn) - EHyn - Zn||2 (by (8))
(1 —on) f(un, zn),

thus, f(un,2,) > 0 and so z, ¢ C,, by (10). O

IN A

<

Next, we show the convergence of Algorithm 3.1.

Theorem 3.1. Suppose that Q := Sol(f,C)N Fix(S) # 0. Then the sequence {x,}
generated by (11) converges strongly to p = Py (p).

Proof. Set vy, = pnzn + (1 — un)Po, (25) for all n > 0. It follows that

”Un _pH = ”:U’n(zn - p) +(1— Mn)(PCn(Zn) - PCn(p>)H
< pinllzn = pll + (1 = pn) |20 — p|| (15)
= [lzn — plI-
From (6) and Lemmas 2.4 and 2.5, we deduce

lzn = pl1* = (1 = 60) (0 = p) + (S = In)zn + ISy — p)|I?
= (1 =)z _pH2 — (1 = )IIS[(X = Dn)zn + InSzn] — wnHQ
+ || S[(1 — )y + 9 Sxy) — p”2
< (1 —a)llzn —pH2 — (1 = )[IS[(X = In)xn + InSzn] — mnHQ (16)
+an(llzn = pI? + (1 = On)llzn — SI(1 = In)zn + InSza]||?)
= [lzn = pl* = G (On — <a)l|zn — SI(L = In)wn + IpSza]|?
< llzn = plI*.
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By (6), (15) and (16), we obtain

[zn+1 = pll = I (d(zn) =) + (1 = ) (vn — D)
< ’YnHw(J:n) - pH + (1 - ’Yn)”vn - p”
<l (@n) = @) + mlle(p) — pll + (1 = 7n)llzn — 2l (17)
< pllzn = pll + wmlle(p) = pll + (L = yn) lzn — pll
= [1 = (1= p)vlllzn — pll + mmlle(p) — pll.
By induction, we can conclude that ||z,4+1 —p|| < max{|zo—pl, ||¥(p) —p|l/(1—p)}.
Thus, the sequence {z,} is bounded. Consequently, the sequences {v,} and {z,}
are all bounded. According to Lemma 2.3, we deduce that {y,} is bounded. Hence,
{un} is also bounded.
For each w,, € 0f(up,-)(un), define
Qn=1{u" € C: (wp,u" —u,) <0}. (18)

Thanks to Lemma 2.2, {w,,} is bounded. Hence, there exists a positive constant M
such that ||wy,| < M for all n. By the subdifferentiable inequality of f(un,-) at up,
we obtain

f(un,uT) = f(un,uT) — fup,uy) > <wn,uT - un>,VuT e C, (19)

which implies that C,, C Q..
Replacing u! by g, in (19), we get

This together with (8) implies that

1
(st~ ) > 5l — 2% (20)
€n
Note that 2, — up = 722~ (un — yn). It follows from (20) that
o
(.2 = ) 2 5 = 2l (21)

Since z, ¢ C,, and C,, C @y, we get
lzn — Po, (zn)|| = dist(zn, Cy)
> dist(zn, Qn)

~ Hwn, 20— up)| (22)
[[wn |
o
> Tl

By Lemma 2.4, we have
[on = plI* = [ln (20 = p) + (1 = pn)(Pe, (20) = p)II?
= pinllzn — plI> + (1 = )| Pe, (2n) — plI?
— pin(1 = pin) |20 — Po, (20) |17
< lzn = plI* = pn(1 = pin) |20 — Po, (20) 1.

(23)
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Combining (16) with (23) to derive
||Un - p”2 < ||$n _pH2 - <n(79n - gn)||xn - S[(l - ﬁn)$n + ﬁnsxn]HQ
— pin(1 = pn)||2n — PCn(zn)Hz-
By virtue of (17) and (24), we have

(24)

1Znt1 = plI* < Al (@n) = oI + (1 = 7a)llon — pl®
< Allto(@n) = plI* + llzn = pI? = (1 = pn)llz0 — Pe, (z0)|* - (25)
— (O — p)||zn — S[(1 — 9p)zn + U0 Sz] |2
Regarding the convergence of {||z,, — pl|}n>0, there are two possible cases. Case 1:
there exists ng such that ||z, +1 — p|| < ||xn — p|| when n > ng. Case 2: there exists
a subsequence {n;} of {n} such that ||z, — p|| < ||zn,+1 — pl|, Vi > 1.

For case 1, we conclude that lim,,_,« ||z, — p|| exists. In the light of (25), we
have

Sn(Un — Gn)llzn — S[(1 — In)wpn + ﬂnsxn]u2 + (1 = pin)[| 20 — PC’n(Zn)H2

(26)
< Al (@n) = plI* + llzn = p? = |2n41 = plI* = 0
which implies that
Jim[|z, — Pe, (20)]] = 0 (27)
and
li_>m |zn — S[(1 — Ip)xn + UnSzy]|| = 0. (28)
By (6) and (28), we deduce
le |2 — zn|| = ILm Snllzn — S[(1 — V) zpn + UnSzy]|| = 0. (29)
Since S is x-Lipschitz continuous, we deduce
|zn — Sap|| < ||zn — S[(1 — Vn)xn + FnSzy]||
+[|S[(1 — V) zy, + UnSzp] — Sy ||
< |lzn — S[(1 = 9p)xy + 0 Szp]|| + 69020 — Sz0 |
This means that
1
n - n S T . aq n - 1- n)4n n nlll-
20 = Szall < 7= ll2 = SI(1 = D)z + 9, |
This together with (28) implies that
Jim[|z, — Sy || = 0. (30)

Since y,, solves strongly convex program min,i¢q { f(2n, 21) + ﬁHzn — 212}, there
exists ¢, € 0f(2n,-)(yn) such that
1
<€nav_yn> +?<yn_zn7v_yn> Z 07\V//U eC. (31)

n

Using the subdifferentiable inequality of f(zy,) at y,, we have
[z, v) = f(2n,yn) = (Cny v — yn), Vo € C. (32)
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By (31) and (32), we deduce
1

f(zn,v) = f(zn,yn) + a(yn — Zn, U — Ypn) > 0,V € C. (33)
It follows that
F(enrt) = F(enstn) + Hllgn — 2l — gnl > 0,0 € C. (34)
Thanks to (22) and (27), we get
T ol — 20 = 0. (35)

Since the sequence {z,} is bounded, there exists a subsequence {x,,} of {z,} such
that z,; — ¢ as j — oo and

limsup(¢(p) — p, Zn+1 — p) = Um (Y(p) — p,Tn;+1 — ).

n—00 )0

By (29), zn; — q as j — oo. Next, we show ¢ € Q. Firstly, using Lemma 2.6 and
(30), we conclude that g € Fiz(S). Next, we prove ¢ € Sol(f,C) by considering two
cases.

(i) If iminf; 00 0p; > 0, then from (35) we have

I T ) (36)
j—00

Because of z,; — q(j — 00), we conclude that y,, — q as j — oo by (36). In (34),
replacing n by n; and letting j — oo, we have

fla,v) 20,Yv e C.

This means that ¢ € Sol(f,C).
(ii) If lim inf; o on; = 0, then there exists a subsequence {oy,; } of {on; } such
that lim; o, = 0.
Since {yn].i} is bounded, without loss of generality, we may assume that Yn;, —
¢ € C as i — co. Since Yn,, solves (7), for Yyt € C, we have
1

! 2.
2Tn,,

Hznji -y

f(zn]-i ) y”]'i) + Hynji — Zny, 1> < f(znji73/T) + (37)

27,

Since 7, is bounded, we may assume, without loss of generality, that lim; Tnj, =
pl < 7. Letting i — oo in (37), we deduce together with (f2) that

1 1
N~ Jlg—dall2 < N —llg—o12. vl ec.
f(q,q)+2pT||q q'| _f(q,y)+2pTHq y'lI% vyl e (38)
Setting ' = ¢ in (38), we get
1
B4 —llg— 42 <o0.
Ha.ad')+ 3 5lla—a'll” < (39)
On the other hand, m is the smallest positive integer satisfying (8), so we have

1
f(unji,mfla ynji) > _277_2||ynji — Zny, H2 (40)
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Note that Unj, m—1 = (1-— anji_l)znji + On;,—1Yn;, — ¢ Letting ¢ — oo in (40), we
obtain

1
fla,d") > ——lla—d¢'||* (41)
270

Taking into account (39) and (41), we deduce 0 < (ﬁ - %)Hq — ¢'[|? < 0 which

implies that ¢ = ¢. Therefore, from (38), we have
1
Nt —llg—9yfI?>0, wyfecC.
Hay)+ 5 5lla—ylIF 20, vyl e
According to Lemma 2.1, ¢ € Sol(f,C'). Hence,
limsup(¢)(p) — p, Tn+1 —p) = im (Y(p) — p,Tn;+1 —p) = (¥(p) —p,g —p) <0
n—00 j—o00

because of p = Py (p).
From (11), we have

|Zn11 = Pl < (1= 3)?llvn = pII* + 290 (P (x0) — ¢(P), Tnt1 — p)
+ 29, (¢ (p) — Py Tny1 — p)
<(1- 'Yn)ZHxn _pH2 + 29mpllzn — pllllZn+1 — Pl
+ 29 ((p) — P, Tnt1 — p)
< (1= 3)?llen = pI? + ynpllzn — plI* + mpllenis — pl?
+ 29 (1(p) — P, Tnt+1 — p).
It follows that

2(1—p)y V2
2 n 2 n 2
T —pllP <=2 Py o2 —I g, —
|2nt1 —pl|” < | o Han =pl* + 7= an n =Dl
2y
+ —"—()(p) — p, Tnt1 — D)
2(1 — p)vn 2 V2
<1 - —=—""an —plI* + —2—
L —mp L= np
2y
+ —"—((p) — Py Tnt+1 — D).

1 —np

where My is a constant such that sup,, {||z, — p||*} < Mo.
Combining (42) and Lemma 2.7, we deduce that x,, — p.
For Case 2, by Lemma 2.8, there exists a nondecreasing sequence my, verifying

mg — 00,
max{||zy = pl; |#m, = pll} < 2mp+1 = pll, vk = 1.
From (26), we also have

gmk(ﬁmk - gmk)HLmq = S[(1 - ﬁmk)xmk + ﬁmksxmk]”Z
+ oy, (1=t |2y, — Py, () |12
< Y [0 (@my,) = PP + ([ 2my, = PP = [|Zm, 11 — Pl

< Yl (@m,) = plI* = 0.
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which implies that

k;lglc}o ”ka - Pka (ka)H =0 and kh_g}() mek - SxmkH =0.

Consequently, by the similar argument as that in Case 1, we can obtain

lim sup(¢(p) — p, Tpm+1 — p) < 0. (43)
n—oo

By (42), we derive

2(1 — vy
lempar —pl? < L= 2EZ PPy e ey
1— M, 1— My,
2Ymy,
+ ——— W) =P, Tmy41 — P
2 (0(0) =~
2(1 — 72
S i T B .
I —Ym,p 1 — Ymyp
+ ﬂ@mm — D, Tmyt1 — D)-

It follows that

1
o2 M gy L _ —p).
This together with (43) implies that ||z, +1 — p|| as k — oo. Hence, ||z —p|| — 0
as k — oo. This completes the proof. O

Algorithm 3.2. Step 0. For given initial value xo € H, set n = 0.
Step 1. Assume that {x,} has been given. Compute

) 1
Y, = arg min {f(:nn, ')+ — |z — xTHQ}-
e 27y,

Criterion: if yn, = xn, then set u, = x, and jump to Step 3; otherwise, continuous
to the next Step 2.
Step 2. Find the smallest positive integer m verifying
1
f(Un,ms yn) + THyn - an2 <0,

€n

where
Un,m = (1 - O'm)xn + Umyna

and consequently, write o' = oy, and Uy ;m = Up.
Step 8. Construct

C, = {u' € C: f(up,u') <0}
and compute
Tng1 = W (Tn) + (L — ) [pnzn + (1 — pn) Po, (22)].
Step 4. Set n:=n+ 1 and return to Step 1.

Theorem 3.2. Suppose that Sol(f,C) # (0. Then the sequence {x,} generated by
Algorithm 3.2 converges strongly to p' = Psol(f,0)¢(pT)-
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