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ON (¢,¢)-BEST PROXIMITY POINTS FOR PROXIMAL TYPE
CONTRACTION MAPPINGS
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In this article, we introduce the notion of (¢, ¢)-best prozimity points and dis-
cuss the existence of such points for several types of proximal contraction mappings. As
an application of this work, we obtain some new results related to (¢, p)-fized points of
self mappings.
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1. Introduction

Best proximity theory has developed extensively as a response to theoretical and ap-
plied issues which cannot be formulated by means of fixed point theory. In literature, the
existence of best proximity points for different types of nonself maps are discussed in various
directions. In [1], there is studied the existence of best proximity points for multivalued non-
self mappings. In [2], best proximity results are stated with respect to Kakutani multimaps.
Work [3] is dedicated to best proximity and equilibrium properties for a finite family of
multimaps. Best proximity theorems for «-controlled proximal contractions are presented in
[4], while in [5] simulation functions are used as a main tool in obtaining proximity results.
Presic type operators are studied from this point of view in [6]. Papers [8] and [10] use
proximal type contraction mappings in their findings. [9] is devoted to proximal cyclic con-
tractions. In [11], a best proximity study is made in the setting of partially ordered metric
spaces, in [20] best proximity results are provided in the setting of dualistic partial metric
spaces, while [14] designed an iterative norm-convergent procedure for the determination of
a best proximity point. [16] introduced the notion of a-proximal admissibility and studied
best proximity points for mappings endowed with this property. In [17], existence proper-
ties of best proximity points are studied with respect to controlled proximal contractions
for multimappings. In [18], simulation functions with adequate distances are used to state
best proximity results. In [12] and [19] abstract spaces proved to be a suitable framework
to study best proximity properties, while in [21] some auxiliary functions are used to define
generalized contractions which led to best proximity results.

[15] extended the concept of fixed point by defining the notion of ¢-fixed point. More
specifically, a ¢-fixed point is an element which is simultaneously a fixed point for a self
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mapping and also belongs to the set of zeros of a mapping with positive values. This concept
was further extended in [7] to the so-called (¢, p)-fixed points, by imposing the additional
condition that the ¢-fixed point has to be an element of the zeros of another mapping with
positive values. In [13] there is defined the notion of ¢-best proximity point for a nonself
map, as an element which is a best proximity point for a nonself mapping, and also belongs
to the set of the zeros of a function with positive values. In the present paper, we define
two classes of proximal contractions by means of functions endowed with monotone type
properties, continuity or other adequate properties. (¢, ¢)-best proximity results are stated
and proved with respect to mappings which fulfill axioms defined by the use of the proximal
contractions. Examples and consequences of these results are also provided.

2. Preliminaries

In order to develop the new results of this work, we need the information within this
section.

Along the paper, N ={1,2,...}, and Ry = [0, 00).

Wardowski [22] introduced a class of functions L: (0,00) — R which fulfill the axioms
below, in order to define a type of generalized contraction.

(Ly) L is strictly increasing, that is, if a1 < ag then L(ay) < L(az);

(Ly) for each sequence {¢, : ¢, > 0}, we have lim, ,occ, = 0 if and only if
lim,, 00 L(cy) = —o0;

(L3) for each sequence {cy, : ¢, > 0} with lim,,_,o ¢, = 0, there exists h € (0, 1) such
that lim,, o ¢," L(c,,) = 0.

This class will be denoted as £.

Example 1. 1. Consider L: (0,00) — R, L(z) = Inx, which satisfies the axioms mentioned
above, for any h € (0,1).

2. Let L: (0,00) = R, L(z) = —%. If we take h € (3,1), it can be easily observed
that L € £.

Denote by 9 the class of functions L: R, 3\ {(0,0,0)} — R which fulfill the below
hypotheses

(ML1:a) L(ay,b1,c1) < L(ag, ba, c2) if and only if a3 + b1 + ¢1 < as + by + ¢2;

(ML]. : b) L(al,bl,cl) < L(ag,bQ,CQ) if and Ol’lly ifay +b1 +c1 <ag+ by + C2;

(M L2) for each {c, : ¢, > 0},{b, : b, > 0} and {a, : a, > 0} we have lim,, ., ¢, =
limy, - 00 by, = limy, 500 @y, = 0 if and only if lim, 00 L(cp, by, apn) = —00;

(ML3) for each {c, : ¢, > 0}, {b, : b, > 0} and {a, : a, > 0} with lim, ¢, =
lim,, o0 by, = lim,, o @, = 0, there exists h € (0,1) so that lim,, . " L(cp, by, ay,) = 0.

Ali et al. [13] introduced conditions (M L2) and (M L3).

Example 2. As an clement of the set 9, we mention L: R, %\ {(0,0,0)} = R, L(a,b,c) =
In(a + b + ¢), fact which can be easily checked.

In the next section, we will represent (X, d.) as a metric space, while P, and @ are
non-void subsets of X. Furthermore,

D.(P,Q) = inf{d.(p,q) : p€ P, ¢ € Q},
de(pa Q) = inf{de(p7 q) BNV S Q}a
Py={pe P: de(p,q) = Dc(P,Q) forsomeq € Q},
Qo ={q€Q: dc(p,q) = De(P,Q) for some p € P}.
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Also, recall that a point p* € P is a best proximity point of T: P — Q if d.(p*,Tp*) =
De(Pv Q)

Furthermore, denote by BPr the set of the best proximity points of a mapping
T:P—Q,P,QCX. If op: X — [0,00), let Ze, be the set of the zeros of ¢, that is
Ze, = {x € X : p(x) = 0}. If we consider also 1): X — [0, 00), denote by Ze(, ) = {z €
X :p(x) = 0,¢(x) = 0}. In this context, an element p € P is called (¢, p)-best proximity
point of T'if p € BPr N Zey, -

3. Existence of (¢, ¢)-best proximity points by type I proximal contractions

In this section, we study the existence of (¢, @)-best proximity points of T: P — Q
by considering type I proximal contractions based on the family £ and the following family
R

Let W: [0,00)3 — [0,00) be a mapping which satisfies the next axioms

(K1) W{(e¢,b,a) =01if and only if c=b=a = 0;

(K2) W is continuous;

(K3) ¢ < W(c,b,a).

Example 3. It may be observed that W: [0,00)®> — [0,00), W(e,b,a) = c+b+a is a
mapping which belongs to the set K.

Throughout this section, P and @) are non-void subsets of X, (X, d.) is a metric space,
and ¢, p: P — [0,00) are lower semi continuous functions.

Definition 3.1. A mapping T: P — Q is called L{¢7w)—pmximal contraction if there exist
the functions a: P x P — [0,00), L € £, W € & and a constant k > 0 such that for all
T1, T2, 71, Y2 € P, with a(r1,72) > 1 and de(71,T71) = De(P,Q) = de(y2,T72), we get
a(71,72) = 1, and

(1) K+ LW (de(711,72): 9(11), 9(72))) < LW (de(71,72), (1), p(72))),
whenever min{W (d.(v1,7v2), #(71), p(72)), W (de (71, 72), d(71), 0(72))} > 0.

By using this definition, a property regarding the existence of a (¢, ¢)-best proximity
point of such a mapping can be stated, as follows.

Theorem 1. Let P and Q be non-void subsets of X, and (X,d.) be a complete metric space.
Consider that Py is closed with respect to d. and a L(I¢7¢)—proximal contraction mapping
T: P— Q, which fulfills the next conditions:

(i) T(Po) € Qo

(i) there are 71, T2 € Py, so that a(m1,72) > 1 and de(m2,T7T1) = De(P,Q);

(iii) every sequence {m,} C Py with 7, — 7 and (7, Tht1) = 1 for all m € N,
necessarily satisfies the inequality o(7,,7) > 1, for alln € N.

Then T has a (¢, p)-best proximity point.

Proof. Hypothesis (ii) ensures the existence of 71,79 € Py with a(71,72) > 1 and de(12,T11) =
D.(P,Q). Without loss of generality, we may assume that 71 # 7. Keeping in mind the fact
that T7o € Qq, there can be found 73 € Py with de(73,T72) = D.(P,Q). We may consider
once again that 75 # 73. By using inequality (1), since min{W (d. (72, 73), ¢(72), ©(73)), W (de (71,
72), ¢(11), p(72))} > 0, we get

(2) K+ LW (de(72,73), (72), ¢(73))) < LW (de(T1,72), B(71), ¢(72)))s

and a(r9,73) > 1.
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The above arguments allow us to state that 79,73 € Py, with a(m,73) > 1 and
de(m3,T12) = D.(P,Q). By hypothesis (i), T3 € Qq, therefore there can be found an
element 74 € Py endowed with the property that de(m4,T73) = D.(P, Q). We may again
consider 73 # 74; then relation (1) compels

(3) K+ L(W(de(TSa 7_4)7 ¢(T3)7 90(7_4))) < L(W(d€<7—27 T3)7 ¢(7—2)7 50(7—3)))
and a(13,74) > 1. By combining inequalities (2) and (3), it follows that

LW (de(73,72), ¢(73), 0(74))) < LW (de(71,72), $(11), 0(72))) — 25.
Iteratively, there can be obtained a sequence {7;} in Py, so that {T'r;} in Qo, o (7, Tix1) >
1, de(7i41,T7:) = De(P,Q) and, for any i € N,
(4) LW (de(Ti, Tig1), 9(7i), 0(Ti1))) < LW (de(T1,72), 0(11), (72))) — (i — 1)~

Applying the limit ¢ — oo in relation (4), we obtain that lim; oo L(W (dc(7i, Tit1),
&(13), o(Ti41))) = —o0. By (L2) and the previous equality, it follows lim;_, oo W (de(7:, Tit1),
¢(7i), ©(Ti+1)) = 0. Thus, by using (K1) and (K2), we conclude that lim; o0 de (7, Ti41) =
0, lim; y00 #(7:) = 0 and lim; oo ¢p(73) = 0. Denote by de, = de(75,Tit1), ¢i = &(73),
i = p(7). By using hypothesis (L3), there exists h € (0,1) so that

lll{go W (de,, ¢, pit1)" LW (de,, $i, pit1)) = 0.
By taking W; = W (d,,, ¢:, vi+1), we have lim; WihL(Wi) = 0. Taking advantage of
relation (4), we get
WhL(W;) = WhL(Wy) < —WP(i — 1)k <0, foralli € N

These relations lead to lim; o (i — l)Wih = 0, which ensures us that there is 1; € N, i1 > 1,
for which (i — 1)W}* < 1, for each i > i;. Hence, we obtain

1 L
(5) WZ S m, foralls Z 11.
By using axiom (K3) and inequality (5), we get
1 L
(6) des Wi < r—pyiyy foralli 2.

Next, we prove that {7;} is a Cauchy sequence in Py. Consider 4, j € N with j > > i;. By
considering the triangle inequality and inequality (6), we obtain

de(mi, 7)) < de(Tiy Tit1) + de(Tiv1, Tiva) + -+ + de(Tj-1,75)

j—1 o o 1
mzzzidem sz::idem S Z m

m=4—1

The convergence of the series Y ~_, # implies lim; ;o0 de(7;,7;) = 0, that is, {r;} is a
Cauchy sequence in Py. Since Py is closed, we have 7* € Py, 7; — 7*. Hypothesis (iii) yields
a(r, 7) > 1,1 € N. As Tt € Qo, there is v* € Py such that d.(v*,T7*) = D.(P,Q).
Hence, we have obtained a(7;, 7%) > 1, de (7341, T7) = De(P, Q) and d.(v*,T7*) = D.(P, Q).
Without loss of generality, we may presume that 7; # v* and 7; # 7* for all i € N. From
(1), it follows that

K+ L(W(d6<7—’i+1v V*)’ ¢(Ti+1)7 @(V*))) < L(W(de(Ti7 T*)v (b(T’i)a @(T*)))7i €N,
which leads to
Wi(de(Tig1,v"), (Tiv1), o(v")) < W(de(Ti, 77), 6(73), (7))
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Taking the limit i — oo and using the continuity of W we get
(7) W(de(7%,v7),0,0(v")) < W(de(r7,77),0,0(77)).

Since ¢, ¢ are lower semi continuous functions, 7; — 7* and lim; 0 ¢(73) = lim; 00 (73) =
0, we get ¢(7*) = ¢(7*) = 0. Hence, inequality (7) compels W (d.(7*,v*),0,p(v*)) < 0.
By using condition (K1), the last inequality implies d.(7*,v*) = 0, that is, 7* = v*, and
p(*) = 0. Thus, do(7*,T7*) = D.(P,Q) and ¢(7*) = @(7*) = 0; 7" is a (¢, ¢)-best
proximity point of 7. O

Remark 1. Theorem 1 can be further generalized by modifying the properties of the proxi-
mal contraction mapping 7': P — @ as follows. A mapping T: P — Q is called L{ &) w)—weakly
proximal contraction if there exist the functions a: P x P — [0,00), L € £ W € £ and the
constants k > 0, 1 > 0, ro > 0 such that for all 71, 72, 1, 72 € P, satisfying a(71,m2) > 1
and de(y1,T71) = Do(P, Q) = de(y2, TT2), we get a(y1,72) > 1 and

k4 LW (de(71,72), 6(11), 0(72)) < LW (de (71, 72), 6(11), (72)) + |A]),

whenever min{W (de(v1,72), ¢(11), (12)), W(de(71,72), ¢(71), 0(72))} > 0. We have de-
noted by

A = ri(W(de(mi,71), ¢(11), 9(71)) = W(de(T1,72), ¢(71), 9(72)))
+ro(W(de(71,72), #(71), 0(71)) — W(0, ¢(71), p(71)))-

In order to develop further our theory, we introduce the concept of graphic L(I b0)
proximal contraction mapping.

Definition 3.2. A mapping T: P — Q is called a graphic Lf(bw-promimal contraction if
there are the functions a: P x P — [0,00), L € £, W € R and a constant k > 0 such that
for all T1,v1,v2 € P with de(y1,T71) = De(P,Q) = de(y2,T71) and a(r,71) > 1, we get
a(y1,72) > 1, and

K+ LW (de(71,72): 9(11), 9(12))) < LW (de(1,71): ¢(71), 0(71)))s
whenever min{W (de(v1,v2), #(71), p(72)), W(de(T1,71), d(71), 9(71))} > 0.

With regard to such proximal contractions, we are in a position to state and prove
an existence result.

Theorem 2. Let P and Q be non-void subsets of X, and (X,d.) be a complete metric
space. Consider that Py is a closed subset of X. Let T: P — @ be a graphic Lf(b’w)-prom'mal
contraction mapping which satisfy these conditions:

(i) T(Po) € Qo;

(ii) there are 71,72 € Py with a(r,72) > 1 and de(12,T71) = D.(P,Q);

(iii) Graph(Ty) = {(7,7y) : 7,7 € Py with a(1,v) > 1 and de(v,T7) = D,
closed.

Then T has a (¢, p)-best prozimity point.

Proof. Following the procedure of the proof of Theorem 1, here we obtain a Cauchy se-
quence {7;} in Py, so that that a(7;, 741) > 1, de(7i41,T7) = De(P,Q), for all i € N and
lim; o0 &(73) = lim; 00 ©(7541) = 0. Furthermore, 7* € Py, and 7; — 7*. The closedness
of Graph(T,,) compels (7*,7*) € Graph(T,). Hence, d.(7*,T7*) = D.(P,Q). By the lower
semi continuity of the functions ¢ and ¢, we get ¢(7*) = p(7*) = 0. Thus, 7* becomes a
(¢, p)-best proximity point of T'. O
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3.1. Existence of (¢, p)-best proximity points by type II proximal contrac-
tions

In this section, we will discuss type II (¢, p)-proximal contractions based on the family
9. Again, throughout this subsection P and @ are non-void subsets X, (X, d,) is a metric
space, and ¢, p: P — [0,00) are lower semi continuous functions.

Definition 3.3. A mapping T: P — Q is called L @) -proximal contraction if there exist
functions a: PxP — [0,00), L € M, and a constant /4: > 0 such that for all 1, 72,71,v2 € P
with a(71,72) > 1 and de(y1,T71) = De(P, Q) = de(v2,TT2), we get a(y1,72) > 1 and

(8) K+ L(de(71,72), 9(71)5 (72)) < L(de(71,72), ¢(11), ¢(72))
whenever min{de(v1,72) + ¢(71) + ©(72), de (71, 72) + ¢(71) + 0(72)} > 0.

Theorem 3. Let P and Q be non-void subsets X, and (X,d.) be a complete metric space.
Consider that Py is closed, and T: P — @Q a L(¢ ) -proximal contraction mapping which
fulfills these conditions

(i) T(Po) € Qo;

(ii) there are 71,72 € Py with a(rm1,72) > 1 and de(12,T71) = D.(P,Q);

(ili) every {r,} C Py with 7, — 7 and a7y, Tn+1) > 1 for all n € N, implies
a7, 7) > 1, for alln € N.

Then T has a (¢, )-best proximity point.

Proof. By hypothesis (ii), there are 71, 79 € Py so that a(m,72) > 1 and d.(72,T71) =
D.(P,Q). Without loss of generality, we may assume that 71 # 7. As T € Qp, we have

T3 € Py, de(73,T12) = D.(P,Q); consider again 75 # 73. By using the contractive condition
(8), we get
9) K+ L(de(72,73), #(72), 0(73)) < L(de(T1,72), 6(71), 0(72))

and a(72,73) > 1. This compels that 7 and 73 are elements of Py, for which a(m,73) > 1
and de(Tg,TTQ) = DC(JD7 Q)

By continuing this process, from T73 € @q there can be obtained that 7, € Py,
do(74,T73) = Do(P, Q). Without any loss we can assume once again 73 # 74. Therefore,
inequality (8) implies

(10) K+ L(de(T?n 7—4)7 ¢(T3)7 90(7—4)) < L(dE(T27 T3)’ ¢(T2)a 30(7—3))

and (73, 74) > 1. Having in mind inequalities (9) and (10), it follows that

L(de(T?n T4)a ¢(T3)7 @(Tﬁl)) < L(de(Th 7-2)7 ¢(T1)’ @(7-2)) - 2k.

Iteratively, a sequence {7,,} in Py can be obtained so that and {T'7,,} in Qq, (7, Tn1) > 1,
de(Tns1, T1n) = D(P,Q) and, for any i € N

(11) L(de(7is i) 6(70), p(Ti41)) < Lde(T1,72), 6(11), 0(12)) = (i = D)~

Applying the limit to infinity in inequality (11), we obtain that lim;_, . L(de (74, Tit1
o(7:), ¢(Ti+1)) = —oo. Combining this equality with (M L2), we get lim;_,, de (7'1,7',) =
lim; o0 #(75) = 0 and lim; 00 o(T541) = 0. Denote by de, = de(7i,Tit1), ¢ = &(7
i = p(7). By using (M L3), there exists j € (0, 1), so that

lim d] ( ew(biv %07;"!‘1) = 0.

1—00

);
0,
i),
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Putting L; = L(d,,, ¢i, pi+1) in the above, it follows that lim; dgiLi = 0. Relation (11)
leads us to

d) Ly —dl Ly < —d} (i— 1)k <0, for all i € N,
This yields that lim;_ d? (i — 1) = 0. Thus, there is i; € N, 4y > 1, with df (i — 1) <1,

for all ¢ > i;. Hence, we get

de, < W, for all 4 > i;.
By following the proof of Theorem 1 and using the above inequality one can check that {7;}
is a Cauchy sequence in Py and 7; — 7* € Py. Aslim; o ¢(7;) = lim; o ¢(7;) = 0 and 7; —
7*, by the lower semi continuity ¢, ¢, we get ¢(7*) = p(7*) = 0. Moreover, the convergence
of {7, } to 7* and hypothesis (iii) imply that a(7;, 7*) > 1, for all ¢ € N, since a(7;, Ti+1) > 1,
foralli € N. As T7* € Qqo, there is v* € Py, so that d.(v*,T7*) = D.(P, Q). Thus, we have
a(r, ) > 1, for all i € N, de(Ti41,T7) = De(P,Q) and d.(v*,T7*) = D.(P, Q).
Without loss of generality, we can assume that 7; # v*, and 7; # 7%, for all ¢ € N.
Having in mind relation (8), we get

K+ L(de(Tiv1,v7), @(Tig1), (7)) < L(de(7i, 77), ¢(7:), (7)), for all i €N,
which compels
L(de(Tit1,v"), (Tix1), o(v™)) < L(de (73, 7%), &(75), o(77)), for all i € N.
Taking advantage of property (M L1 : b) and the above inequality, it follows that
de(Ti1, V") + @(Tig1) + 0(vV") < de(7i, 77) + &(73).

By letting ¢ — oo in the above inequalities, we get d.(7*,v*) + p(v*) < 0, thus, 7% = v*.
We have proved that d.(7*,T7*) = D.(P,Q) and ¢(7*) = ¢(7*) = 0. Therefore, 7 is
(¢, )-best proximity point of T'.

The proof has been completed. (|

Remark 2. A generalization of Theorem 3 can be obtained by using the following modified

form of L{é @)-proximal contractions. A mapping T: P — (@ is called a Lgé w)—weakly

proximal contraction, if there can be found the functions a: P x P — R, L € 9 and the
constants kK > 0, 11 > 0, ro > 0 such that for all 71,75,v1,72 € P with a(r,72) > 1 and
de(’yhTTl) = DE(PJQ) = d6(727TT2)7 we get 04(’}’1772) 2 1 and
K+ L(de(71,72), 9(11), (12)) < L(de(T1,72) + |A], ¢(71), p(72) + | B])

whenever min{d.(y1,72)+¢(11)+¢(12), de (71, T2)+&(71)+¢(72)} > 0, where A = r1{dc(71,71)—
de(T1,72)} + r2de(71,72) and B = p(71) — ¢(72).

We continue by introducing the notion of graphic L{ éw)-proximal contraction map-
pings.

Definition 3.4. A mappingT: P — Q is called graphic L{é W)—pmm'mal contraction, if there
are functions a: PxP — [0,00), L € M, and a constant k > 0 such that for all T1,v1,7v2 € P
with de(v1,TT1) = De(P, Q) = de(v2,Ty1) and a(11,71) > 1, we get a(y1,72) > 1, and

K+ L(de(71,72), 9(11), p(12)) < L(de(T1,71), ¢(71), (1))
whenever min{de(y1,72) + (1) + ¢(12),de(11,7) + &(71) + (1)} > 0.

This definition enables us to develop a result on the existence of a (¢, ¢)-best proximity
point.
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Theorem 4. Let P and Q be non-void subsets X, (X,d.) a complete metric space, and P,
be closed. Consider T: P — @ be a graphic L(I¢{’¢)—proximal contraction mapping if the next
axioms are fulfilled
(i) T(Po) € Qo;
(ii) there are 71,72 € Py with a(7m1,72) > 1 and de(12,T71) = D.(P,Q);
(i) Graph(Ty,) = {(1,7) : 7,7 € Py with a(7,v) > 1 and de(v,T7) =
closed.
Then T has a (¢, p)-best proximity point.

De(P,Q)} is

Proof. By using the definition of a graphic L{{  -proximal contraction and the hypotheses
of the theorem, we obtain a Cauchy sequence {7;} in Py with a(7;, 7541) > 1, de(Ti41,T73) =
D.(P,Q) for all i € N and lim; o ¢(7;) = lim; 00 9(7i41) = 0. Moreover, 7* € Py with
7; — 7*. Thus, by the closedness of Graph(T,), we have (7*,7*) € Graph(T,). Hence,
de(7*,T7*) = D.(P, Q). By the lower semi continuity of ¢ and ¢, we get ¢(7*) = @(7*) = 0.
Therefore, 7* becomes a (¢, p)-best proximity point of T'. O

4. Consequence and Example

The following result is obtained from Theorem 1 (or from Theorem 3) by taking
L(z) =Inz and W(c,b,a) = ¢+ b+ a (or by taking L(c,b,a) = In(c + b+ a)).

Corollary 1. Let P and @ be non-void subsets of complete metric space (X,d.). Consider
that Py is closed. Let a: Px P — [0,00), ¢, ¢: P — [0,00) and T: P — @ be mappings such
that fOT' all T1,T2,71,72 € P with 06(7'1,’7'2) >1 and dE(’YDTTl) = De(P7Q> = de(,72aT7_2)7
we get

a(y1,72) = 1 and de(v1,72) + d(71) + 0(72) < K(de (71, 72) + ¢(71) + @(72))

where 0 < k < 1. Also assume that the below conditions are fulfilled

(1) T(Po) € Qo;

(2) there are 71,72 € Py with a(m1,72) > 1 and de(12,T711) = D.(P,Q);

(3) every {r,} C Py with 7, = 7 and a7y, Tn+1) > 1 for all n € N, satisfies a(r,,7) > 1,
for alln € N;

(4) ¢, P — [0,00) are lower semi continuous functions.

Then T has a (¢, ¢)-best proximity point.

Example 4. Let X = R? endowed with the metric d.((11,72), (71, 72)) = |11 — 71| + |72 — 72|
Let P ={(7,0) : 7 € R} and Q = {(7,1) : 7 € R}. Define
L if 7,7 > 0
a: Px P = [0,00), a((r,0),(7,0) =4 " "7~
0, otherwise.
Consider the mappings
_T_ 1 > 0:
T:P—>Q, T(r,0) = (2+2T’1) ;T 20;
(13,1), if7<0
and
.
b.: P [0,00), o((r.0) = ||, e((r,0) = 7].

First let us observe that D.(P,Q) =1, Py = P, and Qp = Q.
Obviously, T(Py) C Qo.
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(0,1) and notice that
1=D.(P,Q).
,0)} Q o, for which (7,,,0) — (7,0)

Also we can consider (71,0) = (0,0), and (72,

0) =
de((0,0),T(0,0)) = d((070) (O 1))

Furthermore, it is clear that for any sequence {(7,
and a((74,0), (Th+1,0)) > 1, n € N| the inequality a(7,,7) > 1, n € N holds true.
Suppose now we take (71,0),(72,0) € P, so that a(( ,0),(72,0)) = 1; that is 7y,
7o > 0. Moreover, consider that
de((’hv O)v T(T17 O)) = De(Pv Q)a de((fY% 0)7 T(TQa O)) = De(Pa Q))

which compels

! T2
N9 o M T agan
Furthermore, it follows that
T1 T2 T1 T2
a0 = (0. ) (5 T ) +o( (52 0)
(1, 0), (72,0)) 2o ) \aran V) T Oaie ) e eisy,
_ 71 T2 + 71 + T2
2+2T1 2+2T2 4—|—47'1 2+27'2

<3 (nnie 3] )
= 3 (del(n,0), (72,0)), 6(m2), 9(m2)

The remaining conditions of Corollary 1 are also satisfied. Thus, T has a (¢, ¢)-best prox-
imity point.

5. Application in Fixed Point Theory

In this section, we will discuss results which ensure the existence of (¢, p)-fixed points
of self-mappings T': P — P. These properties can be considered as applications of the above
stated results in fixed point theory. They are obtained by considering P = @ in the second
section.

Theorem 5. Let (P,d.) be a complete metric space, and T: P — P be a mapping for which
there exist a: P X P — [0,00), ¢,pp: P = [0,00), L € £, W € & and a constant k > 0 such
that for all 71,70 € P with a(71,72) > 1, the next relations hold

a(TT,Tm) > 1 and

K+ LW (de(TT1,T12), 9(TT1), p(T72))) < LW (de(71,72), #(71), p(72)))s
whenever min{ W (de(T'm1,T7), p(T11), o(T12))), W(de(11,72), p(11), p(72))} > 0. Also, con-
sider that the below hypotheses hold true

(1) there is a point 71 € P so that a(m,T71) > 1;

(2) every {m,} C P with 7, = 7 and a(7n, Tni1) > 1, for all n € N, fulfills the inequality
a7y, 7) > 1, for alln € N;

(3) ¢, P — [0,00) are lower semi continuous.

Then T has a (¢, @)-fized point in P.

Remark 3. Consider a mapping 7': P — P for which there can be found a: Px P — [0, 00),
¢, p: P — [0,00), L € £ W € 8 and constants x > 0, r; > 0, ro > 0 such that for all
T1,T2 € P with a(r1,m2) > 1, we get a(T71,T712) > 1 and

ki + LW (de (T, T72), 9(TT1), p(T72))) < LW (de(71,72), (71), (72)) + [A])
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whenever min{W (d.(Tm,T7), p(T11), o(T12)), W(de(11,72), d(71), 0(72))} > 0, where

A = TI(W(dE(Tlv TTl)’ ¢(Tl)7 QO(TTl)) - W(d€(7—17 7—2)7 ¢(Tl)7 90(7—2)))
+ro(W(de(T'T1,72), d(11), 0(T'T1)) = W(0,d(71), (T'71))).

Note that if the above mapping T exists on the complete metric space (P, d.) along with
the axioms (1) - (3) of Theorem 5, then 7" must possess a (¢, ¢)-fixed point in P.

Theorem 6. Let (P,d.) be a complete metric space and T: P — P be a mapping for which
there are a: P x P — [0,00), ¢, p: P — [0,00), L € £, W € & and a constant £ > 0 such
that for all 7y € P with o(m,T11) > 1, we get
(T, T%m) > 1 and
K+ L(W(de(TTlv Tle)v (b(TTl)a (p(TQTl))) < L(W(de(Th TTl)7 ¢(71)a @(T’rl)))’
whenever min{W (de (T, T?71), $(T11), 0(T?71)), W (de (71, T11), (1), 0(T'11))} > 0. Also,
consider that the below hypotheses hold
(1) there is a point 7 € P with a(m,Tm) > 1;
(2) Graph(T,) ={(r,T7):7 € P with a(7,TT) > 1} is closed;
(3) ¢,0: P — [0,00) are lower semi continuous.

Then T has a (¢, p)-best proximity point.

Theorem 7. Let (P, d.) be a complete metric space. Let T: P — P be a mapping for which
there are a: P x P — [0,00), ¢, p: P — [0,00), L € M and a constant k > 0 such that for
all 7,19 € P with a(11,72) > 1, we get o(T11,T12) > 1, and

ki + L(de(T71,T72), p(T71), p(T'72)) < L(de(T1,72), ¢(11), 0(72))

whenever min{de (T, Tm2) +¢(T11)+@(T72),de (11, 72) + (1) +p(72)} > 0. Also, consider
the given below hypotheses hold

(1) there is a point 71 € P so that a1, Tm1) > 1;

(2) every {m,} C P with 7, = 7 and a(7p, Tnt1) > 1 for all n € N, checks the inequality

a7, 7) > 1, for alln € N;

(3) ¢,0: P — [0,00) are lower semi continuous.

Then T has a (¢, @)-fized point in P.

Remark 4. Consider a map T: P — P for which there can be found a: P x P — [0, 00),
¢, 0: P—1]0,00), L €M and constants x > 0, r; > 0, ro > 0 such that for all 7,79 € P
with a7y, 72) > 1, we get a(T7y,Tm2) > 1 and

K+ L(de(T71,T72), 9(TT1), o(T72)) < L(de(11,72) + |A], #(11), 0(72) + |B|)

whenever min{d.(Tm1,T72) + ¢(T11) + ©(TT2),de(11,72) + &(71) + p(72)} > 0, where A =
r1{de(m1,T11) — de(11,72)} + r2do(T'T1,72) and B = o(T71) — p(72).

Note that if the above mapping T exists on a complete metric space (P, d.) along with the
axioms (1) - (3) of Theorem 7, then T certainly has a (¢, ¢)-fixed point in P.

Theorem 8. Let (P,d,.) be a complete metric space, and T: P — P be a mapping for which
there are a: P x P — [0,00), ¢, p: P — [0,00), L € M and a constant k > 0 such that for
all 7y € P with a(m,T71) > 1, we get o(T1,T?*1) > 1 and

K+ L(de(TTla Tle)a ¢(T7_1)a SD(TQTl)) < L(dC(T17 TTl)a ¢(Tl)7 SD(TTl))

whenever min{d. (T, T?m) + ¢(T11) + @(T?m1),de(11,T11) + ¢(11) + (T'11)} > 0. Also,
consider that the below hypotheses hold
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(1) there is a point 7y € P with a(my,Tm) > 1;
(2) Graph(T,) ={(r,T7) : 7 € P with o7, TT) > 1} is closed;
(3) ¢, P — [0,00) are lower semi continuous.

Then T has a (¢, p)-best prozimity point.

6. Conclusions

In this work, we have introduced two classes of proximal contractions defined by
using functions with suitable properties related to different types of monotone, continuity,
or convergence. The (¢, p)-best proximity points were also introduced and their existence
with regard to proximal mappings defined here is obtained. Fixed point results, examples
and other consequences are formulated as corollaries of these theorems.
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