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COHOMOLOGICAL PROPERTIES AND
ARENS REGULARITY OF BANACH ALGEBRAS

Kazem HAGHNEJAD AZAR!, Ali JABBARI?, Hossein EGHBALI SARA3

In this paper, we study some cohomological properties of Banach algebras.
For a Banach algebra A and a Banach A-bimodule B, we investigate the vanishing
of the first Hochschild cohomology groups H'(A™ B™) and H,.(A" B™), where
0 < m,n < 3. For amenable Banach algebra A, we show that there are Banach A-
bimodules €, D and elements a,b € A™ such that

Z'(A,C") ={Rpr(py: D € Z'(A,C)} = {Lpry: D € Z'(A,D")}.

where, for every b € B, L,(a) = ba and R,(a) = ab, for every a € A. Moreover,
under a condition, we show that if the second transpose of a continuous derivation
from the Banach algebra A into A* i.e., a continuous linear map from A™ into A™*,
is a derivation, then A is Arens regular. Finally, we show that if A is a dual left
strongly irregular Banach algebra such that its second dual is amenable, then A4 is
reflexive.

Keywords: Arens regularity, topological centers, cohomological group, weakly
amenable, Connes-amenability.

1. Introduction

A derivation from a Banach algebra A into a Banach A-bimodule B is a

bounded linear mapping D: A — B such that
D(ab) = aD(b) + D(a)b forall a,b € A.
The space of continuous derivations from A into B is denoted by Z*(4, B). The
easiest example of derivations is the inner derivations, which are given for each
b € B by
6p(a) =ab —ba  forall a € A.

The space of inner derivations from A into B is denoted by B1(4, B). The Banach
algebra A is said to be amenable, if for every Banach A -bimodule B, all
derivations from A into B* are inner derivations, in the other word, H(4, B*) =
Z1(A,B")/B(A,B*) = {0} and A is said to be weakly amenable if H(4,A4*) =
{0}.
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The concept of amenability for a Banach algebra A, introduced by Johnson
in 1972, see [15]. For a Banach A-bimodule B, the quotient space H'(4, B) of all
continuous derivations from A into B modulo the subspace of inner derivations is
called the first cohomology group of A with coefficients in B. Following [25] the
Banach algebra A is called super-amenable if H1(4, B) = {0} for every Banach
A-bimodule B (super-amenable Banach algebras are called contractible, too). It is
clear that if A is super-amenable, then A is amenable.

In [17], Johnson, Kadison, and Ringrose introduced the notion of
amenability for von Neumann algebras. The basic concepts, however, make sense
for arbitrary dual Banach algebras. But is most commonly associated with Connes,
see [4]. For this reason, this notion of amenability is called Connes-amenability (the
origin of this name seems to be Helemskii, see [18]).

Let A be aBanach algebra. A Banach A-bimodule X is called dual if there
is a closed submodule X, of X* such that X = (X,)* (X, is called the predual of
X). A Banach algebra A is called dual if it is dual as a Banach A-bimodule.

Let A be a dual Banach algebra. A dual Banach A-bimodule X is called
normal if, for every x € X, the maps

A—X aw {a X
X-a
are weak *-continuous (w*-continuous). The dual Banach algebra A is called
Connes-amenable if, for every dual Banach A-bimodule X, every w*-continuous
derivation D: A — X is inner; or equivalently, H;-(4,X) = {0} [25].

The second dual A™ of Banach algebra A endowed with the either Arens
multiplications is a Banach algebra. The constructions of the two Arens
multiplications in A** lead us to the definition of topological centers for A*™* with
respect to both Arens multiplications. The topological centers of Banach algebras,
module actions and applications of them were introduced and discussed in [1, 19,
21]. To state our results, we need to fix some notations and recall some definitions.

Assume that T is an operator from normed linear space X into normed
linear space Y. T* is the adjoint of T from Y™ into X*. We say that T" is
weak* —weak™ continuous, if for each {y,} S Y™, y, Ly’ in Y* implies
T*y! 25 T*y' in X*.

Let X,Y,Z be normed linear spaces and m:X XY — Z be a bounded
bilinear mapping. Arens in [1] offers two natural extensions m*** and m®*** of
m from X** x Y** into Z**, for more information see [9, 19, 21].

The mapping m*™* is the unique extension of m such that x" —
m*™**(x",y") from X* into Z** is weak™ — weak™ continuous for every y" €
Y**, but the mapping y"” -» m*™*(x",y") is not in general weak™ — weak”
continuous from Y** into Z** unless x"’ € X. Hence the first topological center of
m may be defined as follows
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Zim) ={x" e X" y" > m™(x",y") isweak® — weak” continuous}.
Now, let mt:Y x X — Z be the transpose of m defined by mt(y,x) = m(x,y)
forevery x € X and y € Y. Then m® is a continuous bilinear map from Y x X to
Z, and so it may be extended as above to m****:Y** x X** — Z**. The mapping
m&t X x Y** > Z** in general is not equal to m***, see [1]. If m*** = mt***¢,
then m is called Arens regular. The mapping y'' - m™**t(x",y") is weak* —
weak* continuous for every x” € X**, but the mapping x”" - m"™**¢(x",y'")
from X™* into Z** is not in general weak *-weak * continuous for every y" € Y**,
So we define the second topological center of m as

Z,(m) ={y" € Y*: x"”" > m"*(x",y") isweak* — weak* continuous}.

It is clear that m is Arens regular if and only if Z;(m) = X™ or Z,(m) =Y™.
Arens regularity of m is equivalent to the following
lilmli]r_n(z’, m(x;,y;)) = li]r_nlilm(z’, m(x, ;)

whenever both limits exist for all bounded sequences (x;); € X , (y;); €Y and
z' € 7", see[T7].

The mapping m is left strongly Arens irregular if Z;(m) =X and m is
right strongly Arens irregular if Z,(m) =Y. The first Arens product is defined as
follows in three steps. For a,b in A, f in A* and m,n in A™, the elements f.a,
m.f of A* and m.n of A™ are defined as follows:

(f-a,b) =(f,ab), (m.f,a)=(m,f.a), (m.n,f)=(mn.f)
The second Arens product is defined as follows. For a,b in A4, f in A* and m,n
in A™, the elements ao f , fom of A" and m¢n of A™ are defined by the
equalities
(aof,by=(f,ba), (foema)=(macf), (mon,f)=(nfom).
The Arens regularity of a normed algebra A is defined to be the Arens regularity
of its algebra multiplication when considered as a bilinear mapping m: A X A - A.
Let B be a Banach A-bimodule, and let
mpAXB—B and m,:BXA—B,
be the right and left module actions of A on B. By above notation, the transpose of
m, denoted by t: A x B - B. Then
n,;:B*xX A— B* and mwi*:A X B* — B*.
Thus B* is a left Banach A-module and a right Banach A-module with respect to
the module actions t** and m;, respectively. The second dual B** is a Banach
A**-bimodule with the following module actions
T3 AT X B™ — B and i B X A — B*,
where A™ is considered as a Banach algebra with respect to the first Arens product.
Similarly, B** is a Banach A**-bimodule with the module actions
T[{E***t:A** X B* — B** and T[,t.***t: B** X A** — B**,
where A™ is considered as a Banach algebra with respect to the second Arens
product. In this way we write Z(m,) = Zg+(A™) and Z(m,) = Zy~(B™).
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Let B be a Banach A-bimodule. Then we say that B factors on the left
(right) with respect to A, if B = BA (B = AB). Thus B factors on both sides, if
B = BA = AB.

2. Weak *-weak * continuous derivations

Let B be a Banach A -bimodule. In this section, we study the
cohomological properties of Banach algebra A whenever every derivation in
Z1(A**,B*) is weak *-weak * continuous.

Theorem 2.1. Let B be a Banach A-bimodule and let every derivation D: A*™* —
B* is weak *-weak * continuous. If Z%..(4™) = A*™* and H'(4,B*) = {0}, then
H(A*™,B*) = {0}.

Proof. Let D: A*™* — B™ be a derivation. Then D|,: A — B* is a derivation. Since
H(A,B*) = {0}, there exists b’ € B* such that D|, = &,/. Suppose that a” €

A™ and (ay,)q €A suchthat a, X, a" in A*. Then

D(a") =w* —1limD|,(a,)
a
=w* —limd, (ay)
a
=w"* —lim(a,b' — b'a,)
a

=a'b —b'a".

We now show that b’a’ € B*. Assume that (bg)z € B™ such that b" =

w* —limgbj. Since Zg..(A™) = A™*, we have
(blall' bl’;’) — (all. l’;’,b’) N (a”.b”,b,) — (blall,bll>.

Thus, b'a” € (B*,weak*)* = B*,and so H(A™, B*) = {0}.
Corollary 2.1. Let A be an Arens regular Banach algebra and let every derivation
D:A™ - A" is weak * -weak * continuous. If A is weakly amenable, then
H(A™, A*) = {0}.

By the following result, we show that weak amenability of the Banach
algebra A is essential in vanishing of H1(4*, A*).
Proposition 2.1. Let A be a Banach algebra such that is an ideal in A*™*. If A is
not weakly amenable, then H!(4**, A*) # {0}.
Proof. Let d:A— A" be a derivation and m: A" — A be a bounded
homomorphism. Now; define D:=d om: A™ — A*. Clearly, D is a bounded
derivation which it is not inner. This shows that H*(A**, A*) # {0}.
Example 2.1. (i) Let K be a compact metric space, d be a metricon K and a €
(0,1]. The Lipschitz algebra Lip,K is the space of complex-valued functions f on
K such that
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(f =)

o) = sup L vy € ox % )

is finite. A subspace of Lip,K that contains f € Lip,K such that
lf ) = fW)

d(x,y)“
is denoted by lip, K. Let a € (0, %). Then by [6, Theorem 4.4.34] or [2, Theorem

3.8], lip.K is Arensregular and by [2, Theorem 3.10] it is weakly amenable. Then
by Corollary 2, H*((lip,K)**, (lipK)*) = {0}.
(if) Let w be a weight sequence on Z such that
w(m+n) 1+ |n| _
P {a)(m)a)(n) (1 T imt n|> € Z}
is finite. The Beurling algebra #1(Z, w) is not weakly amenable [2, Theorem 2.3].
Then by Proposition 2, we have
HY(PY(Z, )™, ¢ (Z, w)) # {0}.
Let B be a dual Banach algebra, with predual X and suppose that
Xt ={x":x""|y =0 where x"" € X**}={b":b" |y =0 where b"" € B**}.
Then the canonical projection P:X*™* — X™* gives a continuous linear map
P: B*™* — B. Thus, we can write the following equality
B* =X =X*"@kerP =B @ X+,

as a direct sum of Banach A-bimodules.
Theorem 2.2. Let B be a Banach A-bimodule such that every derivation from A**
into B is weak *-weak continuous and A**B, BA™ < B.

(i) If H(A,B) = 0, then H'(A™, B) = {0}.

(i1) Suppose that A has a left bounded approximate identity (=LBAI), has

apredual X and AB*,B*A € X. If H'(4,B) = 0, then

Hl(A**,B**) — {0}

-0 as d(x,y)—0

Proof. (i) Proof is similar to the proof of Theorem 2.
(i) Set B** = B @ X*. Then we have
Hl(A**,B**) — Hl(A**,B) 69 Hl(A**,X'L).
Since H'(A,B) = {0}, by (i), H*(4**,B) = {0}. Now let D €
Z1(A*, X1) and we take D = D|,. Itis clear that D € Z*(A™, X*). Assume that
a’,x" € A™ and (aq)q (xp)p € A such that a, % a" and Xg % x" on A™.
Since AB*,B*A € X, for every b’ € B*, by using the weak *-weak continuity of
D, we have
(D(a" o x"),b") = lilr;nliorln(D(aaxB), b')

= li[gnliorln((D(aa)xﬁ + aoD(xp)),b")
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= limlim(D (aq)xg, b") + limlim{a,D (xg), b")
B «a B «

= hlr;nhgl(D (aq), xgb") + 11lrgnhgln(D (xp)), b'ag)

= 0.

Since A has a LBAI, A™ has a left unit e’ with respect to the second
Arens product [6, Proposition 2.9.16]. Then D(x"") = D(e"” ¢x') =0, and so
D =0.

Example 2.2. (i) Assume that G is a compact group. Then we know that L!(G) is
M(G)-bimodule and L*(G) is an ideal in the second dual of M(G), M(G)**. By
[20, Corollary 1.2], we have H(L(G), M(G)) = {0}. Then by Theorem 2, every
weak *-weak continuous derivation from L'(G)** into M(G) is inner.

(if) We know that ¢, is a C *-algebra and every C *-algebra is weakly
amenable, so ¢, is weakly amenable. Then by Theorem 2, every weak *- weak
continuous derivation from £ into ¢ is inner.

Theorem 2.3. Let B be a Banach A-bimodule and A has a LBAI. Suppose that
AB™,B**A € B and every derivation from A* into B* is weak * -weak *
continuous. If H(4, B*) = {0}, then H(4**, B***) = {0}.

Proof. Take B** = B* @ B*, where B+ ={b"" € B**:b""'|5 = 0}. Then we
have

Hl(A**,B***) — Hl(A**,B*) @ Hl(A**,BJ')-

Since H'(A,B*) = {0}, similar to Theorem 2(i), we have H'(4**, B*) = {0}. It
suffices to show that H(A**, B+) = 0. Let (e,), S A be a LBAI for A such that

rn

€y % e” in A where e is a left unit for A** with respect to the second Arens

product. Let a” € A™ and suppose that (ag)z S A such that ag % a in A

Let D € Z1(A**,BY). Thenforevery b” € B**, by weak *-weak * continuity of D,
we have
(D(all)'bll) —_ (D(ell o al’),bl’)
= limlim((D(eqap),b")
L «a

= lifgnlim((D(ea)aB + eq,D(ag)),b")
a
= “};““31(’3 (ec)ag b") + lilr;nli;n(eaD(aﬁ)' by
= 1115111131(D (eq), aﬁb”) + lilr;nli;n(D (aﬁ)' b"e,)
= 0.
It follows that D = 0, and so the result holds.

It is known that neither the weak amenability of A implies that of A™*, nor
the weak amenability of A™* implies that of A. The question “when the weak
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amenability of A** implies that of A?” is investigated in many works; see [3, 7, 10,
11, 12] for more details. We now by Theorem 2 consider the converse of the above
question, i.e., “under which conditions the weak amenability of A implies that of
A™?”) as follows:
Corollary 2.2. Assume that A is a Banach algebra with LBAI such that it is two-
sided ideal in A™ and every derivation D:A™ — A™* is weak *- weak *
continuous. If A is weakly amenable, then A** is weakly amenable.
Example 2.3. Assume that G is a locally compact group. We know that L*(G) is
weakly amenable Banach algebra, see [16]. Then by Corollary 2, every weak *-
weak * continuous derivation from L'(G)** into L'(G)*** is inner.
Theorem 2.4. Let A be an amenable and Arens regular Banach algebra. If for any
normal Banach A-bimodule B with predual X, we have AB*,B*A € X, then
H).(A™,B*) = {0}.
Proof. If the Banach algebra A isamenable and Arens regular, then A*™* is Connes-
amenable and the converse holds whenever A is an ideal in A™*, too [25, Theorem
4.4.8]. Thus HJ-(A*,B) = {0} and by the argument before Theorem 2, we have
B** = B @ X*. These imply that H}.(A**, B**) = H_.(A*™, X1). It is known that
every amenable Banach algebra possesses a BAI, so by a similar argument in the
proof of Theorem 2(ii), we obtain that H.(A**, X+) = {0}.
Proposition 2.2. Suppose that A is an amenable Banach algebra. If for every
Banach A-bimodule B, we have AB™*,B**A € B, then
H}.(A*™,B*") = {0}.
Proof. By applying a similar argument in the proof of Theorem 2(ii), we obtain the
desire.
Corollary 2.3. Assume that A is a weakly amenable Banach algebra with a LBAI.
If A isanidealin A*, it follows that
Hy. (A, A™) = {0}.
Example 2.4. Assume that G is a compact group. It is known that L'(G) has a BAI
and is a two-sided ideal in L'(G)**. We know that L'(G) is weakly amenable,
hence by Corollary 2,
Hyy- (L2 (6)", L™ (6)™) = {0}.

Proposition 2.3. Let A be a Banach algebra such that A is an ideal in A** and
A* factors. Then A is amenable if and only if A™ is Connes-amenable.
Proof. By [3, Corollary 2.8](i), A is Arens regular. Then by [24, Theorem 4.4], the
proof completes.

A Banach space A is called weakly sequentially complete if every weakly
Cauchy sequence in A has a weak limit in A.
Theorem 2.5. Let A be an Arens regular dual Banach algebra such that A* is
weakly sequentially complete (WSC). If Hj-(A**, A***) = {0}, then HL.(4,A") =
{0}.
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Proof. Let D: A — A* be a w*-continuous derivation. Since A* is WSC, every
derivation D: A — A* is weakly compact. Then by [5, Theorem 6.5.5], we have
D" (A*™) € A* and hence, by Arens regularity of A, A* is an A**-submodule of
(A™)* and D''(A™).A* € A*.A™ < A*. Then by [7, Theorem 7.1], D": A** —
A™ is a w*-continuous derivation. Thus, there exists a'"’ € A™* such that
D"(F)=F.a""—a'".F,foreach F € A**.Now, let E: A — A** be the canonical
map and set f = E*(a"""),then D(a) = a.f — f.a, forall a € A. This means that
D is an inner w*-continuous derivation. Thus the proof follows.

For any n € N, we denote the n-th dual of the Banach algebra A by A™.
In the following, we extend the [3, Corollary 2.8](i) to the general case as follows:
Lemma 2.1. If A®™ is a two-sided ideal in A?"*2) and A@™+D factors, then
A®™ s Arens regular, where n € N U {0}.
Theorem 2.6. Let A be a Banach algebra such that A™ is an ideal in A**** and
A** factors. If A is weakly amenable, then H -(A**, A***) = {0}.
Proof. Lemma 2 implies that A* is Arens regular. Now, let D: A*™ — A™* be a
weak *- weak *-continuous derivation. First, we prove that A*** is a normal Banach
A™ -bimodule. Let (ay), be a net in A™ and a'’ € A**. Then, by Arens
regularity of A™, for every b” € A** we have

((w* — liorlnafz’).a”’,b”) ={(a"",b".(W* — liorlna{z’))

= lién(a”’, b".a,
= lim{ay.a'"’, b"")
a

= (w" —lim(ag.a""),b").
a

Moreover,
(a

" (w* —limagy),b") = (a",w* —limay.b")
a a

= lig(n(a”’, agq,b"")
= lim(a"". ag,b")
a

= (w* —lim(a'"".ay),b").
a

! nr !

Hence, the mappings a”’ — a'’.a""" and a" » a'’.a" are weak *-weak *-
continuous from A™ into A***. Thus, A" is a normal Banach A**-bimodule. For
each a € A, we define D: A — A* by

D(a) = D(@)|4 _
where @ € A** with a(a’) = a’'(a), for all a € A. As the following equalities D
Is a continuous derivation from A into A*.
D(ab) = D(ab) = D(a.bh) = a.D(b) + D(4).b = a.D(b) + D(a).b,
where a,b € A. By weak amenability of A, we have D is inner. Then
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there exist a’’’ € A*** such that
D@ =D(a)=a.a"'|y,—a"|g.a=a.a"|4,—a""|,.a.

We consider the canonical mapping E: A* — A***. Then there exists b""' €
A™* such that E(a"'|4) = b"". So
D@ =a.b" —-b".a.

Then D is inner. It follows that H-(A**, A***) = {0}.
Corollary 2.4. Let A@™*2) pe a two sided ideal in A@™*% and AG™+3) factors.
If AC™ is weakly amenable, then H}.(AG"+2), A@n+3)) = (0},
Proof. Apply Lemma 2 and Theorem 2.

Weak *-continuous derivations from dual Banach algebras into their ideals
are studied in [8].
Remark 2.1. If M is subspace of A and N is subspace of A*, then Mt = {x* €
X*:{x*x)=0, VxeM}and *N={x€A:(x"x)=0, Vx*€N}.If Aisa
dual Banach algebra and I is w* —closed ideal of A, then I is dual with predual
I =" that (1)" = (£)" = (*D* =1 and I" = 7, see [5].

e
Proposition 2.4. Let A be adual Banach algebraand I be an arbitrary w*-closed
ideal of A such that H*(4,1**) = {0}. Then H-(A,I) = {0}.
Proof. Let D € ZL.(A,1) and E:I - I** be the natural embedding. Then E o
D: A - I** is a bounded derivation. Since H!(4, I**) = {0}, there exists a** € [**
such that E oD = §,+ . Consider the decomposition I** =1@ I+ as an A-

bimodule. If P:I*™* — [ is a projection, we have D = §,,-+. Then Hy- (A =

{0}.

A Banach algebra A is without of order if for any a,b € A, ab =0
implies that a = 0 or b = 0. Semisimple and unital Banach algebras are without
of order Banach algebras. Now by Proposition 2 and [8, Theorem 3.1], we have the
following result.

Corollary 2.5. Let A be a dual Banach algebra and I be a closed two-sided ideal
in A such that I is without order. If H(A4,1"*) = {0}, then H.-(I,I) = {0}.
Example 2.5. (i) Let G be a locally compact group. A linear subspace S(G) of
LY(G) is said to be a Segal algebra, if it satisfies the following conditions:

(S1) S1(G) isdensein L1(G);

(S2) If f € SY(G), then L, f € S1(G), i.e. S1(G) is left translation invariant;
(S3) S1(G) is a Banach space under some norm |I-lls and || Lf lls=Il f I, for
all f € S1(G) and x € G;

(S4) x » L,f from G into S1(G) is continuous.

For more details about Segal algebras, see [22, 23]. Now, let G be an
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abelian locally compact group. Then H(L'(G),S'(G)**) ={0}. Then by
Proposition 2 and Corollary 2, we have H,..(L'(G),S(G)) = {0} and
Hy,+(S1(6), S1(6)) = {0}.

(ii) Let A be anon-empty, totally ordered set, and regard it as a semigroup
by defining the product of two elements to be their maximum. The resulting
semigroup, which we denote by A, is a semilattice. We may then form the #1-
convolution algebra #1(A,). For every t € A, we denote the point mass
concentrated at t by e,. The definition of multiplication in #1(A,) ensures that
eser = emax(s) forall s and ¢.

The semilattice A, is a commutative semigroup in which every element is
idempotent. If we denote the set of idempotent elements of A, by E(A,), then
E(A,) = A,. The £*-convolution algebras of semilattices provide interesting
examples of commutative Banach algebras. By [14, Proposition 3.3],
H(#1(A)), I*™) = {0}, for any closed two-sided I of £1(A,). Then by Corollary
2, Hi-(1,1) = {0}, for any closed two-sided I of £1(4,).

(iii) Let K be an infinite compact metric space, a € (0,1) and lip,K be
the small Lipschitz algebra (see Example 2). By [14, Proposition 3.4],
H(lipo K, I™) = {0}, for any closed two-sided I of lip, K. Then by Corollary 2,
H}.(I,T) = {0}, for any closed two-sided I of lip,K.

3. Representations of derivations and Arens regularity

Let A be a Banach algebra and B be a Banach A-bimodule with the

module action “e”. Then for every b € B, we define
Ly(a)=bea and Ry(a) =a-eb,

for every a € A. These are the operation of left and right multiplication by b on
A. In the following by using the super-amenability of Banach algebra A, we give a
representation for Z1(4, C), where C is a Banach A-bimodule.

For a Banach A-bimodule B and for a derivation D: A — B*, we show that
the left module action m,: A X B — B is Arens regular whenever D"": A*™* - B***
is a derivation and B* < D" (A™). On the other hand, if A is a left strongly Arens
irregular and A*™ is amenable Banach algebra with respect to the first Arens
product, then A is unital. Moreover, if A is a dual Banach algebra, it follows that
A is reflexive.
Theorem 3.1. Assume that A is an amenable Banach algebra. Then there are
Banach A-bimodules C, D and elements a,b € A™ such that

Z1(A,c) = {Rpr: D€ Z1(A,CcH) = {Lpy: D € Z1(A, DY)}

Proof. Suppose that B is a Banach A-bimodule with a module action e. Every
amenable Banach algebra has a BAI [25, Proposition 2.2.1], so A has a BAI such
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as (ey)q- Then by Cohen factorization Theorem we have Be A =B = A+ B, i.e,,
for every b € B, there are y,z€ B and a,t € A such that yea=b=1tez.
Then we have
liorlnb ce, = lién(y ea)ee, = liorlny e(aey) =yea=> (1)
and
liénea eh = lig(nea e(tez)= lién(tea) ez=tez=h,. 2

It follows that B has a BAl as (e,), S A. Let " and f" be the right and

left unit for A**, respectively such that e, % e and €y 5 f"in A™.

Take € = B and define a module action “”as a-x=0and x-a=x-e
a, forall a € A and x € C. Clearly, (C,") is a Banach A-bimodule. Suppose that
D € Z'(A, C*). Then there is an element ¢ € C* such that D = §.. Then for every
a € A, we have

D(a)=6.,(a)=a-c—c-a=a-ec.
From (1) and module actions of C, forany x € C and x' € C*, we have
liorln(x, x'-ey)= liorln(ea cx,x'y =0 (3)

and

lién(x, ey X'y = lién(x cg, X'y = lig(n(x ey, x'y = (x,x). 4)

It follows that ea.x"’l, x"in C*. Since D" is a weak *-to-weak *
continuous linear operator, we have
D"(e'") =D"(w* —lime,) = w* —1limD"(e,) = w* —limD(e,)
a a a

=w* —lim(e,x") = x".
a

Thus we conclude that D(a) = a-D""(e'") =ae*D"(e') forall a € A. It
follows that D = Rpi (). On the other hand, since for every derivation D €
Z'(A,C"), Rprery € Z*(A, C*), the result holds.

Now, again consider B as a Banach A-bimodule with the module action
“e” and set D = B with the module action < suchthat a <y =aey and y <
a=20, forall a € A and y € D. By a similar argument that we have discussed
above, and setting b = f"', the proof completes.

Example 3.1. (i) Let G be an amenable locally compact group. Then by Johnson
Theorem H(L'(G),X*) = {0}, for every Banach A-bimodule X. Then by defining
the similar module actions of L*(G) as a Banach L!(G)-bimodule in the proof of
Theorem 3 and by this Theorem, we have

ZH(LY(6), L*(6)) = {Rp(eny: D € Z' (L'(6), L™ (6))}
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= {Logruy: D € ZH(LH(6), L2 (G},
where e'' and f" are the left and right units of L'(G)**, indeed they w*-
accumulations of the BAI of L1(G).
(i) Let G be locally compact group. Then by [20, Corollary 1.2]
HY(L'(G),M(G)) = {0}. Then by applying the module actions defined in the proof
of Theorem 3, we can see M(G) as a Banach L!(G)-bimodule. Then by Theorem
3, we have

ZH(LY(6), L*(6)) = {Rp(em: D € Z*(L*(G), L (G))}

= {Lpgruy: D € 211 (6), L2 (G))},

where e’ and f'' are the left and right units of L1(G)**.
Theorem 3.2. Let A be a Banach algebra, B be a Banach A-bimodule and
D:A — B* be a continuous derivation. If D": A*™ — B*** is a derivation and
B* € D"(A™), then Z..(B*™) = B**.
Proof. Since D"": A™ — B*** is a derivation, by [26, Theorem 4.2], D" (A**)B** <
B*. Due to B* € D"(A™), we have B*B*™* € B*. Let (ay), S A™ such that

ay % a” in A, Assume that b” € B**. Then for every b’ € B*, since b'b" €
B*, we have

(b”.ag,b’) — (agbl'bll) N (all,blbll> — (bll.all'bl>.
Thus b”.al, > b”.a” isin B**,and so b” € Zt.(B™).
Corollary 3.1. Let A be a Banach algebra and D:A — A* be a continuous
derivation such that A* € D""(A™). If D"": A*™ — A™* is a derivation, then A is
Arens regular.
Example 3.2. Let G be an infinite locally compact group. Thus, L(G) is not
Arens regular. Then Corollary 3 implies that there is no D € Z*(L*(G), L*(G)*)
such that L*(G)* € D" (L*(G)*) and its second transpose D"’ is a derivation.
Lemma 3.1. Let B be a Banach left A-module and B** has a LBAI with respect
to A™. Then B*™* has a left unit with respect to A**.
Proof. Assume that (ey;), S A™ is a LBAI for B*™. By passing to a suitable

subnet, we may suppose that there isan e’ € A*™ suchthat e/ % e” in A*. Then
forevery b" € B** and b’ € B*, we have
(n;**(ell,bll)'bl) — (ell, ﬂ;*(b,’,b’)> — li;n(eg' T[;*(bll'bl))

= lim(r}™ (e, b"), by = (b", b").
a

It follows that ,"*(e",b"") = b".

Theorem 3.3. Let A be a left strongly Arens irregular and suppose that A** is an
amenable Banach algebra. Then we have the following assertions.
(1) A has an identity.
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(i) If A is adual Banach algebra, then A is reflexive.

Proof. (i) Amenability of A** implies that it has a BAI. By using Lemma 3, A™*
has an identity say that e’. So, the mapping x"” - e".x"" = x"" is weak *-to-
weak * continuous from A™ into A**. It follows that e” € Z;(A™) = A. This
means that A has an identity.

(ii) Assume that E is a predual of A. Then we have A** = A @ E*. Since
A is amenable, by [12, Theorem 1.8] or [13, Theorem 2.3], A is amenable, and
so E1 is amenable. Thus E+ has a BAI such as (ey), € E*. Since E+ is a
closed and weak *-closed subspace of A**, without loss generality, there is e’ €

E* such that
124 W* 124 124 "" 124
ey — e and e, —e'.

Then e” is a left identity for E+. On the other hand, for every x"" € E+, since E+
is an ideal in A**, we have x".e"" € EL. Thus, for every a’ € A,
(x".e",a"y =lim((x".e").es,a"y =lim(x".(e".ey),a’)
a a

= lién(x”.e[x’, a'y = (x",a').

It follows that x".e"” =x", and so e’ is a right identity for EL.
Consequently, e is a two-sided identity for E+. Now, let a”’ € A**. Then
e”.a” — (ell.all).ell — ell. (all.ell) — a”.e”.
Hence e” € Z,(A™) = A. It follows that e” = 0, and so E+ = 0. This implies
that A™ = A.

Example 3.3. Let G be a locally compact group. If M(G)** is amenable, then by
Theorem 3(ii), because C,(G)* = M(G), we conclude that M(G) is reflexive. This
means that G is a finite group, moreover see [12, Corollary 1.4].
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