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SOME PROPERTIES OF CONTINUOUS K-G-FRAMES IN HILBERT
SPACES

by E. Alizadeh!, A. Rahimi2, E. Osgooei® and M. Rahmani*

The present paper studies some properties of c-K-g-frames in separable Hilbert
spaces, which are extensions of K-g-frames and c-g-frames. In addition, necessary and
sufficient conditions for constructing c-K-g-frames are given by using bounded operators.
The notion of c-K-g-duals for c-K-g-frames are introduced and such duals are charac-
terized. Moreover, we also discuss on operators preserving c-K-g-frames. Finally, some
equalities and inequalities about c-K-g-frames are investigated.
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1. Introduction and Preliminaries

Frames (discrete frames) were introduced by Duffin and Schaeffer in 1952 [12] for
studying some profound problems in nonharmonic Fourier series. Discrete and continuous
frames arise in many applications in both pure and applied mathematics. After the funda-
mental paper by Daubechies, Grossmann and Meyer (2017 Abel Prize winer) in 1986 [10],
the theory of frames found more attention and a lot of papers and books were published in
this area. They took the key step of connecting frames with wavelets and Gabor systems
in that paper. Particularly, frame theory has been extensively used in many fields such as
filter bank theory, signal and image processing, coding and communications [25] and other
areas. For a more complete treatment of frame theory we recommend the excellent book of
Christensen [9], and the tutorials of Casazza [7, 8] and the Memoir of Han and Larson [17].

Over the years, various extensions of the frame theory have been investigated. Sev-
eral of these are contained as special cases of the elegant theory for g-frames which were
introduced by W. Sun in [26]. For example, one can consider: bounded quasi-projectors,
fusion frames, pseudo-frames, oblique frames, outer frames and etc.

Frames and their relatives are most often considered in the discrete case, for instance
in signal processing [12]. However, continuous frames have also been studied and offer
interesting mathematical problems. They have been introduced originally by Ali, Gazeau
and Antoine [2] and also, independently, by Kaiser [19]. Since then, several papers dealt with
various aspects of the concept, see for instance [13, 14] or [6, 22, 23, 24]. By combining the
above mentioned extensions of frames, the new and more general notion called continuous
g-frame has been introduced in [1].

Traditionally, frames were studied for the whole space or for the closed subspaces.
Gavruta in [15] gave another generalization of frames namely K-frames, which allows to
reconstruct elements from the range of a linear and bounded operator in a Hilbert space.
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In general, the range of an operator is not a closed subspace. K-frames allow us in a stable
way, to reconstruct elements from the range of a linear and bounded operator in a Hilbert
space.

K-g-frames have been introduced in [5, 18] and some properties and characterizations
of K-g-frames has been obtained, for more information on K-g-frames, see [18, 29]. Extending
the above mentioned notions, the new concept namely c-K-g-frames was introduced by
authors [3] and this paper will provide new results concerning it .

Throughout this paper, (€, 1) is a measure space with positive measure pu, H, Hy, Ho
and H,, are separable Hilbert spaces and B(H, H,,) is the collection of all bounded linear
operators of H into H,, where w € Q. If H, = H, then B(H, H) will be denoted by B(H)
and K € B(H). For an operator U, the range is denoted by R(U) and the null space with
N(U).

If an operator U has closed range, then there exists a right-inverse operator UT
(pseudo-inverse of U) in the following sense (see [12]).

Proposition 1.1. Let U € B(H;, Hs) be a bounded operator with closed range R(U). Then
there exists a bounded operator UT € B(Hy, Hy) for which

UU'z =z, xcRU).

Proposition 1.2. Let U € B(Hy, Ha). Then the following assertions hold:
(1) R(U) is closed in Hy if and only if R(U*) is closed in Hy.
(2) (W) = (U1)".
(3) The orthogonal projection of Hy onto R(U) is given by UUT.
(4) The orthogonal projection of Hy onto R(UT) is given by UTU.
(5) N(U) = RH(U) and R(U) = NL(U).

Theorem 1.1. [11] Let Ly € B(Hy,H) and Lo € B(Hs, H). Then the following assertions
are equivalent:

(1) R(L1) € R(Lz);

(2) L1L; < XN2LaL} for someX > 0;

(3) there exists a mapping U € B(Hy, Hy) such that Ly = LyU.

Moreover, if these conditions are valid, then there exists a unique operator U so that

(a) |U||*> =inf{a >0 | L1 L} < aLsL}};

(b) N(L1) = N(U);

(c) R(U) € R(L3).

Theorem 1.2. [1] Let {Ay}weq be a continuous g-Bessel family for H with respect to
{H,}wea with bound B. Then the mapping T on

<@w€w Hw,,U/> 12 to H deﬁned by

(TF,g) = / AL F (@), g)dp(w), F e (Gueq Hupt) |, g€ H,

is linear and bounded with ||T|| < v/B. Furthermore for each g € H and w € Q,
T"(9)(w) = Awg.

The continuous version of K-g-frames have been introduced in [3] in the following
way. Some properties of K-g-frames have been studied in [31, 32].

Definition 1.1. Let K € B(H). A family A = {A, € B(H,H,) : w € Q} is called a
continuous K-g-frame or c-K-g-frame for H with respect to {H,}weq, if
(1) {Auf}ueq is strongly measurable for each f € H;
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(ii) there exist constants 0 < A < B < oo such that

AP < / IAfI? du(w) < BIfI2, f e H. (1)

The constants A, B are called lower and upper c-K-g-frame bounds, respectively. If
A, B can be chosen such that A = B, then {A,}weq is called a tight c-K-g-frame and if
A = B =1, it is called Parseval c¢-K-g-frame. The family {A,}uecq is called a c-g-Bessel
family if the right hand inequality in (1) holds. In this case, B is called the Bessel constant.

Now, suppose that {A,},ecq is a c-K-g-frame for H with respect to {H,, },ecq with
frame bounds A, B. The c-K-g-frame operator is defined by

S:H—H
(Sf,9) =/<f,AZ:Awg> du(w),  Vf,geH.
Q

Therefore,
AKK* < S < BI.

Remark 1.1. Like K-frame operator, the c-K -g-frame operator is not invertible. In general
if K has closed range, then S is invertible on R(K) and we have (see [30])

B7HIP < ((Slwao)) ™ ) S ATHIETPIAIP, € H.

2. Construction of c-K-g-Frames with Bounded Operators

For a given c¢-K-g-frame A = {A, },eq of H, we will obtain another c-K-g-frame for
the space. One approach is to construct a family {A,U* € B(H, H,,)}wcq, where U € B(H).
The following theorem gives us necessary and sufficient conditions for {A,U*},cq to be a
c-K-g-frame of H.

Theorem 2.1. Let K € B(H) be closed range, {A,}ueq a c-K-g-frame for H with respect
to {Hy}twea and U € B(H). Then {A,U*}ueq is a c-K-g-frame for H with respect to
{H,}wea if and only if there exists a constant § > 0 such that for all f € H

1O fIl = Sl K™ -

Proof. Suppose that {A,U*},cq is a c-K-g-frame for H with respect to {H,, }weq with the
lower bound C. If B is the upper bound of {A, },eq, then for each f € H,

CIE*fI? < /Q AU FI? dyu < BIU* f|2.

Hence ||U* f|| > 1/ S|/ K* f||. For the opposite implication, for every f € H we have

U= fIl = (&) KU fI| < || JIEU* £l

Therefore,
AS|| KB FIP < AIKTITPO ) < AU P < /Q [ALU* flI?d .
For the upper bound, it is clear that

/Q AU fIPdp < BIUIISI2 f € H.
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Corollary 2.1. Let K € B(H) be closed range, {A,}weca be a tight c-K-g-frame for H
with respect to {Hy }weq with frame bound A and U € B(H). Then {A,U*}ueq is a tight
c-K-g-frame for H with respect to {Hy,}weq with frame bound C if and only if

. s
10" £l = SIE Sl f € .

Corollary 2.2. Let K € B(H) be closed range, {A,}weq be a c¢-K-g-frame for H with
respect to {Hy}weq and U € B(H). Then {A,U*}ocq is a c-K-g-frame for H with respect
to {Hy,}wea if and only if U is surjective.

Proof. By Theorem 2.1, we get for any f € H
SIIETTHIA < Sl fIl < U f]
and this completes the proof. O

3. Duals of c-K-g-frames

One of the most important challenges in the research of frames is the characterization
of duals. Recall that for a given frame {f}72 ,, the Bessel sequence {gx}7>, is a dual of

{fr}32; which provides f = >"72" (f, gx) fx for any f € H.
Duals of frames for the first time have been characterized by Li [20, 21]. One can find
that for a given frame {f}32,, its dual frames are precisely the families

{or}iz, = {S_Ifk + hy, — Z(S_lfk,fﬁhj}

j=1

)
’
k=1

where {ht}32, is a Bessel sequence in H, [9].

In this section, we introduce the notation of c-K-g-duals for c-K-g-frames and characterize
such duals.

Definition 3.1. Let A = {A,}weq be a c-K-g-frame for H with respect to {H,}weq. A
c-g-Bessel family T’ = {T', }ueq for H is called a c-K-g-dual of A if for every f,h € H

(1.1 = [ (ASTof ) due).
In this case, we say that A and I' are pair duals.
By Theorem 1.2, the proof of the following is straightforward.

Theorem 3.1. Let T = {T', }ueq be a ¢-K-g-dual for A. Then the following conditions are
equivalent.

(I) TaTy = K;
(I) TvT; = K*;
(1) (Kf, f) = (T7 [, TX ).
Theorem 3.2. If A and I' are pair duals, then T" is a c-K*-g-frame for H with respect to
{Hw}w€Q~
Proof. Let f € H, we have by Theorem 3.1 item (I)
IKfI* = (K f K )P
= (T3 f, TRE )[?
< NTEFPITANP N K £11P
< BIK fIP|I T3 £

< BKf|? /Q ITu ()2

and the proof is completed. O
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We are ready to introduce an explicit c-K-g-dual for each c-K-g-frame. This helps us
to characterize all c-K-g-duals of these frames.

Theorem 3.3. Let K € B(H) be closed range and A = {A,}wea be a c-K-g-frame for
H. Also, suppose that for each f € H, the mapping w — Ay (f) is Bochner integrable.

Then A = {Aw((S|R(K))71)*K} o is a c-K-g-dual of Amgxy with bounds B~ and
we
AYK||?|| K12, respectively.

Proof. Since Aisa c-g-Bessel sequence and S is not a self-adjoint on R(K), but by Lemma
3.1 and Corollary 3.2 in [22], we can show (S|x(k))* = Tr(k)S|s(=(K)), so for every f,h € H
we have

(Kf h)= <((S|R(K))715|R(K))*Kfa h>
= <7T£R(K)S|S(IR(K))((S|1R(K))71)*Kfa h>
= <S|S(R(K))((S|R(K)>_1)*Kf7 M(K)h>

N /Q (((Slzerey) ™) K fo AL AT (1) ) dpe

:/Q<7TR(K)AZ;Aw((S|R(K)>_1)*Kf,h>du.

Therefore, Ais a c-K -g-dual for Amg(g) with the lower bound B~! by theorem 3.2. Fur-
thermore, by Remark 1.1, for each f € R(K) we obtain

1((Slrc) ™) FIIP = ((Slree) ™ ((Slre)) ™) o F)
< ATYIEYP(|((Slxa) ™) FIIF -

*

So,
1 ((Slrerey) ™) f

| < ATYKTP) £
Thus, for any f € H
/Q\|Aw((5|ae<x>>”)*f<f||2du=/Q<((S|R(K>)*1)*Kf,A:Aw((smmrl)*fmdu

= (Slacxo) ((Slreao) ™) K £, ((Slrae) ™) K f)
= (Kf, ((Slza0) ") " Kf)
< ATHET PP
The proof is completed. O
4. Operators preserving c-K-g-frames

Throughout this section, A = {Ay}weq is a c-K-g-frame for H with respect to
{Hw}w€ﬂu

Theorem 4.1. Suppose that A is a c-K-g-frame for H with the lower bound A and U €
B(H) with R(U) C R(K). Then A is a c-U-g-frame for H with respect to {H, }ueq-

Proof. Via Theorem 1.1, there exists o > 0 such that UU* < o?KK*. Hence, for each
f € H we have

Aa”2|[U* fI? < AJK* £|12 < /Q A fI2d .
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Theorem 4.2. Suppose that K € B(H) is with dense range, A is a c-K-g-frame for H and
U € B(H) is with closed range. If {A,U*}ueq is a c-K-g-frame for H then U is surjective.

Proof. Assume that {A,U*},cq is a c-K-g-frame for H with frame bounds A and B. Then
for any f € H, we have

ALK < [ 1A 1P (2)
Since K has dense range, so K* is injective. By (2), N(U*) C N(K™) then U* is injective.
Moreover R(U) = N(U*)*+ = H. Thus, U is surjective. O

Theorem 4.3. Let K € B(H) and A be a c¢-K-g-frame for H with the frame bounds A, B.
IfU € B(H) has closed range with UK = KU, then {A,U*},eq is a c-K-g-frame for R(U).

Proof. Tt is obvious that {A,U*},eq is a c-g-Bessel sequence with the bound B||U||?. Since
U has closed range, so it has the pseudo-inverse U such that UUT = I. Now, for each
feRU), we get K*f = (UN*U*K* f. So, we obtain |[K*f| < [|[UT|.|U*K* f||. Therefore,
|UT|7Y|K* f|| < |[U*K* f|| and we have
1A P> AU P

= A|U*K*f||?

> AU 2K fP.
This completes the proof. O

Corollary 4.1. Let K € B(H) be dense range, A be a c-K-g-frame for H and U € B(H) is
with closed range. Then {A,U*}ucq is a c-K-g-frame for H if and only if U is surjective.

Theorem 4.4. Let K € B(H) be dense range, A be a c-K-g-frame for H and U € B(H) be
closed range. If {A,U*}weq and {A,U}tweq are c-K-g-frames for H, then U is invertible.

Proof. Suppose that A;, By are the frame bounds of {A,U*},cq and As, By are the frame
bounds of {A,U},eq. Since for any f € H

ALK P < /Q AU fIPd i < By £ 3)

and N(U*) C N(K*), therefore K* is injective. Moreover, R(U)=N(U*)+ = H, then U is
surjective. Also, by

Al S < [ IAU S < Bal 1 @
we get N(U) C N(K*), so U is injective. Thus U is invertible. O

Theorem 4.5. Let A be a ¢-K-g-frame for H and U € B(H) be co-isometry (i.e. UU* =1)
with UK = KU. Then {A,U*}ueq is a c-K-g-frame for H.

Proof. Let A, B be the frame bounds of A. By Theorem 4.3, {A,U*},cq is a c-g-Bessel
sequence. Since U is co-isometry, we have for each f € H

[ 1At P> Alev
= A|UK* f|?
= A|K*f|?
and the proof is completed. O
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5. Some Equalities and Inequalities for C-K-g-Frames

Some equalities and inequalities have been established for ordinary frames and their
duals in [16, 33] and have been extended to obtain several important equalities and inequali-
ties for K-frames and continuous g-frames in [4, 28]. In this Section, we will generalize some
equalities and inequalities about c-K-g-frames.

Let K € B(H), A = {Au}wea be a c-K-g-frame for H with respect to {H,} and I' =
{Tw}wea be a c-K-g dual of A. For any measurable subspace ; C 2, we define

Mg, :H — H,
(Ma, f,9) =/Q (AT f g) du

for any f,g € H. It is clear that Mg, is well-defined and bounded operator, moreover
Mq, + MQE =K.

Theorem 5.1. Let A be a c-K-g-frame for H with the dual T'. Then for each f € H,

/Q (AT f(w), K f) du — || Mg, fI1? = / (ArTof(w), K f)ydu — || Mag 2.

Q0

Proof. For each f € H, we have

(Mo, f, K f) = ||Ma, fII* = (K*Ma, f, f) — (Mg, Mo, . f)
(K — Mgq,)"Maq, f, f)
(K — Mo f, [)

K f, [) = (MaeMos f, f)
Kf, Mo f) — (Mog f, Mag f)
= (Moc f, K f) — || Mo f|?

and the proof is completed. O

(
= {
= (Mg,
= (Mg,
=
(

Definition 5.1. Suppose that A = {A, }ueq s a ¢-K-g-frame for H with respect to {H,}.
We define

SQl :H— H,

(Sanf.g) = / (Ao f, Aug) du

for every f,g € H.

It is clear that Sq, and Sqe are positive operator and since 0 < Sqe = S — S, , hence
180, 1l < [IS]l

Theorem 5.2. Let A = {A,}weq be a Parseval c-K-g-frame for H. For each f € H,
Q1 CQand A CQf, we get

[Sa,uafll* = ISas\a fII”

:/ (Aof, A KK* f) du—/ (Auf, AuKEK*f) du+2Re/<Awf,AWKK*f> dp
N ¢ N

Proof. Let 1 C Q. So, Sq, + So¢: = KK*. Hence,
8%, — 84 = 85, — (KK* — Sa,)?
=KK*Sq, + So, KK* — (KK*)?
= KK"Sq, — Sa: KK™.

1
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Now, for each f € H we have

||SQ1f||2 - ||Sfo||2 = <KK*SQ1f7f> - <SQ§KK*fa f>
Consequently, for 2; U A instead of Q;:

1So,uafl® = [[Saaafl? = / Ao f, A KK™ f)dp — (Soe\a f, KK* f)

Q1UA
— / (Ao f ALK K™ f) dp— / (Auf. ALK K* ) du
QUA o5\A

— [ LS AKK Pydn— [ (AL AKE ) du
ol Q¢

+2Re( /A (Ao f, AuKK* f) du).
0

Theorem 5.3. Let A = {Ay}weq be a Parseval ¢-K-g-frame for H. For each f € H and
Q1 C Q, we get

R Ao f, ALKK*f)d Sa, fII?

o [, (AT MK ) ) + 10,1

~ e / (A AGKK ) dpt) + | Sag
3 .

> SIKK S,

Proof. Since ngl - Sf%f = KK*Sq, — Sq: KK*, then

Therefore,
KK*Sq, + 85: + (KK*So, + S:)* = KK*Sq, + 5§: + So, KK* + S§.
= KK*(Sq, + Sos) + 58, + Sae
3
= (Sq, + Sog)KK* + 53, + S§. > 5(KK*)?

Hence, we obtain

Re( [ (ALfAKE Fydu) + S0, £
Qs

Re( [ (Al MK Fydn) + o 1P

= = ((KK*Sa,h, h) + (Sdeh, h) + (h, KK*So,h) + (h, S5:h)) > S| KK f|]*.

N =
] o

O

In this section, we introduce some notations vy (A, 1) and v_(A, ;) to characterize
more properties of Parseval c-K-g-frames, these notations have been introduced for K-frames
and c-g-frames in [4, 28].

Assume that A = {A,}eq is a Parseval c-K-g-frame for H and Q; C Q and f € H. We
consider
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Re( Joe (MoK K™ f, Au f) dp) + [[Se, f11?
v (A, Q) = ?‘;PB [KK*f[?

and
Re( foe (KK £, Auf) dpt) + [ S,
([ K f|?
We aim to show some properties of these numbers by Theorem 5.2. For this, the following
Lemma will be useful.

v_ (A, Q) = }2161:)

Lemma 5.1. Let K be a closed range operator and A = {A,}ueq be a c-K-g-frame for H
with the lower bound A. Then,
(I) For each f € H, ||SQfH2 < [ISall fo [1Aw f11%d p;
(I) For any f € R(K), [o |AwflPdp < ZIIET|P(ISaf]?.

Proof. (I) We can write for any f € H, [|Saf[|* < ISalll(Saf, f)| = [ISall [q |Awfl?d p. (IT)

For each f € R(k), we can write

2
(] 1AuAPan) =1iaf NP < ISas 1A

* * * 1
< IS fIPIED K FI* < [SafIPIEDIP1E"FI* < Z||ng||2||(K*)||2/Q 1w f11%d
and the proof is completed. O

Theorem 5.4. Let A := {A,}ueq be a Parseval c-K-g-frame for H. Then the following
assertions hold.

(D) § < v (A Q) < vie(A, Q) < IE(IKT+ (1K) KT)
(I1) v (A, Q1) = v (A Q) and v_ (A, Q1) = v_(A, Q).

Proof. Assume that f € H. Since A is a c-g-Bessel sequence, so by applying Lemma 5.1,
item (I), we have

1Sa, FI12 < 1Se / 1Al < [1San | / 1A fI2d
< IEIPIEFIP = |KIPIKT KK AP < | KI2IET2IKE" 7]

Moreover,
e( [ 0t Ak H i) < (101 ) ([ a7 an)®

= |K*fIN KKK f|| = | KKK fI[| KKK f|| < [|K ||| K| KK f
Therefore,
v (A, ) < op (A, Q1) < KIET L+ (K] KT
(IT). Via the proof of Theorem 5.2, we have Sél + Sa: KK* = KK*Sq, + Ség. Hence, for
any f € H, (S, f, f) + (Sa KEK*f, f) = (S& f. f) + (KK*Sa, f, f). So

IS, f1+ ([ NGKI fydu) = |Sag I + (| TRRRF AT d).

Q1

and this shows item (II). O
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