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SOME PROPERTIES OF CONTINUOUS K-G-FRAMES IN HILBERT

SPACES

by E. Alizadeh1, A. Rahimi2, E. Osgooei3 and M. Rahmani4

The present paper studies some properties of c-K-g-frames in separable Hilbert

spaces, which are extensions of K-g-frames and c-g-frames. In addition, necessary and
sufficient conditions for constructing c-K-g-frames are given by using bounded operators.

The notion of c-K-g-duals for c-K-g-frames are introduced and such duals are charac-
terized. Moreover, we also discuss on operators preserving c-K-g-frames. Finally, some

equalities and inequalities about c-K-g-frames are investigated.
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1. Introduction and Preliminaries

Frames (discrete frames) were introduced by Duffin and Schaeffer in 1952 [12] for
studying some profound problems in nonharmonic Fourier series. Discrete and continuous
frames arise in many applications in both pure and applied mathematics. After the funda-
mental paper by Daubechies, Grossmann and Meyer (2017 Abel Prize winer) in 1986 [10],
the theory of frames found more attention and a lot of papers and books were published in
this area. They took the key step of connecting frames with wavelets and Gabor systems
in that paper. Particularly, frame theory has been extensively used in many fields such as
filter bank theory, signal and image processing, coding and communications [25] and other
areas. For a more complete treatment of frame theory we recommend the excellent book of
Christensen [9], and the tutorials of Casazza [7, 8] and the Memoir of Han and Larson [17].

Over the years, various extensions of the frame theory have been investigated. Sev-
eral of these are contained as special cases of the elegant theory for g-frames which were
introduced by W. Sun in [26]. For example, one can consider: bounded quasi-projectors,
fusion frames, pseudo-frames, oblique frames, outer frames and etc.

Frames and their relatives are most often considered in the discrete case, for instance
in signal processing [12]. However, continuous frames have also been studied and offer
interesting mathematical problems. They have been introduced originally by Ali, Gazeau
and Antoine [2] and also, independently, by Kaiser [19]. Since then, several papers dealt with
various aspects of the concept, see for instance [13, 14] or [6, 22, 23, 24]. By combining the
above mentioned extensions of frames, the new and more general notion called continuous
g-frame has been introduced in [1].

Traditionally, frames were studied for the whole space or for the closed subspaces.
Gavruta in [15] gave another generalization of frames namely K-frames, which allows to
reconstruct elements from the range of a linear and bounded operator in a Hilbert space.
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In general, the range of an operator is not a closed subspace. K-frames allow us in a stable
way, to reconstruct elements from the range of a linear and bounded operator in a Hilbert
space.

K-g-frames have been introduced in [5, 18] and some properties and characterizations
of K-g-frames has been obtained, for more information on K-g-frames, see [18, 29]. Extending
the above mentioned notions, the new concept namely c-K-g-frames was introduced by
authors [3] and this paper will provide new results concerning it .

Throughout this paper, (Ω, µ) is a measure space with positive measure µ, H, H1, H2

and Hω are separable Hilbert spaces and B(H,Hω) is the collection of all bounded linear
operators of H into Hω where ω ∈ Ω. If Hω = H, then B(H,H) will be denoted by B(H)
and K ∈ B(H). For an operator U , the range is denoted by R(U) and the null space with
N(U).

If an operator U has closed range, then there exists a right-inverse operator U†

(pseudo-inverse of U) in the following sense (see [12]).

Proposition 1.1. Let U ∈ B(H1, H2) be a bounded operator with closed range R(U). Then
there exists a bounded operator U† ∈ B(H2, H1) for which

UU†x = x, x ∈ R(U).

Proposition 1.2. Let U ∈ B(H1, H2). Then the following assertions hold:

(1) R(U) is closed in H2 if and only if R(U∗) is closed in H1.
(2) (U∗)† = (U†)∗.
(3) The orthogonal projection of H2 onto R(U) is given by UU†.
(4) The orthogonal projection of H1 onto R(U†) is given by U†U .
(5) N(U†) = R⊥(U) and R(U†) = N⊥(U).

Theorem 1.1. [11] Let L1 ∈ B(H1, H) and L2 ∈ B(H2, H). Then the following assertions
are equivalent:

(1) R(L1) ⊆ R(L2);
(2) L1L

∗
1 ≤ λ2L2L

∗
2 for someλ > 0;

(3) there exists a mapping U ∈ B(H1, H2) such that L1 = L2U .

Moreover, if these conditions are valid, then there exists a unique operator U so that

(a) ‖U‖2 = inf{α > 0 | L1L
∗
1 ≤ αL2L

∗
2};

(b) N(L1) = N(U);

(c) R(U) ⊆ R(L∗2).

Theorem 1.2. [1] Let {Λω}ω∈Ω be a continuous g-Bessel family for H with respect to
{Hω}ω∈Ω with bound B. Then the mapping T on(
⊕ω∈ω Hω, µ

)
L2

to H defined by

〈TF, g〉 =

∫
Ω

〈Λ∗ωF (ω), g〉dµ(ω), F ∈
(
⊕ω∈Ω Hω, µ

)
L2
, g ∈ H,

is linear and bounded with ‖T‖ ≤
√
B. Furthermore for each g ∈ H and ω ∈ Ω,

T ∗(g)(ω) = Λωg.

The continuous version of K-g-frames have been introduced in [3] in the following
way. Some properties of K-g-frames have been studied in [31, 32].

Definition 1.1. Let K ∈ B(H). A family Λ = {Λω ∈ B(H,Hω) : ω ∈ Ω} is called a
continuous K-g-frame or c-K-g-frame for H with respect to {Hω}ω∈Ω, if

(i) {Λωf}ω∈Ω is strongly measurable for each f ∈ H;



Some properties of continuous K-G-frames in Hilbert spaces 45

(ii) there exist constants 0 < A ≤ B <∞ such that

A‖K∗f‖2 ≤
∫

Ω

‖Λωf‖2 dµ(ω) ≤ B‖f‖2, f ∈ H. (1)

The constants A, B are called lower and upper c-K-g-frame bounds, respectively. If
A, B can be chosen such that A = B, then {Λω}ω∈Ω is called a tight c-K-g-frame and if
A = B = 1, it is called Parseval c-K-g-frame. The family {Λω}ω∈Ω is called a c-g-Bessel
family if the right hand inequality in (1) holds. In this case, B is called the Bessel constant.

Now, suppose that {Λω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω with
frame bounds A, B. The c-K-g-frame operator is defined by

S : H −→ H

〈Sf, g〉 =

∫
Ω

〈f,Λ∗ωΛωg〉 dµ(ω), ∀f, g ∈ H.

Therefore,

AKK∗ ≤ S ≤ BI.

Remark 1.1. Like K-frame operator, the c-K-g-frame operator is not invertible. In general
if K has closed range, then S is invertible on R(K) and we have (see [30])

B−1‖f‖2 ≤ 〈(S|R(K))
−1f, f〉 ≤ A−1‖K†‖2‖f‖2, f ∈ H.

2. Construction of c-K-g-Frames with Bounded Operators

For a given c-K-g-frame Λ = {Λω}ω∈Ω of H, we will obtain another c-K-g-frame for
the space. One approach is to construct a family {ΛωU

∗ ∈ B(H,Hω)}ω∈Ω, where U ∈ B(H).
The following theorem gives us necessary and sufficient conditions for {ΛωU

∗}ω∈Ω to be a
c-K-g-frame of H.

Theorem 2.1. Let K ∈ B(H) be closed range, {Λω}ω∈Ω a c-K-g-frame for H with respect
to {Hω}ω∈Ω and U ∈ B(H). Then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H with respect to
{Hω}ω∈Ω if and only if there exists a constant δ > 0 such that for all f ∈ H

‖U∗f‖ ≥ δ‖K∗f‖.

Proof. Suppose that {ΛωU
∗}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω with the

lower bound C. If B is the upper bound of {Λω}ω∈Ω, then for each f ∈ H,

C‖K∗f‖2 ≤
∫

Ω

‖ΛωU
∗f‖2 dµ ≤ B‖U∗f‖2.

Hence ‖U∗f‖ ≥
√

C
B ‖K

∗f‖. For the opposite implication, for every f ∈ H we have

‖U∗f‖ = ‖(K†)∗K∗U∗f‖ ≤ ‖K†‖.‖K∗U∗f‖.

Therefore,

Aδ2‖K†‖−2‖K∗f‖2 ≤ A‖K†‖−2‖U∗f‖2 ≤ A‖K∗U∗f‖2 ≤
∫

Ω

‖ΛωU
∗f‖2dµ.

For the upper bound, it is clear that∫
Ω

‖ΛωU
∗f‖2dµ ≤ B‖U‖2‖f‖2, f ∈ H.

�
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Corollary 2.1. Let K ∈ B(H) be closed range, {Λω}ω∈Ω be a tight c-K-g-frame for H
with respect to {Hω}ω∈Ω with frame bound A and U ∈ B(H). Then {ΛωU

∗}ω∈Ω is a tight
c-K-g-frame for H with respect to {Hω}ω∈Ω with frame bound C if and only if

‖U∗f‖ =
C

A
‖K∗f‖, f ∈ H.

Corollary 2.2. Let K ∈ B(H) be closed range, {Λω}ω∈Ω be a c-K-g-frame for H with
respect to {Hω}ω∈Ω and U ∈ B(H). Then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H with respect
to {Hω}ω∈Ω if and only if U is surjective.

Proof. By Theorem 2.1, we get for any f ∈ H
δ‖K†‖−1‖f‖ ≤ δ‖K∗f‖ ≤ ‖U∗f‖

and this completes the proof. �

3. Duals of c-K-g-frames

One of the most important challenges in the research of frames is the characterization
of duals. Recall that for a given frame {fk}∞k=1, the Bessel sequence {gk}∞k=1 is a dual of
{fk}∞k=1 which provides f =

∑∞
k=1〈f, gk〉fk for any f ∈ H.

Duals of frames for the first time have been characterized by Li [20, 21]. One can find
that for a given frame {fk}∞k=1, its dual frames are precisely the families

{gk}∞k=1 =
{
S−1fk + hk −

∞∑
j=1

〈S−1fk, fj〉hj
}∞
k=1

,

where {hk}∞k=1 is a Bessel sequence in H, [9].
In this section, we introduce the notation of c-K-g-duals for c-K-g-frames and characterize
such duals.

Definition 3.1. Let Λ = {Λω}ω∈Ω be a c-K-g-frame for H with respect to {Hω}ω∈Ω. A
c-g-Bessel family Γ = {Γω}ω∈Ω for H is called a c-K-g-dual of Λ if for every f, h ∈ H

〈Kf, h〉 =

∫
Ω

〈Λ∗ωΓωf, h〉 dµ(ω).

In this case, we say that Λ and Γ are pair duals.
By Theorem 1.2, the proof of the following is straightforward.

Theorem 3.1. Let Γ = {Γω}ω∈Ω be a c-K-g-dual for Λ. Then the following conditions are
equivalent.

(I) TΛT
∗
Γ = K;

(II) TΓT
∗
Λ = K∗;

(III) 〈Kf, f〉 = 〈T ∗Γf, T ∗Λf〉.
Theorem 3.2. If Λ and Γ are pair duals, then Γ is a c-K∗-g-frame for H with respect to
{Hω}ω∈Ω.

Proof. Let f ∈ H, we have by Theorem 3.1 item (I)

‖Kf‖4 = |〈Kf,Kf〉|2

= |〈T ∗Γf, T ∗ΛKf〉|2

≤ ‖T ∗Γf‖2‖TΛ‖2‖Kf‖2

≤ B‖Kf‖2‖T ∗Γf‖2

≤ B‖Kf‖2
∫

Ω

‖Γω(f)‖2dµ.

and the proof is completed. �
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We are ready to introduce an explicit c-K-g-dual for each c-K-g-frame. This helps us
to characterize all c-K-g-duals of these frames.

Theorem 3.3. Let K ∈ B(H) be closed range and Λ = {Λω}ω∈Ω be a c-K-g-frame for
H. Also, suppose that for each f ∈ H, the mapping ω −→ Λω(f) is Bochner integrable.

Then Λ̃ =
{

Λω

(
(S|R(K))

−1
)∗
K
}
ω∈Ω

is a c-K-g-dual of ΛπR(K) with bounds B−1 and

A−1‖K‖2‖K†‖2, respectively.

Proof. Since Λ̃ is a c-g-Bessel sequence and S is not a self-adjoint on R(K), but by Lemma
3.1 and Corollary 3.2 in [22], we can show (S|R(K))

∗ = πR(K)S|S(R(K)), so for every f, h ∈ H
we have

〈Kf, h〉 =
〈(

(S|R(K))
−1S|R(K)

)∗
Kf, h

〉
=
〈
πR(K)S|S(R(K))

(
(S|R(K))

−1
)∗
Kf, h

〉
=
〈
S|S(R(K))

(
(S|R(K))

−1
)∗
Kf, πR(K)h

〉
=

∫
Ω

〈(
(S|R(K))

−1
)∗
Kf,Λ∗ωΛωπR(K)h

〉
dµ

=

∫
Ω

〈
πR(K)Λ

∗
ωΛω

(
(S|R(K))

−1
)∗
Kf, h

〉
dµ.

Therefore, Λ̃ is a c-K-g-dual for ΛπR(K) with the lower bound B−1 by theorem 3.2. Fur-
thermore, by Remark 1.1, for each f ∈ R(K) we obtain∥∥((S|R(K))

−1
)∗
f
∥∥2

=
〈
(S|R(K))

−1
(
(S|R(K))

−1
)∗
f, f
〉

≤ A−1‖K†‖2
∥∥((S|R(K))

−1
)∗
f
∥∥‖f‖.

So, ∥∥((S|R(K))
−1
)∗
f
∥∥ ≤ A−1‖K†‖2‖f‖.

Thus, for any f ∈ H∫
Ω

‖Λω

(
(S|R(K))

−1)∗Kf‖2 dµ =

∫
Ω

〈(
(S|R(K))

−1)∗Kf,Λ∗ωΛω

(
(S|R(K))

−1)∗Kf〉 dµ
=
〈
S|R(K)

(
(S|R(K))

−1)∗Kf, ((S|R(K))
−1)∗Kf〉

=
〈
Kf,

(
(S|R(K))

−1)∗Kf〉
≤ A−1‖K†‖2‖K‖2‖f‖2.

The proof is completed. �

4. Operators preserving c-K-g-frames

Throughout this section, Λ = {Λω}ω∈Ω is a c-K-g-frame for H with respect to
{Hω}ω∈Ω..

Theorem 4.1. Suppose that Λ is a c-K-g-frame for H with the lower bound A and U ∈
B(H) with R(U) ⊆ R(K). Then Λ is a c-U -g-frame for H with respect to {Hω}ω∈Ω.

Proof. Via Theorem 1.1, there exists α > 0 such that UU∗ ≤ α2KK∗. Hence, for each
f ∈ H we have

Aα−2‖U∗f‖2 ≤ A‖K∗f‖2 ≤
∫

Ω

‖Λωf‖2dµ.

�
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Theorem 4.2. Suppose that K ∈ B(H) is with dense range, Λ is a c-K-g-frame for H and
U ∈ B(H) is with closed range. If {ΛωU

∗}ω∈Ω is a c-K-g-frame for H then U is surjective.

Proof. Assume that {ΛωU
∗}ω∈Ω is a c-K-g-frame for H with frame bounds A and B. Then

for any f ∈ H, we have

A‖K∗f‖2 ≤
∫

Ω

‖ΛωU
∗f‖2dµ. (2)

Since K has dense range, so K∗ is injective. By (2), N(U∗) ⊆ N(K∗) then U∗ is injective.
Moreover R(U) = N(U∗)⊥ = H. Thus, U is surjective. �

Theorem 4.3. Let K ∈ B(H) and Λ be a c-K-g-frame for H with the frame bounds A,B.
If U ∈ B(H) has closed range with UK = KU , then {ΛωU

∗}ω∈Ω is a c-K-g-frame for R(U).

Proof. It is obvious that {ΛωU
∗}ω∈Ω is a c-g-Bessel sequence with the bound B‖U‖2. Since

U has closed range, so it has the pseudo-inverse U† such that UU† = I. Now, for each
f ∈ R(U), we get K∗f = (U†)∗U∗K∗f . So, we obtain ‖K∗f‖ ≤ ‖U†‖.‖U∗K∗f‖. Therefore,
‖U†‖−1‖K∗f‖ ≤ ‖U∗K∗f‖ and we have∫

Ω

‖ΛωU
∗f‖2dµ ≥ A‖K∗U∗f‖2

= A‖U∗K∗f‖2

≥ A‖U†‖−2‖K∗f‖2.

This completes the proof. �

Corollary 4.1. Let K ∈ B(H) be dense range, Λ be a c-K-g-frame for H and U ∈ B(H) is
with closed range. Then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H if and only if U is surjective.

Theorem 4.4. Let K ∈ B(H) be dense range, Λ be a c-K-g-frame for H and U ∈ B(H) be
closed range. If {ΛωU

∗}ω∈Ω and {ΛωU}ω∈Ω are c-K-g-frames for H, then U is invertible.

Proof. Suppose that A1, B1 are the frame bounds of {ΛωU
∗}ω∈Ω and A2, B2 are the frame

bounds of {ΛωU}ω∈Ω. Since for any f ∈ H

A1‖K∗f‖2 ≤
∫

Ω

‖ΛωU
∗f‖2dµ ≤ B1‖f‖2 (3)

and N(U∗) ⊆ N(K∗), therefore K∗ is injective. Moreover, R(U)=N(U∗)⊥ = H, then U is
surjective. Also, by

A2‖K∗f‖2 ≤
∫

Ω

‖ΛωUf‖2dµ ≤ B2‖f‖2, (4)

we get N(U) ⊂ N(K∗), so U is injective. Thus U is invertible. �

Theorem 4.5. Let Λ be a c-K-g-frame for H and U ∈ B(H) be co-isometry (i.e. UU∗ = 1)
with UK = KU . Then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H.

Proof. Let A,B be the frame bounds of Λ. By Theorem 4.3, {ΛωU
∗}ω∈Ω is a c-g-Bessel

sequence. Since U is co-isometry, we have for each f ∈ H∫
Ω

‖ΛωU
∗f‖2dµ ≥ A‖K∗U∗f‖2

= A‖U∗K∗f‖2

= A‖K∗f‖2

and the proof is completed. �
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5. Some Equalities and Inequalities for C-K-g-Frames

Some equalities and inequalities have been established for ordinary frames and their
duals in [16, 33] and have been extended to obtain several important equalities and inequali-
ties for K-frames and continuous g-frames in [4, 28]. In this Section, we will generalize some
equalities and inequalities about c-K-g-frames.
Let K ∈ B(H), Λ = {Λω}ω∈Ω be a c-K-g-frame for H with respect to {Hω} and Γ =
{Γω}ω∈Ω be a c-K-g dual of Λ. For any measurable subspace Ω1 ⊂ Ω, we define

MΩ1
:H −→ H,

〈MΩ1
f, g〉 =

∫
Ω1

〈Λ∗ωΓωf, g〉 dµ

for any f, g ∈ H. It is clear that MΩ1
is well-defined and bounded operator, moreover

MΩ1
+MΩc

1
= K.

Theorem 5.1. Let Λ be a c-K-g-frame for H with the dual Γ. Then for each f ∈ H,∫
Ω1

〈Λ∗ωΓωf(ω),Kf〉 dµ− ‖MΩ1
f‖2 =

∫
Ω1

〈Λ∗ωΓωf(ω),Kf〉 dµ− ‖MΩc
1
f‖2.

Proof. For each f ∈ H, we have

〈MΩ1
f,Kf〉 − ‖MΩ1

f‖2 = 〈K∗MΩ1
f, f〉 − 〈M∗Ω1

MΩ1
f, f〉

= 〈(K −MΩ1
)∗MΩ1

f, f〉
= 〈M∗Ωc

1
(K −MΩc

1
)f, f〉

= 〈M∗Ωc
1
Kf, f〉 − 〈M∗Ωc

1
MΩc

1
f, f〉

= 〈Kf,MΩc
1
f〉 − 〈MΩc

1
f,MΩc

1
f〉

= 〈MΩc
1
f,Kf〉 − ‖MΩc

1
f‖2

and the proof is completed. �

Definition 5.1. Suppose that Λ = {Λω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}.
We define

SΩ1
:H −→ H,

〈SΩ1f, g〉 =

∫
Ω1

〈Λωf,Λωg〉 dµ

for every f, g ∈ H.

It is clear that SΩ1 and SΩc
1

are positive operator and since 0 ≤ SΩc
1

= S−SΩ1 , hence
‖SΩ1

‖ ≤ ‖S‖

Theorem 5.2. Let Λ = {Λω}ω∈Ω be a Parseval c-K-g-frame for H. For each f ∈ H,
Ω1 ⊂ Ω and ∆ ⊆ Ωc

1, we get

‖SΩ1∪∆f‖2 − ‖SΩc
1\∆f‖

2

=

∫
Ω1

〈Λωf,ΛωKK
∗f〉 dµ−

∫
Ωc

1

〈Λωf,ΛωKK∗f〉 dµ+ 2Re

∫
∆

〈Λωf,ΛωKK
∗f〉 dµ.

Proof. Let Ω1 ⊂ Ω. So, SΩ1
+ SΩc

1
= KK∗. Hence,

S2
Ω1
− S2

Ωc
1

= S2
Ω1
− (KK∗ − SΩ1

)2

= KK∗SΩ1 + SΩ1KK
∗ − (KK∗)2

= KK∗SΩ1 − SΩc
1
KK∗.
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Now, for each f ∈ H we have

‖SΩ1f‖2 − ‖SΩc
1
f‖2 = 〈KK∗SΩ1f, f〉 − 〈SΩc

1
KK∗f, f〉.

Consequently, for Ω1 ∪∆ instead of Ω1:

‖SΩ1∪∆f‖2 − ‖SΩc
1\∆f‖

2 =

∫
Ω1∪∆

〈Λωf,ΛωKK
∗f〉 dµ− 〈SΩc

1\∆f,KK
∗f〉

=

∫
Ω1∪∆

〈Λωf,ΛωKK
∗f〉 dµ−

∫
Ωc

1\∆
〈Λωf,ΛωKK∗f〉 dµ

=

∫
Ω1

〈Λωf,ΛωKK
∗f〉 dµ−

∫
Ωc

1

〈Λωf,ΛωKK∗f〉 dµ

+ 2Re
(∫

∆

〈Λωf,ΛωKK
∗f〉 dµ

)
.

�

Theorem 5.3. Let Λ = {Λω}ω∈Ω be a Parseval c-K-g-frame for H. For each f ∈ H and
Ω1 ⊂ Ω, we get

Re
(∫

Ωc
1

〈Λωf,ΛωKK
∗f〉 dµ

)
+ ‖SΩ1

f‖2

= Re
(∫

Ωc
1

〈Λωf,ΛωKK
∗f〉 dµ

)
+ ‖SΩc

1
f‖2

≥ 3

4
‖KK∗f‖2.

Proof. Since S2
Ω1
− S2

Ωc
1

= KK∗SΩ1
− SΩc

1
KK∗, then

S2
Ω1

+ S2
Ωc

1
= 2(

KK∗

2
− SΩ1

)2 +
(KK∗)2

2
≥ (KK∗)2

2
.

Therefore,

KK∗SΩ1
+ S2

Ωc
1

+ (KK∗SΩ1
+ S2

Ωc
1
)∗ = KK∗SΩ1

+ S2
Ωc

1
+ SΩ1

KK∗ + S2
Ωc

1

= KK∗(SΩ1 + SΩc
1
) + S2

Ω1
+ S2

Ωc
1

= (SΩ1
+ SΩc

1
)KK∗ + S2

Ω1
+ S2

Ωc
1
≥ 3

2
(KK∗)2.

Hence, we obtain

Re
(∫

Ωc
1

〈Λωf,ΛωKK
∗f〉 dµ

)
+ ‖SΩ1

f‖2

= Re
(∫

Ω1

〈Λωf,ΛωKK
∗f〉 dµ

)
+ ‖SΩc

1
f‖2

=
1

2

(
〈KK∗SΩ1

h, h〉+ 〈S2
Ωc

1
h, h〉+ 〈h,KK∗SΩ1

h〉+ 〈h, S2
Ωc

1
h〉
)
≥ 3

4
‖KK∗f‖2.

�

In this section, we introduce some notations v+(Λ,Ω1) and v−(Λ,Ω1) to characterize
more properties of Parseval c-K-g-frames, these notations have been introduced for K-frames
and c-g-frames in [4, 28].
Assume that Λ = {Λω}ω∈Ω is a Parseval c-K-g-frame for H and Ω1 ⊂ Ω and f ∈ H. We
consider
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v+(Λ,Ω1) := sup
f 6=0

Re
( ∫

Ωc
1
〈ΛωKK

∗f,Λωf〉 dµ
)

+ ‖SΩ1f‖2

‖KK∗f‖2

and

v−(Λ,Ω1) := inf
f 6=0

Re
( ∫

Ωc
1
〈ΛωKK

∗f,Λωf〉 dµ
)

+ ‖SΩ1
f‖2

‖KK∗f‖2
.

We aim to show some properties of these numbers by Theorem 5.2. For this, the following
Lemma will be useful.

Lemma 5.1. Let K be a closed range operator and Λ = {Λω}ω∈Ω be a c-K-g-frame for H
with the lower bound A. Then,

(I) For each f ∈ H, ‖SΩf‖2 ≤ ‖SΩ‖
∫

Ω
‖Λωf‖2dµ;

(II) For any f ∈ R(K),
∫

Ω
‖Λωf‖2dµ ≤ 1

A‖K
†‖2‖SΩf‖2.

Proof. (I) We can write for any f ∈ H, ‖SΩf‖2 ≤ ‖SΩ‖|〈SΩf, f〉| = ‖SΩ‖
∫

Ω
‖Λωf‖2dµ. (II)

For each f ∈ R(k), we can write(∫
Ω

‖Λωf‖2dµ
)2

= |〈SΩf, f〉|2 ≤ ‖SΩf‖2‖f‖2

≤ ‖SΩf‖2‖(K†)∗K∗f‖2 ≤ ‖SΩf‖2‖(K†)‖2‖K∗f‖2 ≤
1

A
‖SΩf‖2‖(K†)‖2

∫
Ω

‖Λωf‖2dµ,

and the proof is completed. �

Theorem 5.4. Let Λ := {Λω}ω∈Ω be a Parseval c-K-g-frame for H. Then the following
assertions hold.

(I) 3
4 ≤ v−(Λ,Ω1) ≤ v+(Λ,Ω1) ≤ ‖K‖‖K†‖(1 + ‖K‖‖K†‖)

(II) v+(Λ,Ω1) = v+(Λ,Ωc
1) and v−(Λ,Ω1) = v−(Λ,Ωc

1).

Proof. Assume that f ∈ H. Since Λ is a c-g-Bessel sequence, so by applying Lemma 5.1,
item (I), we have

‖SΩ1
f‖2 ≤ ‖SΩ1

‖
∫

Ω1

‖Λωf‖2dµ ≤ ‖SΩ1
‖
∫

Ω

‖Λωf‖2dµ

≤ ‖K‖2‖K∗f‖2 = ‖K‖2‖K†KK∗f‖2 ≤ ‖K‖2‖K†‖2‖KK∗f‖2.
Moreover,

Re
( ∫

Ωc
1

〈Λωf,ΛωKK
∗f〉 dµ

)
≤
(∫

Ω

‖Λωf‖2 dµ
) 1

2
(∫

Ω

‖ΛωKK
∗f‖2 dµ

) 1
2

= ‖K∗f‖‖K∗KK∗f‖ = ‖K†KK∗f‖‖K∗KK∗f‖ ≤ ‖K‖‖K†‖‖KK∗f‖2.
Therefore,

v−(Λ,Ω1) ≤ v+(Λ,Ω1) ≤ ‖K‖‖K†‖(1 + ‖K‖‖K†‖).
(II). Via the proof of Theorem 5.2, we have S2

Ω1
+ SΩc

1
KK∗ = KK∗SΩ1

+ S2
Ωc

1
. Hence, for

any f ∈ H, 〈S2
Ω1
f, f〉+ 〈SΩc

1
KK∗f, f〉 = 〈S2

Ωc
1
f, f〉+ 〈KK∗SΩ1

f, f〉. So,

‖SΩ1f‖
2 +

( ∫
Ωc

1

〈ΛωKK
∗f,Λωf〉 dµ

)
= ‖SΩc

1
f‖2 +

( ∫
Ω1

〈ΛωKK∗f,Λωf〉 dµ
)
,

and this shows item (II). �
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