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¢-BIPROJECTIVE AND ¢-APPROXIMATE HELEMSKII
BIFLAT BANACH ALGEBRAS

Zahra GHORBANI*

This study aim to introduce the concept of g-approximate Helemskii biflat
Banach algebra A, where ¢ is a continuous Banach algebra homomorphism. Then a
relation between ¢-biprojectivity and ¢-Helemskii biflatness with ¢-amenability is
proved. At the end, it is show that I*(N,) is a ¢-approximate Helemskii biflat Banach
algebra.
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1. Introduction

Amenable Banach algebras were introduced by Johnson in [8]. He showed
that A is an amenable Banach algebra if and only if A has a virtual diagonal, that is,
forsome M in (A® A)*wehave M -a=a-Mandn**(M)-a = aforalla € A.
The notions of biflat and biprojective Banach algebra were introduced by Helemskii
[6, 7]. In fact, a Banach algebra A is called biprojective if there exists a bounded A-
bimodule map 6:4 — A® A such that wo 6 = id,, where 7 is the product
morphism from A ® A into A defined by m(a @ b) = ab forall a,b € 4 and id,
denotes the identity map on A. He proved that a Banach algebra A is amenable if A
is biflat and it has a bounded approximate identity [5, 7]. In fact, A is called biflat
if there is a bounded A-bimodule map 6: (A ® A)* — A* such that 6 o 7* = id .

Recently, some authors have added a kind of twist to the amenability
definition. Given a continuous homomorphism ¢ from A4 into A. The authors in [10,
11, 4] defined and studied ¢-derivations and ¢-amenability.

Motivated by this consideration the authors in [13] introduced a
generalization of Helemskiis concept like p-biprojectivity, where ¢ is a continuous
Banach algebra homomorphism. They stated a Banach algebra A is ¢-biprojective
if there exists a bounded ¢-A-bimodule homomorphism 8: A — (A ® A) such that
mo 6 = .

In this paper, we introduce a new concept of g-approximate biflatness and
then a relation between ¢-biflatness and ¢-amenability is proved. We show that
I(N,) is @-approximate Helemskii biflat if we choose ¢ € Hom(1*(N,)) such
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that ¢ has dense range, then [*(N,) is not ¢-Helemskii biflat and so I*(N,) is not
biflat Banach algebra. Finally, we give an examples of ¢-biprojective Banach
algebra which is not biprojective.

2. @-biprojective Banach algebras

Let A be a Banach algebra and ¢ € Hom(A), where Hom(A) contains all
continuous homomorphisms from A into itself. Let X and Y be Banach A-
bimodules, a ¢-A-bimodule morphism from X into Y is a morphism T: X — Y such
that for every a € A, x € X and ¢ € Hom(A), we have

T(a-x)=¢(a) -T(x), T(x-a)=T(x)-pa)
In the following result, ¢ € Hom(A) and I is a closed ideal of A which is ¢-
invariant, that is, ¢(I) < I, and also we consider the map @¢: A/1 — A/I defined

by g(a+1) = ¢@(a) +1.

Theorem 2.1. Suppose that A is a ¢-biprojective Banach algebra. If I is a closed
ideal of A4, then A/I is @-biprojective.

Proof. Let : A — (A ® A) be a ¢-A bimodule morphism such that 7 o = ¢ and
q:A — A/I be the quotient map. We define the map 8: A/1 — (A/I ® A/I) by
a+1+ (q® q)e°6(a) (a€ A)andprove that § is an $-A/I- bimodule map. To
do this, take a, b, c € A, so we get

O((a+ Db+ D(c+1)=806(abc+1)
= (9 ® q) ° 6(abc)

= (@ ® q)(¢(a) - 6(b) - ¢(c))

= (@@ -+ -6+ (p()+1)
=@(a+D-0(b+1)-d(c+1),

and also we have

Tayr © 6 = Tayr ° (q @ q)°6(a)

=qemyc6(a)

=q(p(a) = ¢(a) +1=¢(a+]I).
That is, A/I is @-biprojective.

Theorem 2.2. Suppose that A is a ¢-biprojective Banach algebra. If I is a closed
ideal of A with one sided bounded approximate identity and ¢ (I) c I, then I is ¢|,;-
biprojective.
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Proof. Assume that 8: 4 — (A ® A) is a ¢-A bimodule morphism such that o
6 = @. Leti:] & Abetheinclusion map. Then 8], = 0o :1 — (A® A) isa ¢|;-
I-bimodule homomorphism. We put I3 = span{abc: a, b, c € I}. Since I has aone
sided bounded approximate identity, it follows that /3 = I. Moreover, we have

01, =06()

= 0(I%)

C span{a-0(b) - c}~

Cspan{a-m-c:a,c €I,m EA@A}_ cIRI.
Therefore, for every a € I, we get

mo6|;(a) = m(6(a))

= ¢(a).

Recall that a character on A is a non-zero homomorphism from A into the
scalar field. The set of all characters on A is called the character space of A and is
denoted by ®,.

Proposition 2.1. Let A be a unital Banach algebra, B be a Banach algebra
containing a non-zero idempotent by, ¢ € Hom(A), and ¥ € Hom(B). f A® B
IS @ @ y-biprojective, then A is p-biprojective.

Proof. There is a ¢ ® ) — A® B-bimodule 9:A® B — (AR B) ® (AR B)
with 55 © 0 = @ ® . We consider A ® B as an A-bimodule with the actions
defined by
a;-(a, ®b)=a1a, ®b, and (a, ®b) a1 =a,a; Q
b (a,,a, €A, b€EB).
Thus for every a,,a, € A, we have
0(a1a; @ by) = 0((a; ® bp)(a; & b))
= (¢(a1) @Y (b)) - 6(a; @ by)
= @(a,) - (e4 ® by) - 0(a; Q by)
= @(a,) - 0(a; Q by).
Similarly, we can show a right-module version of this equation. So, we have
A) 0(ai1a; @ by) = ¢(ay) - 0(a; @ bp) = 0(a; ® by) - p(az) (ay,a; €
We take f € @, with f(by) = 1 and define
P(A®B)®A®B — (AB®A), (11 ®b)® (a; ®by) -
f(b1bz)a; ® a;
Then p is a ¢-A-bimodule morphism.
We now define §:4 — (A ® A) by
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) 0(a)=poB(a®by), (a€cAl).
Thus 6 is a ¢-A-bimodule morphism and also
Tpop = (idy Q f) o M55

Therefore,
Mo 0(a)=myopob(a® by)
= (ldy @ f) o mygp © 0(a & bo)
= ¢(a).

That is, A is ¢-biprojective.

Let A be a ¢-biprojective Banach algebra and B be a 1-biprojective Banach
algebra, where ¢ € Hom(A) and ¢ € Hom(B). Then AQB(A®B) isa ¢ ®
V(@ @ yP)- biprojective Banach algebra.

Here, we now give an examples of ¢-biprojective Banach algebra which is
not biprojective.

Example 2.1. LetV be a Banach space, and let f € V* be a non-zero element such
that || £ II< 1. Then V equipped with the product defined by ab: = f(a)b fora,b €
v is a Banach algebra which is denoted by V¢ . In general, V is a non- commutative
and non-unital Banach algebra without right approximate identity, but it is not
amenable. Hence, (Vf)ﬂ (unitization of V) is not biprojective. If we define
@: (Vp)* — (Vp)* by @(a+ Ae) = Afor a € Vy and 1 € C, then Example 3.2 [10]
shows that (Vf)“ is a ¢-contactible Banach algebra. Since ¢ is an idempotent
homomorphism, thus by Theorem 4.3 [13] (Vf)“ IS @-biprojective.

Example 2.2. The Banach algebra I* with respect to pointwise product is non-
amenable and biprojective Banach algebra [3, Example 4.1.42]. Hence, (I%)?
(unitization of [1) is not biprojective. If we define ¢: (I)* — (I)*by ¢(a + Ae) =
A for a € [t and A € C, then Example 3.2 [10] shows that (I*)* is a ¢-contactible
Banach algebra, since ¢ is an idempotent homomorphism, hence by Theorem 4.3
[13], (IY)* is p-biprojective.

Definition 2.1. Let A be a Banach algebra and ¢ be a continuous homomorphism
from A into A. Then A is called ¢-Helemskii biflat if there exists a ¢-A-bimodule
homomorphism 6: 4 — (A ® A)** such that 7" o 8 = K, o @, where k, is the
canonical embedding map of A into A™".

The notion of ¢-biflat in [4] gave a slight generalization of biflat. The above
definition is a new concept of ¢-biflatness as a generalization of the notion of
biflatness, because for every ¢ € Hom(A), any biflat Banach algebra is ¢-
Helemskii biflat.

Proposition 2.2. Let A be a unital Banach algebra and B be a Banach algebra
containing a non-zero idempotent by. If A® B is ¢ ® -Helemskii biflat for ¢ €
Hom(A) and ¢y € Hom(B), then A is ¢-Helemskii biflat.
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Proof. Thereisa ¢ ® ¥ — A ® B-bimodule : AQ B — (AR B) ® (A ® B)**
With T,75, © 0 = Kagp © (¢ @ P).

The following proof is similar to the proof of Proposition 2.1. We now
define 8:4 — (A ® A)** by

) O(a) =p*o0(a®by) (a€A.
Then 6 is a ¢-A-bimodule morphism and
T 00 =kKyo0 Q.

That is, A is p-Helemskii biflat.

Let A be a ¢-Helemskii biflat Banach algebra and B be a y-Helemskii biflat
Banach algebra, where ¢ € Hom(A) and ¥ € Hom(B). Then A® B(A @ B) isa
@ ® Y(p @ Y)-Helemskii biflat Banach algebra.

Proposition 2.3. Let A be a Banach algebra. If A is ¢-Helemskii biflat, then A is
@ o Y-Helemskii biflat for any ¥ € Hom(A). In particular, A is ¢@™-Helemskii
biflat.

Proof. There exists a ¢-A-bimodule homomorphism 8: A — (A ® A)** such that
T 00 =K, 0 @. We define & = 8 o). For every a, b € A, we have

6(ab) = 6 o(ab)

= 0 (a)p(b)) i

=@ op(a)0((b)) = ¢ cP(a)f(a).

Ty © é(a) =140 6001(a)
=@ oY(a).

That is, A is ¢ o -Helemskii biflat.

and also

Let A be a Banach algebra. If A is a ¢-biprojective, then A is a ¢-Helemskii
biflat Banach algebra. The next result can be found in [10].
Lemma 2.1. Let A be a Banach algebra. Then there is an A-bimodule

homomorphism y: (A ® A)* — (A*™* @ A**)* such that for any functional f €
(A® A)*, elements ¢, € A** and nets (a), (bg) Iin A with w* —limga, = ¢
and w* — limgbg = 1, we have

YN (@ @Y) = limglimpf (ag @ bp).

Theorem 2.3. Suppose that A is a Banach algebraand ¢ € Hom(A). If A™ is ¢™*-
biprojective, then A is @-Helemskii biflat.
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Proof. Let k:A — A™, k;: A" — A™ and k,: A™ — A™* denotes the natural
inclusion m ( **m, respectively) product map on A (4™, respectively) and also y be

* 3k

defined as in Lemma 2.1 Then for any a* € A*, elements ai*, a5 € A™ and nets
(ag), (bg) € Awithw* —limya, = a;*,w* — limgbg = a3*, we obtain
(" (@)))(ar” ® az’) = limlimm*(a”) (aa & bg)
= li;nligla*(aabﬁ)
=w" —limw" — limk(a,bg)(a*)
a B

=K (a’)(ar"ay’)

=K (a) (e ® @) = ("7 (K (@) (@ & az).

*

Thus y o t* =™ " o k; and then ** o y* = K o™ **. Since A™ is ™" —
biprojective, so there is a ¢**-A-bimodule map 6,: 4™ — (4™ ® A™) such that
mo Oy = ™. By putting 8: = y* o 6, o k, then for every a € A, we have

n*of(a)=n"oy*obyok(a)
=1} o™ 0 0y 0 K 0 ()

= Kk1(¢™(a) = ¢(a).
That is, A is ¢-Helemskii biflat.

Theorem 2.4. Suppose that A is a ¢-Helemskii biflat Banach algebra with bounded
approximate identity. If ¢ is a dense range map, then A is an amenable Banach
algebra.

Proof. Let8: A — (A ® A)™* be abounded ¢-A-bimodule map such that 7** o 8 =
K4 o @. Let (e,) be a bounded approximate identity for A and we define M = w* —
lim,6(e,). Then we get
¢(a) M =w"—limg(a) - 0(eq)
a
=w" —limf(ae,)
a
=w"* —limf(e,a)
a
=w* —1limf(e,) - p(a)
a

=M - p(a).

(M) - @(a) =w" — lim™ © 8(eq) - p(a)

=w’ —limk, e g(eq) - ¢(a) = ¢(a).
Let a € A and take a sequence (a,), S A such that lim,¢(a,) = a. Hence
a-M=limp(a,) M
n

and so
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= limM - ¢p(a,)
n

=M :-a.
andso (M) -a = a.
Thus M is a virtual diagonal for A. Hence by Theorem 2.9.65 [3] A is amenable.
Corollary 2.1. Suppose that A is a ¢-Helemskii biflat Banach algebra with
bounded approximate identity. If ¢ is a dense range map, then A is a ¢-amenable
Banach algebra.

Let A be a Banach algebra. An element M in (A ® A)** is said to be a ¢-
virtual diagonal for Aif M - ¢(a) = ¢(a) - Mand t** (M) - ¢ (a) = ¢@(a) for every
a€A.

Theorem 2.5. Suppose that A is a ¢-amenable Banach algebra with bounded
approximate identity. Then A is a ¢-Helemskii biflat Banach algebra

Proof. Let A be a p-amenable Banach algebra with bounded approximate identity.
By Theorem 2.2 [4] A has a ¢ -virtual diagonal M. We define 8: 4 — (A ® A)**
by a » @(a) - M. For every a € A, we have

nof(a) =m" o (¢(a) M)

=m" o (M- ¢(a))

= @(a) = Ky ° p(a).
That is, A is a ¢-Helemskii biflat Banach algebra.

We now give an example of ¢-Helemskii biflat Banach algebra which is not

biflat.
Example 2.3. Note that the Banach algebra ! is a biflat Banach algebra because it
is biprojective [3, see Example 4.1.42]. So (I*)* is a non-amenable [12]. By [5],
(IH¥ is not biflat and if we define ¢: (I*)* — (I))* by @(a+e) =1 for a €
I*and A € C, then Example 3.2 [10] shows that (I})* is a ¢-amenable Banach
algebra. By Theorem 2.5, (IY)* is a ¢-Helemskii biflat Banach algebra.

The next example shows that a ¢-Helemskii biflat Banach algebra need not
to be a p-amenable.
Example 2.4. The Banach algebra [* is non-amenable and a biflat Banach algebra
[3, see Example 4.1.42]. Then for any ¢ € Hom(I1), I* is ¢-Helemskii biflat. If we
choose ¢ € Hom(1*) such that ¢ be an epimorphism, then [ is not p-amenable,
by Proposition 2.3 [11].

3. p-approximate Helemskii biflat Banach algebras

We start this section by introducing the following:
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Denition 3.1. Let A be a Banach algebra. Then A is called ¢-approximate Helemskii
biflat if there is a net 6,: A — (A ® A)**, (a € I) of ¢-A-bimodule morphisms
such that =** o 6, (a) — ¢(a).

Theorem 3.1. Suppose that A is a ¢-approximate Helemskii biflat Banach algebra
with one sided bounded approximate identity. If I is a closed ideal of A, then A/I
is @-approximate Helemskii biflat.

Proof. Let 6,:4A — (A® A)*™ be a bounded ¢-A-bimodule map such that
lim,m** o 8,(a) = ¢(a) and q: A — A/I be the quotient map. We define the map
O,:A)1 — (AJITR A/D™ by a+1+w (q® q)** °6,(a) (a € A). Hence 8, is
well-defined. If (eg) is a bounded left approximate identity for A (the right case is
similar), then

I(a® @) (8a(a) II= lim Il (q ® 4)*" (a(ega)) |
= lim Il q(a)(q ® a)"(Balep) |
<Hq 106 1 sup Il eg Il g(a) I

We also obtain

limmy); 0 6z (a+1) = limmz),; o (g @ )™ © (@)
= limq™ o my" 0 6, (a) — q(p(a)) = ¢la+1).
That is, A/I is @¢-approximate Helemskii biflat.

Since the proof of the next result is similar to Theorem 2.3, so we omit it.

Theorem 3.2. Suppose that A is a Banach algebra. If A™ is ¢**-approximate
Helemskii biflat, then A is @-approximate Helemskii biflat.

Definition 3.2. Let A be a Banach algebraand ¢ € Hom(A). We say that A is ¢ —
pseudo amenable if A admits a ¢ — approximate virtual diagonal, i.e., there is a net
(mg) € A® A (not necessary bounded) such that m, - ¢(a) — ¢(a) -my, — 0
and m(mg) - p(a) — ¢(a) (a € 4).

Theorem 3.3. Let A be a Banach algebra with an approximate identity and ¢ be
an idempotent homomorphism on A. Then A is ¢ — pseudo amenable (¢ €
Hom(A)) if and only if A is ¢ — approximate Helemskii biflat.

Proof. Let (eg) e, be an approximate identity for A and 6,: A — (A ® A (a e
A) satisfies m** 06, 0 (a) - @(a) (a € A). Then for every a€ A and f €
(A ® A)*, we obtain
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li[gnli(gn(f, 0.(@(ep)) - p(a) —@(a) - O, (p(ep))) =
li/gnligl(f 0 (0 (eg)p(a)

—p(a)p(ep) )
= li[gnligln(f, 0 (p(epa — aep) ))
= 0.

Also, fora € Aand y € A", we get

limlim(¥, ¢ (a) - 7™ © u (@ () = lim{h, ¢ (a)9*(ep))
= lim(y, p(aep))
= (¥, p(a)).

Let E = I xA! be directed by the product ordering and forany 1 = (B, a) €
E, define my = 6, (¢p(ep)). Using the iterated limit theorem [9, Theorem 2.4], the
above calculation gives
w = lim(m; - p(a) —p(a) - m) =0 (a€A),
and
w' —limg(a) -7 (my) = @(a) (a € 4).

By Goldestin’s theorem we can assume that (m;) c (A ® A) and we can
replace weak * convergence in equations by weak convergence. Applying Mazur’s
theorem, we obtain a net (m’,;) c (4 ® A) of convex combinations of (m;) such
that

m'y - ¢(a) — ¢(a) -m’3 =0,
and also
p(a) - (m’;) > ¢(a) (a€A).
That is, A is ¢ — pseudo amenable. Conversely, let (mg) be a ¢ —approximate
virtual diagonal for A and define 65: A — (A ® A)* by awr ¢(a) - mg. Clearly,
85 is linear and a ¢ — A —bimodule morphism. Also, for every a € A, we have

oo (a) =n" o (p(a)- mg)
= p(a)m™"(mp)
- ¢(a).

Proposition 3.1. Let A be a ¢ —amenable Banach algebra and ¢ be an idempotent
homomorphism on A. Then A is ¢-approximate Helemskii biflat.
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Proof. By Proposition 4.1 [11] A has a bounded approximate identity (ey) ;- L€t
E be a w* —cluster point of (¢(e,) ® ¢(ey)), in (A Q A)**. We define a ¢ —
derivation D: A — (A ® A)* by D(a) = ¢(a) - E — E - ¢(a) (a € A). Then for
everya € A

" (D(a)) = limr[(¢(a)(p(ea) & ¢(er)) — (p(ea) &
¢(eq))p(a)]

= limgp(aes)p(eq) — ¢(ea)p(eqa)

= limgp(aez) — ¢(eza)

a
= limgp(aeZ — e2a) = 0.
a

Therefore, D(A) € ker(n™) = (kerm)*™. Thus there exists N € (kerm)™ such
that D = ad,,y. Put M = E — N. Then for every a € A, we have

(M) - ¢(a) =" (E = N) - ¢(a) = n"(E) - ¢(a)

=w" —limn(p(es) ® ¢(eq) ) - ()

=w* —limg(ela) = ¢(a).

a

Let (mg), be a net in (A® A) such that M = w* —lim,m,. Then w —
limg(mg - @(a) —@(a) -mg) =0 and w—limy(m(m,) - ¢(a) —@(a)) =0
(a € A). Following the argument given in the proof of Lemma 2.9.64 [3] we can
show that there exists a net (mg)s in (A4 ® A) such that each mg is a convex
combination of m,’s with mgz - @(a) — ¢(a) -mg — 0 and m(mg) - p(a) —
@(a) (a € A). Thus A is ¢ — pseudo amenable and so by Theorem 3.3 4 is ¢-
approximate Helemskii biflat.

Using the proof of the above proposition we obtain the following results.
Corollary 3.1. Let L1(G) be a ¢ —amenable Banach algebra (¢ € Hom(L*(G)))
and ¢ be an idempotent homomorphism on L*(G). Then L1(G) is @-approximate
Helemskii biflat.

Denition 3.3. Let A be a Banach algebra with the norm |I.ll,. Then a Banach
algebra B with the norm ||. ||z is said to be an abstract Segal algebra with respect to
Aif

(i) B is adense left ideal in A4;

(ii) there exists M > O such that || b I,< M || b |l for all b € B;

(iii) there exists C > 0 such that || ab Iz C Il a li4ll b llg forall a, b € B.

Theorem 3.4. Let A be a Banach algebra and B be an abstract Segal algebra with
respect to A. Suppose that ¢ € Hom(B) and B contains a net (e,), such that
(p(e2)) is an approximate identity for B and a@(e,) = @(e,)aforalla € A. If A
Is p-approximate Helemskii biflat, then B is ¢-approximate Helemskii biflat.
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Proof. LetT,: A® A — B ® B defined by a @ b = ap(e,) ® bo(e,). Since A
is p-approximate Helemskii biflat, so there is a net (63) g with 65: 4 — (A ® A
such that m," °c 8g 0 (a) » @(a) (a € A). For 1 = (a,y) we define 6;: B —
(B@B)* by 0;:=T}" o 8p © j, where j: B — A is the inclusion map. Then 6, is
a bounded B —bimodul map. Note that because ¢ (e,) lies in the center of A4, mg" o
T;* = Ry om,;*, where R,: A — B is defined by a » ap(e2) (a € A).Letb €
B, f € B*. By the iterated limit theorem, we have

lim(f, 5" © 63(D)) = limlimqf, mg ©Tg" © 6p ©j(b))

= limlim(f, Ry" o m;" o 65 (b))

a B

= lim(f, Ry’ (¢ (D)))
= lim(f, ¢ (b)g(ed))

= (f, @(b)).
Hence, g © 8,(b) = @(b) (b € B).

Corollary 3.2. Let A be a Banach algebra and B be an abstract Segal algebra with
respect to A. Suppose that ¢ € Hom(A) and B contains a net (e,), such that (e,)?
is an approximate identity for B and a@(e,) = @(e,)aforalla € A. If o(B) S B
and A is p-approximate Helemskii biflat, then B is ¢p-approximate Helemskii biflat.
Denition 3.4. Let A be a Banach algebra and ¢ € Hom(A). We say that A is ¢ —
pseudo contractible if it has a central ¢-approximate diagonal, i.e., a ¢p-approximate
diagonal (m,) satisfying ¢ (a)m, = mye(a) forall a € A and all a.
Proposition 3.2. For a Banach algebra A two the following statements are
equivalent.

i) A is ¢ — pseudo contractible.

i) A is ¢ — approximate Helemskii biflat and has a central approximate identity.

Proof. (i)= (ii) Suppose that (m,) c A ® A is a central @-approximate diagonal
for A. We define 8,:4 — (A ® A)** by 6,(a): = ¢(a) - m,. Then for every a €
A, we have

limnt™ o 0, (a) = limn™ (¢p(a) - my)
a a

= ¢(a).

So m(m,) is a central approximate identity for A.

(i)= (i) Since A is ¢ — approximate Helemskii biflat, there is a net
0,4 — (AQ A (a €A) such that lim,m* o 8,(a) = ¢(a) (a € A). Let
(ep) ges be a central approximate identity for A. Let E = | x Al be directed by the
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product ordering and for each 4 = (B, a) € E define m; = 6,(eg). Then (m,) is a
central @-approximate diagonal for A.

Here, we now give an examples of ¢ —approximate Helemskii biflat
Banach algebra which is not ¢ — Helemskii biflat.
Example 3.1. Consider the semigroup N,, with the operation semigroup m An =
min{m,n}, m,n € N. We know that (6,),en IS @ bounded approximate identity
for I1(N,). If we define m,, = 6, ® &,, then ¢(a) - m, —m, - (a) — 0 for all
a € I1(N,) and also m(my,) - p(a) — @(a). Terefore [*(N,) is a ¢ — pseudo
amenable (¢ € Hom(N,)) and so by Theorem 3.3, [}(N,) is a ¢ — approximate
Helemskii biflat. If we choose ¢ € Hom(I*(N,)) such that ¢ has a dense range,
then [*(N,) is not ¢-Helemskii biflat and so I*(N,) is not biflat Banach algebra.

Acknowledgements
| gratefully thank the referees for carefully reading the paper and for the suggestions
that greatly improved the presentation of the paper.

REFERENCES

[1]. O. Yu. Aristov, Biprojective algebras and operator spaces, J. Math. Sci., 111, (2002), 3339 -
3386.

[2]. F. F. Bonsall and J. Duncan, Complete Normed Algebra, Springer-Verlag, 1973.

[3]. H. G. Dales, Banach Algebras and Automatic Continuity, London Mathematical Society
Monographs 24 (Clarendon Press, Oxford), 2000.

[4]. Z. Ghorbani and M. Lashkarizadeh Bami, ¢- amenable and ¢- biflat Banach algebras, Bull.
Iranian Math. Soc., 39 (2013), 507-515.

[5 A. Ya. Helemskii, Banach and Locally Convex Algebras, Clarendon Press, Oxford University
Press, New York, 1993.

[6]. A. Ya. Helemskii, Flat Banach modules and amenable algebras (translated from the Russian).
Trans. Moscow Math. Soc., 47 (1985), 199-224.

[7]. A. Ya. Helemskii, The Homology of Banach and Topological Algebras, 41 of Mathematics and
its Applications (Soviet Series), Kluwer Academic Publishers Group, Dordrecht, 1989.

[8]. B. E. Johnson, Cohomology in Banach Algebras, Mem. Amer. Math. Soc. 127, 1972.

[9]. J. L. Kelley, General Topology, D. Van Nostrand Company, Inc., New York, 1955.

[10]. M. Mirzavaziri and M. S. Moslehian, (¢ — 7)-amenability of C* — algebras, Georgian. Math.
J., 18(2011), 137-145.

[11]. M. S. Moslehian and A.N. Motlagh, Some notes on (o, t)-amenability of Banach algebras,
Stud. Univ. Babes-Bolyai Math., 53 (2008), 57-68.

[12]. V. Runde, Lectures on Amenability, Lecture Notes in Mathematics 1774, Springer, 2002.

[13]. T. Yazdanpanah and H. Najafi, o-contractible and ¢ —biprojective Banach algebras,
Quaestiones. Math., 33 (2010), 485-49.



