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EXPONENTIAL DECAY OF THE SOLUTION OF A DOUBLE POROUS
ELASTIC SYSTEM

Aicha NEMSI', Abdelfeteh FAREH?

In the present paper we consider a one-dimensional double porous elastic system
with two dissipative mechanisms : a viscoelastic dissipation in the displacement field and
visco-porous dissipations. We prove the existence and uniqueness of a solution, and that
this solution decays exponentially as t tends to infinity.
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1. Introduction

The origin of the theory of double porosity goes back to the works of Barenblatt et al.
[4, 5]. The authors distinguished the liquid pressure in the pores from the liquid pressure
in the fissures and introduced a double porosity structure. This theory is an important
generalization of Biot’s theory [3] for porous materials with single porosity. Wilson and
Aifentis [17] presented a theory of consolidation for elastic materials with double porosity
which unifies the earlier models of Barenblatt and Biot. However, the theory proposed by
Wilson and Aifentis ignored the cross-coupling effects between the volume change of the
pores and fissures in the system. Khalili and Valliappan [10] modified Aifiens’ theory and
proposed a cross-coupling terms included in the equations of conservation of mass for the
pores and fissures fluid. Barryman and coauthors [1, 2] included a cross-coupling in Darcy’s
law for solids with double porosity.

In [9] Iesan and Quintanilla derived a double porosity model based on the Nunziato-
Cowin theory for materials with voids [8, 13]. According to this theory the porosity structure
in the equilibrium case is influenced by the displacement field, which is different from the
theory based on Darcy’s law.

The basic feature of the Nunziato-Cowin theory is the concept that the mass at each
point is the product of the mass density of the material matrix and the volume fraction.
In the framework of this theory Quintanilla [15] considered the following system of porous
elastic solid

{ PoUtt = Mgy + BPu, in (0,7) x (0, +00), (1)
PoORPtt = APy — 6”90 - g@ — TPt in (077() X (Oa +OO)>

where u is the transversal displacement, ¢ is the volume fraction of the porous material,
and po, K, it, @, £, T are positive constitutive coefficients, that satisfy 3 # 0 and £ > B2, He
proved that the dissipation caused by the porous damping 7 is not powerful to produce
an exponential stability.
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Various dissipations mechanisms have been added to the system (1) and different types
of decay have been obtained. Magania and Quintanilla [12] added the viscoelastic dissipation
—YUtqe to the first equation of (1) and established an exponential rate of decay. The same
result was obtained by Casas and Quintanilla [7] when they added thermal dissipation to
the system (1).

In this paper we consider a double porous elastic solid in the framework of Iesan and
Quintanilla theory [9]. In the one-dimensional case the evolution equations are

pugs = Ty,
K1 = 0 + &,
/{21/}tt = Xz + Ca

where u is the displacement, ¢ and @ are the porous variables, p, k1 and ks are positive
constants. T is the first Piola-Kirchhoff stress tensor, o, x are equilibrated stress vectors,
& and ( are the intrinsic equilibrated body forces that they must be given by constitutives
assumptions. We assume

T = pug + b + dip + A,
0= apy + b1y, X = b1ps + Vs,
&= —buy — a1 — az — Ty,
¢ = —duy — azp — ah — T2ty
Here p,b,d, A\, o, a1, aa, 3, b1, ba, v, 71 and o are constants.
If we introduce the constitutive equations into the evolution equations we obtain the system

PUE = HUgy + bSDz + dwa: + Auta:a:; in (Oa OO) X (07 L)7
R1Ptt = QPgy + bl'(/)wac - buw — oY — 043’(/) — T1¥t in (Oa OO) X (07 L)7 (2)
Ko = b1ge + Ve — duy — azp — @) — Ta1P in (0,00) x (0, L).

We assume the boundary conditions

u(ta O) = u(tv L) = L,Ow(t, O) = Spw(t7 L) = %(tao) = '(/Jw(t7 L) =0 in (O’ OO)’ (3)
and the initial conditions
U(O,CL') = uO('r)’ ut(07x) = u1($)7 (p(o,ai) = 900(55)7 Lpt(07l‘) = 901(55)’ (4)

'(/J(O’x) = '(/JO(x)v 1/%(0733) = ¢1($)7 RS [07L] :

There are solutions (uniform in the variable x) that do not decay. To avoid this case, we
also assume that

/()Lwo(x)d:v:/OL<P1(x)d:cz/OLwo(x)dx:/oszl(x)dxzo.

We introduce the energy associated with the system (2)-(4) as

1

L

2 2 2 2

B =5 [ [ohal + ralodl + ralul + ulu
0

2 2 2 2
o leal® + el + an [l + az [

L L L L
+ b/o Re (u: @) + d/o Re (uz ) + ozg/o Re (¢v) + 51/0 Re (¢2tha)

which can be written as

L
E(t) = 1/0 |:(ut7§0t71/)t)A (I'Tt7@7%)T + (u$7@7¢)B (wvaaa)T

2
+ (@uy thz) C (@,@)T} 7
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where,
p 0 O uw b d o b
A= 0 1 O ,B= b a1 ag ,C’(b 1>.
0 0 K9 d a3 Q9 ! v

It is assumed that the internal mechanical energy density is a positive definite form. Thus
the matrix A, B and C' must be positive definite.
We have the following result:

Lemma 1.1. If (u, ¢, 1) is the solution of (2)-(4), then the energy E (t) satisfies the estimate

L L L
E' (t) < fﬁ/ |<pt\2dzf7'2/ |1/1t|2d:c7)\/ e |* da.
0 0 0

Proof. Taking the L2—product of (2); by us, (2)2 by ¢; and (2)3 by 1; and summing up we
obtain

L L L L L
p/ U U dT + u/ Up Uzt AT + K1 / peppdr + a/ P Pdr + o / pp.dx
0 0 0 0 0

L L L L
s / Vutyde + / VaTyyde + as / WPudz 4 b / (0By + o)
0 0 0 0

L

L L _ _
+d / (st + o) d + by / (VsPas + Bapto)dz + 3 / (WP, + Pup)dz
0 0 0

L ) L ) L 9
=—/\/ |zt dm—ﬁ/ |t dx—TQ/ [e]” d.
0 0 0

The aim of this paper is to prove that the problem determined by (2)-(4) has a unique
solution that decays exponentially in time. For the well-posedness we use the Lumer-Phillips
theorem and for the exponential stability we use the method developed by Liu and Zheng
[11].

O

To the best of our knowledge the problem is novel and no study has been done to
determine the rate of decay of the solution of problems in double porous elasticity.

2. Well posedness

The aim of this section is to prove that the problem (2)-(4) has a unique solution.
Our main tools are the two following theorems from the theory of semigroups of operators
in Hilbert spaces.

Theorem 2.1. (Lumer-Phillips) [14, 16] Let A : D(A) C H — H be a densely defined
operator. Then A generates a Cy-semigroup of contractions on H if and only if
(i) A is dissipative;
(i1) there exists X > 0 such that \XI — A is surjective.
Theorem 2.2. [16] Let A : D(A) C H — H be the infintesimal generator of a Cp-

semigroup {S(t);t > 0}. Then, for each & € D(A) and each t > 0, we have S(t)§ € D(A),
and the mapping

t— S(t)¢

is of class C* on [0,+00) and satisfies
d

2 (5()8) = AS()E = S()AL.



44 Aicha Nemsi, Abdelfeteh Fareh

In order to rewrite the problem (2)-(4) in the semigroup setting we introduce the
Hilbert space

H:= Hy(0,L) x L*(0,L) x H}(0,L) x L*(0,L) x H}(0,L) x L*(0, L),

where H'(0, L), H?(0, L) are the usual Sobolev spaces, H} (0, L) is the closure of C§°(0, L)
in H1(0,L) [6, 11] and

L
H0,L):= {gﬁ € Hl(O,L);/ o(t, z)dx = O}.
0

The space I is endowed with the inner product (:,-),, defined for U = (u,v,go,d),w,w)T

and U* = (u*,v*, %, ¢*, 9%, w*)" by
L
(U, U = / PUT + 1T+ K1 6T + 0pa Py + 1T + Rawid® + YT
0 _ - - - . _ _
T + b(Us T + G ) + AT + GT) + b (027 + 92 ™)
+as (e + @%)]df-

By introducing the new variables v = u;, ¢ = ¢y and w = v, system (2) becomes

{ U, = AU, 5
U (O) = (’LL(), U1, Y0, L1, 77[}03 ¢1)T )
where A : D (A) C H — H is the operator defined by
0 1 0 0 0 0
N
A= « g T 1 « 6
10, 0 20.-% - o, -2 0 ©
0 0 0 0 0 1
-249, 0 h9,-2 0 21g,-2 -
Ko "% Ko TT ko L K2

with domain

( (u,v, ¢, 0,9, w) € H |v € H} (0,L),p,w € HL(0, L),

D(A) = .
pu+ e H* N Hy, o, € H?, ¢, (t,2) = ¢y (t,2) =0, 2 =0,L

Our existence and uniqueness result reads as follows.

Theorem 2.3. For any (ug,u1, ©o, 1, %o, ¥1) € H the problem (2)-(4) has a unique weak
solution (u,p, ) that satisfies

uedC (O,—|—oo;H§ (O,L)) , pel (O, +o0; H! (O,L)) , el (0,—|—oo;Hj (O,L)) )
Moreover, if (ug, u1, po, 1, %0,¥1) € D (A) then the solution (u, p, ) satisfies
ue C(0,400; H* N Hy (0,L)) NC" (0,400; Hy (0,L)) ,
@, € C(0,400; H* N H} (0,L)) NC" (0,400; H} (0,L)) .
Proof. First, for any (u,v,p, d, ¥, w) € D (A) we have

L L L
Re (AU, U>3{:7/0 |UI|2dmel/O |¢)|2d£c77'2/0 |w|*dz < 0.

Thus, A is dissipative.
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Secondly, we prove that 0 € p(A). Indeed, let F = (f,g,h,l,q,k) € H and find
U = (u,v,¢,$,%,w) € D(A) such that AU = F, that is

v=f,

o 7)
APy + bﬂ/}rr - bu'x — 1P — O‘37/} - 7_1¢ = Hlka

w=1I,

b1¥ze + Yzz — dugy — a3 — @2t — Tow = Kok.
From (7)1, (7)3 and (7)5 we have v € Hg (0,L),¢,w € H} (0,L).
Replacing v, ¢ and w by f, h and [ respectively we obtain

APy + b1py — by — a1 — azh = kik +7h =go € L? (0, L), (8)

bl@a::r + /szm - dum — Q3P — a2¢ = ’%Qk + TQZ =gs3 € L2 (07 L)
Taking the duality product of (8); by u* and the L?—product of (8); and (8)3 by ¢* and
™, respectively, then summing up we obtain

a(U,U") = L(U"), (9)

where U = (u,cp,z/J)T7 U* = (u*,go*,w*)T and

L L L
a(U,U") :,u/ uxf;dz+b/ w@dz+d/ Yuide
0 0 0

L L L L L
—i—a/ gpl.go;da:—&—bl/ ¢w<p;.da:—|—b/ uxcp*da:—koq/ <p<p*dx—|—a3/ Yo*dr
0 0 0 0 0
L L L L L
+b1/ wzw;dm—i—'y/ wzw;dm—i—d/ umlb*dx—l—ag/ cpw*dx—i—ag/ P*de,
0 0 0 0 0
L L
L") = (o1 gry — | gwda = [ g,
0 0

are a bilinear and linear forms over the Hilbert space W =H} (0, L) x H} (0,L) x H} (0, L)
respectively,. A straightforward calculation shows that there exists a positive constant C
such that
la (U, U7)] < C[Ulw U [l
and
LU < CU v -
Thus a(+,-) and L are continuous. Moreover, straightforward calculations show that
L

L L L
a(U,U) :,u/ |u1\2dx+b/ @ﬂxderd/ wﬂxd:z:+d/ uzrhde
0 0 0 0

L L L L L
—|—b/ uxédx—i—oq/ |<,0|2 dx—|—a3/ w¢dx—|—o¢3/ gm/)dx—kocg/ )% dx
0 0 0 0 0
1 [F 2
+§/0 «
1 A 1 v\ [*
4= (a-2 / ool ?da+ = (v — 2 / | .
2 v 0 2 @/ Jo

On the other hand, there exists n > 0 such that the matrix
p=n b d

B = b a1—1n a3
d a3 Qg —1

2
+

b b
Pz + *11#:8 Yy + i‘ﬁx
« Y
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still positive definite. Therefore,
2

« +

b b |
a Y

_ 1 L

2 2 2
0 (lluall® + !> + I101%)

i1 <ab> /Lso |2dx+1(fyb%) /Lw 2de > 7|02
2 v ) Jo T 2 a)ly T = wo

for a positive constant 77 > 0, which shows the coercivity of a (-, ).
Thus, Lax-Milgram theorem ensures the existence of unique (u, p, %) € W satisfying

a(U,U*)=L({U"), VU € W.
Now, taking ¢* = ¢* = 0 in (9) and replacing f by v we get

L L L L
u/ UpU* zdT + b/ ou*pdr + d/ Yu*ydr = / (Avge — pg) u*dz,
0 0 0 0

and integration by parts gives

L L
/ (pug + Avg) u*pdx = / (bps + diby — pg) u*dz, Yu* € H} (0,L),
0 0

therefore,
pu+ v € H*(0,L).
Next, let p* € H} (0, L) and define

L
o (2) = ¢ (2) — / o () da.

Observing that ¢} € H! (0, L) and taking u* = ¢* = 0 in (9) we obtain

L L
/ (apy + b1v,) of dx = —/ (buy + a1 + azth + g2) pidx, Vo* € H& (0,L),
0 0

therefore,
o+ b1 € H2(0,1). (10)
Moreover, integration by parts gives
(s (L) + bty (L) 91, (L) — (s (0) + b1t (0)) ¢, (0) = 0, V"™ € Hg (0,L).
Since ¢* is arbitrary we obtain

@z (0) + b1, (0) = apy (L) + b1ps (L) = 0.

Similarly,
bip+ Y € H* (0,L) (11)
and
b1z (0) + v (0) = bigpy (L) + vty (L) = 0.
Thus,

@, € H*(0,L) and ¢, =, =0, for 2 =0,L.
Therefore, U € D(A) and 0 € p(A). Moreover, using a geometric series argument we
prove that A\I — A = A(AM ™! — I) is invertible for [A\| < ||A7Y||, then A € p(A), which
completes the proof that A is the infinitesimal generator of a Cy—semigroup, then the
Lumer-Phillips theorem ensures the existence of unique solution to the problem (2)-(4)
satisfying the statements of Theorem 1. |
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Remark 2.1. We note that if Uy € D(A) then the solution U(t) = €U, €
C((0,00); D(A)) N CL((0,00); H) and (5) is satisfied in H for every ¢+ > 0. It turns out
that u, @, 1 satisfy (2) in the strong sense.

If Uy € H there exists a sequence Uy, € D(A) converging to Uy in H. Accordingly,
there exists a sequence of solutions U, (t) = e**Uy,, such that wu,, ¢,,, satisfy (2) in L?
for every t > 0, and for any T > 0, u, — u in C((0,T), H}) N C1((0,T); L?), ¢, — ® and
Yy — 1 in C((0,T), HY) N C1((0,T); L?). Therefore, if we multiply the equations of (2) for
Un, P, n by u* € HY and ¢*,1* € H!, respectively, then integrate by parts with respect
to = and integrate with respect to ¢, finally passing to the limit, we find that u, ¢ and ¢ are
weak solutions to the variational form of system (2).

3. Exponential stability

In this section we establish an exponential decay of the solution of the system (2)-(4).
The following theorem, due to Gearhart and Priiss [11], gives the necessary and sufficient
conditions of exponential stability of a Cy-semigroup generated by an operator A.

Theorem 3.1. A Cy—semigroup of contractions S (t) = e~**, generated by an operator A
in a Hilbert space H, is exponentially stable if and only if

i) iR = {iA\,A € R} C p(A), ii) Lim (A —A)7!]] < .
[A| =00

The main result of this section is given by the following theorem:

Theorem 3.2. (Gearhart Priiss) For any (ug, u1, 0,91, %0, ¥1) € D(A), the energy associ-
ated with the solution of the problem (5) satisfies the estimate

E(t) < Be ™,  Vvt>0,
where B,w are two positive constants.

Proof. The proof of this theorem will be established through the two following lemmas. O

Lemma 3.1. Let A be the operator defined by (6). Then,
iR ={ix; A € R} C p(A),
where p(A) is the resolvent set of A.
Proof. The proof of the lemma will be established in 3 steps:
(i) Using a geometric series convergence argument and the fact that 0 € p(A) it follows
that for [A| < [[A~||71, the operator i\l — A = A(iINA~! — I) is invertible. Moreover
|(GAT — A)~!]| is a continuous function of A in the interval (— ||A*1||71 , ||A*1||71).
(ii) If there exists a constant M > 0, such that

sup { | GAT = A) 1|, A < 47171 = M < o, (12)

then, for |Ag| < ||fl*1 ||71 , again the geometric series argument ensures that the operator
N — A = (iMg] — A) (I +i(X— Xo) (iAol — A)™H)
is invertible for ) .
S TR G |
It turns out that if we choose |\g| as close as possible to HA’l Hfl , we have that i\ — A is
invertible for |A| < H.A_lu_l + 7. Therefore,

{M; A< A+ ;4} o)
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and H(MI —A)t H is a continuous function of A in the interval
(A7 = 3 A7 + 47) - So on
) -1, 1 1
{M; AL < |[A7Y] + u T M,} Cp(A)
provided that

{0 <A 2} =<

The interval of imaginary axis included in the resolvent set can be extended indefinitely
until it coincides with iR. )
(iii) If {R ¢ p (A) then from the argument (ii) above, there exists o € R with Hfl_lﬂ_ <
|o| < oo such that
{ix Al < lol} C p(A)

and

sup {[|(iAT — A) 7|, [A] < |o]} = 0.
Thus, there exists a sequence (A,) C R, |A\,| < |o|, A\, — ¢ and a sequence of unit vectors
Upn = (Un, Un, &y @n, On) € D (A), such that

lm ||(iAn] —A) Uy =0,

n—s
that is
IApUp — vy, — 0, in Hé , (13)
iAnpn — pD*u, — bDy,, — dD1), — AD*v, — 0, in L?, (14)
idnn — ¢p — 0, in HL, (15)
iXnk1by — aD*p, — by D*, + bDuy, + a1, + azty, + 119, — 0, in L2, (16)
iAyn — wy, — 0, in H}, (17)
iAnkown — b1 D@, — yD?*,, + dDuy, + aspn + aothy + Tow, — 0, in L2, (18)
First we have
Re((iApd — AU, Up)gc — 0.
Thus,

Re((iA, I — AUy, Up)gc = — Re(AU,, Uy) 3¢,

L L L
:7'2/ \Wn\zdﬂU‘*‘Tl/ |¢n\2dw+7/ | Dv,,|*dz — 0.
0 0 0

Therefore
[énllL2 llwnllL. — 0, (19)
and
|Dvy ;2 — 0. (20)
Moreover, Poincaré’s inequality leads to
lonllL> — 0. (21)

Since A, is bounded, the arguments (21), (20) and (13) give

[unllzz = 0, [[Dung2 — 0. (22)
Similarly, from (15), (17) and (19) we get

lenllL2 =0, [[¥nllL = 0. (23)
Removing the terms that tend to 0 from (16) and (18), it remains
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aD?%p, + b D%, — 0, in L?, (24)
b1 D?p,, +yD*), — 0, in L2.
Multiplying (24)1 by v¢n, (24)2 by b1, and subtracting we obtain
[Denll> = 0. (25)
Similarly,
[ DYnll > — 0. (26)
By combining (19),(21),(22),(23),(25) and (26) we obtain that |U,||5c — 0, which contradicts
the fact that ||U,||4c = 1. Thus, the proof of Lemma 3.1 is completed. O
Lemma 3.2. The operator A defined by (6) satisfies
I [CYEI . 27
s TP (@ ) £(30) = (27)

Proof. To prove the lemma statement we use a contradiction argument. Suppose that (27)
does not hold, that is

i H ')\I—A_lu _
e TP (@ ) L@ o

Then, there exist a sequence (A, )nen C R and a sequence of unit vectors U,, = (un, Un, ©n, On,
Y, wn) € D (A) such that

lim  ||(iAnI — A)Un|l3c — O.

[An|—>+00

As in the proof of the previous lemma, (13)-(18) hold. Consequently,

lwnllLz = 0,[1¢nll e — 0, [Dvnll2 — 0, [[on]l2 — 0. (28)
By dividing (13),(15) and (17) by A, we obtain
[unll 2 [[Dunll > — 0, (29)
lenll 2 Wbl 2 — 0. (30)
The L? product of (15) by ¢, gives idn (¢n, dn) — ||énl|> — 0. Therefore,
iAn (@ny Gn) — 0. (31)

Taking the inner product of (17) by ¢, we get iA, (¥n, pn) — (Wn, pn) — 0. The fact that
(P, wn)| < llnll lwnll — 0 yields

iAn (On, ) — 0. (32)
Removing the terms that tend to 0 from (16), (18) it remains
iIApk1Gn — aD?*p, — by D*h, — 0, in L2 (33)
and
iMnkown — b1 D%, — D%, — 0, in L2, (34)

Multiplying (33) by ven, (34) by —bip,, summing up and taking into account (31), (32),
we obtain
(ay =) | Denl|* — 0.
Therefore,
[Den | — 0. (35)
The L?—inner product of (17) by ¢,, gives

iAn <¢n7wn> - <¢n7wn> — 0.
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Recalling that ||y ||, [|ws|| — 0 we arrive at

1An (Pn, n) — 0.
Similarly, multiplying (17) by w,, we get

iAn (Wn, Yn) — 0.

At this point we multiply (33) by b1, (34) by —at), summing up and recalling that
ay — b? > 0 we obtain

[Dn|| — 0. (36)
From (28), (29), (30), (35) and (36) we have ||U||;c — 0 which contradicts the fact that
|Ull5¢ = 1. Therefore, (27) holds and the proof of Lemma 3.2 is completed. O

Combining the results of Lemmas 3.1, 3.2 and Theorem 3.1 the proof of Theorem 3.2
is completed.
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