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WARDOWSKI TYPE «o-F-CONTRACTIVE APPROACH FOR NONSELF
MULTIVALUED MAPPINGS

by Muhammad Anwar!, Dur-e-Shehwar Sagheer?, Rashid Ali® and Nawab Hussain*

In this research article, the Wardowski type notion for a-F-contractive nonself
multivalued mappings has been introduced. The existence and uniqueness of the fized
point on a-F'-contractive mapping by using the proposed notion are established. Some
fized point results have been proved by using the notion of a-F-admissible pairs. The
article is furbished with some examples to support the novel idea.
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1. Introduction

Since its publication in 1922, the Banach contraction principle has attracted the
attention of researchers working in both pure and applied mathematics. Its importance
and significance can be noticed easily due to its wide range of applications and extensions.
The celeberated Banach contraction principle (BCP)[10] states that each contraction on a
complete metric space has a unique fixed point.

Later on, several results are produced by various authors as generalizations and extensions
of the famous BCP by changing either the space under consideration or the condition on the
mapping (see for example [1, 2, 4, 5, 7-9, 18-30]). An important result was proved by using
the concepts of a-admissible and a-admissible type mappings for metric space by Samet
et al. [22]. Karapinar [15] presented some fixed point results by applying the cyclic contrac-
tions. This new notion of cyclic contraction was introduced by Kirk et al. [17]. Some results
are achieved and unified by the investigation of the related fixed point results available in
the literature. It is worth mentioning here that the cyclic contraction is not required to be
continuous. This advantage is appreciated and used by various researchers [1, 4, 8, 11, 19—
22]. These contraction conditions provide a ground to investigate the fixed point using
the a-admissible mappings as a base and variations of the concepts of aw-contractive and
- mappings [1, 4, 5, 11, 13, 19-22]. In [3], Hussain and Igbal firstly define the notion
of a-F-contraction on multi-valued mappings and prove the existence of fixed point (The-
orem 2.6 in [3]). In the present article, we are proving some results by using a-F'-contraction.

2. Preliminaries

There are some basic definitions, fundamental concepts and results which provide a base to
achieve the present results. From now on, R is set of real numbers and R is set of positive
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reals. A mapping F': Rt — R is said to be an F-mapping [16, 28], if the following conditions
are observed:
(i): F is strictly increasing function, that is, as for all 21,29 € RT, if 27 < 29 then
F(Zl) < F(ZQ)
(ii): For each sequence {z,} of the positive real numbers R,

lim (z,) =0 if and only if lim F(z,) = —oc.
n—00 n—oo

(iii): There is a real number ¢ € (0,1) such as

lim 2°F(z) =0.
z— 0t
Let (©,d) be a metric space and f : Q@ — Q is a self mapping [28] for a non-empty set 2,
then T is said to be an F-contraction if there exists a positive real number £ > 0 such that

d(fay, fas) >0 = k+ F(d(fa1, faz)) < F(d(ay,a2)) Vai,az € Q.

A number of fixed point results had been evidenced by many authors using the War-
dowski type perception of F-contractive mappings. Some authors introduced and used
some new concepts of contractions to establish some new fixed point results, among which
F-contraction is an important discovery. Using the F-contractions some very important
extensions and generalizations of Banach contractions principle in various dimensions can
be found in literature [12, 14, 27].

Let (€2, d) be a metric space. A mapping f:  — 2 is called a-F-contractive mapping
[6] if for the two mappings a: © x Q — [0,00), F: RT — R and x > 0, we have

k+ F(a(ar,a2)d(fai, faz)) < F(d(a1,a2)) YV ai,as € Q.
Recall that a mapping f: Q —  is said to be an a-admissible [15] if for all a1, as € Q,
alar,a2) > 1= a(fa, faz) > 1.

Let (Q,d) be a complete metric space for a non-empty set 2. We designate N(Q2) to the
class of all non-empty subsets of the space Q and C'L(2) to the class of all non-empty closed
subsets of space Q. For any point a € 2 and a subset B C N(2), the distance between the
point a and B is defined as:

dl (a’ B) = blglf;,{d(av b)}

Let us use H for the Hausdorff metric which is defined as:

max < sup d(a, B), supd(b, A if the maximum exists;
H(A, B) = {aeﬁ (@, 5), Supd( )}

00 otherwise.

for all non-empty subsets A, B € CL(2). Then (CL(R), H) is called a Hausdorff metric
space.

(2.1)

3. Main Results

This section includes some fundamental definitions and novel results supported by
valid examples. The notion of nonself a-admissible mapping is modified by Ali et. al [5] as
follows:

Definition 3.1. [5] Consider a complete metric space (Q,d) for a non-empty set Q. Let S
be a nonempty subset of Q, then a mapping D : S — CL(Q) is said to be an a-admissible
mapping if there exists a map a: S x S — [0,00) such that «(ai,a2) > 1 implies that
a(m,n) > 1 for each m € Da; NS andn € Das NS for all a1, as € S.
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Definition 3.2. Consider a complete metric space (2, d), with Q a non-empty set and S a
non-empty subset of Q. A mapping D : S — CL(Q) is said to be an a-F-contractive mapping
if for a function a: S x S — [0,00), an F-mapping and k > 0, the following conditions are
satisfied:

(i): DanS # ¢ forallaeS.

(ii): For each ay,as € S, we have

k+ F(a(a1,a2)H(Da; NS, Das N S)) < F(M(ay,as9)), (3.1)
where
min {«a(a1,a2)H(Da; NS, Das NS)), M(ay,a2)} > 0,
and
M(al, 02) = max{d(ah a2)7 d(al’ Dai 0 S) ;d(GQ’ Daz N 5)7
d(al, Das N S) + d(ag,Dal n S) }
2

Since F' is a strictly increasing function, therefore D : S — CL(Q) is a strictly a-F-
contractive type mapping on a complete sub-space S of ).

Theorem 3.1. Consider a metric space (2,d) and a complete non-empty subset S of Q
induced with the metric d. Let D : S — CL(Q) be a strictly a-F-contractive type mapping
on S, then D has a fized point u € S if the conditions given below are satisfied:

(i): D is an a-admissible mapping.

(ii): There exists ag € S and a1 € DagN S such that a(ag,ar) > 1.

(iii): D is a continuous mapping.

Proof. By the condition (ii), there is ag € S and a; € Dag N S such that a(ag,a;) > 1.
For ay = a1, the proof is obvious. Now suppose that ag # a;. If a1 € Da; NS, then a; is
straightforwardly a fixed point. Suppose that a; ¢ Da; NS.

Since D is a strictly a-F-contractive type mapping on S, the following holds.

D D
K+ F(a(ag,a1)H(Dag NS, Da; N S)) < F((max{d(ao, ap), dlag, Dao N §) + d(a1, Dar 0 5

5 )
d(ag, Da; N S) ;L d(ay, Dag)N S }) < F(max{d(ao, a1),d(ay, Dal)})

< F(d(ag, Dag)) < F(d(ap,a1)) Y ag,a, € S.

Therefore, we have
k+ F(H(Day NS, DagNS)) < F(d(ai,a0)) YV ag,a, €S.
This implies for as € Da; NS, we have
k+ F(d(az2,a1)) < F(d(a1,a9)) Vaz,a, €8S.

Now using the a-admissibility, we have a(ag,a1) > 1 = a(ay,az2) > 1, if a3 € DagN S and
a2 € Da;NS. Continuing in this way, the following can be easily claimed for a,,+1 € Da,,NS.

a(an,any1) 21, Vap,a,,, € Sandn e NU{0}. (3.2)
By running iteratively, x + F(d(an+1,a,)) < F(d(an,an—1)). Inductively, we have
F(d(an,ant1)) < F(d(ao,a1)) — nk (3.3)
Taking limit n — oo on both sides
lim F(d(an,an+1)) = —0 (3.4)

n—oo
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By using the definition of F-mapping, we have
lim d(ap,ant1) =0 (3.5)

n—oo

Furthermore, denote d(ay,an+1) by d,. By using definition of F-function, there exists
k € (0,1) such that

lim d*F(d,) = 0. (3.6)

n—oo

With the new notation, (3.3) may be expressed as
F(d,) — F(do) < —nr = d*F(d,) — d* F(dy) < d*(F(do) — nr) — d* F(dy) = —nd*x <0
= lim [d%F(d,) — d* F(dy)] < lim —dfnk

= lim —nd*xk>0= lim nd* =0 as k>0 (using (3.5) and (3.6)).

n—oo n—oo

There exists ng € N such that nd® < 1 for all n > nq.

nl/k

To show that {a,} is a Cauchy sequence, proceed as follows:

d* <1/n=d, <

d(ana am) < d(&n, an+1) + d(an+1a an+2) + ...+ d(am—la am)

oo
< Zdi
i=n
=1
<2
="

(3.8)
Taking limit n — oo on both sides of (3.8),

o

. . 1
i, dlansam) < 1 D 557
=N

=0.

Therefore, {a,} is a Cauchy sequence. As S is complete, there exists u € S such that

lim d(ap,uv) =0= lim a, = u.
n—oo n— oo

Since D is continuous, therefore,

d(u, Du) < lim H(Da,, Du) = 0.

n—oo

Thus, we have d(u, Du) =0 = u € Du. Hence D has a fixed point. O

Theorem 3.2. Consider a metric space (2,d) and assume that S be a complete non-empty
subset of Q induced with respect to the metric d. If D : S — CL(Q) be a strictly «-
F-contractive type mapping on S then D has a fized point if the following assertions are
satisfied:

(i): D is an a-admissible mapping.

(ii): There exists ag € S and a1 € DagN S such that a(ag,ar) > 1.

(iii): For any sequence {an} in S with a, — u and o(an,ant1) > 1 for alln € NU {0},

either

i >
(a) nh_)rr;o alan,u) > 1 or

(b) alanp,u) > 1.
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Proof. Following the proof of Theorem 3.1, we conclude that {a,} in S is a Cauchy sequence
such that
lim d(ay,u) =0,

n— oo

and a(ay,an+1) > 1 for all n € NU {0}. Assume that d(u, Du) # 0. Using Definition 3.2,
we obtain
K+ F(a(an, w)d(an41, Dun S))
< K+F(O‘(aﬂn7u)H(Dan NS, Dun S))

d(ay, Day, d(u, D
SF(maX{d(an,u), (an, Da mS)2+ (u uﬁS),
d(an, DunS) + d(u, Da, N S) )})
5 .
Since a(ayn,an+1) > 1 and F is an increasing function, it is easy to observe that

F(d(ant1, DunS)) < F(d(ag, Dun S)) — nk.
Taking limit n — oo on both sides,

= lim F(d(ant1,Duns)) = —oo.
n—oo
By using the definition of F-function, we have
li_>m d(apt+1, DunS) = 0. (3.9)

Using assertion (iii)(a) the following claim can be easily defended

d(u, DunS) < lim a(ap,uw)d(ant1, Duns) =0.
n—00

Furthermore, since it is obvious that d(u, Du) < d(u, DunS) < 0, therefore d(u, Du) = 0.
If assertion (iii)(b) is used as an argument

d(ap+1, DunS) < a(an,uw)d(ant1, DunS) < alan,u)H(Da, NS, DunS) (3.10)
using (3.9) one can deduce
d(u, Du) < d(u, Dun S) = 0.

Hence, it follows that
d(u, Du) = 0.
That is u € Du. O

Example 3.1. Consider Q0 = (—o0, —8) U {5 : n € N}U{0}, accompanied with the usual
metric d, and S = {% in € N} U {0,1}, Now define D : S — 2 on metric space as

{2171,1} ifae{w%:neN},
{0} ifa =0,

Da =

and a: S xS —[0,00) as

1
1 zfa,bG{WnGN},

0 otherwise.

afa,b) =

when

min(a(a,b)H(Dan S,DbN S)), M(a,b)) > 0.
It is clear that Dan S # (0 for each a € S. Let F(a) = a+Ina for alla > 0. As a(a,b) > 1
and a,b € {2%1 :n € N}, so, D is a multivalued mapping. Now through the following
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way, D can be easily seen as an a-F-contractive and a-admissible mapping. Let a = 2% and
b= 5, such that m > n > 1. Then we have, by using Definition (3.2)
2m—n —1 am=n —1
1 1
=lhn-<—= b .
n 5 < 3 VabeS
By this way, D is a multivalued a-F-contractive mapping on S with k = % Therefore D

has a fized point since it satisfies all the conditions of Theorem 3.1.

Definition 3.3. Let (Q,=<,d) be an ordered metric space and A, B C Q. We say that
A <, B if for each a € A and b € B, we have a < b.

Corollary 3.1. Consider an ordered metric space (2, =, d) with (S, %) a complete nonempty
subset of Q induced with respect to the metric d. Let D : S — CL(Q) be a a-F-contractive
mapping such that Da NS # ¢ for all a € S with a 2 b, then we have

k+ F(a(a,b)H(Dan S,DbN S)) < F(M(a,b)) Ya,beS,
where
min {a(al, a2)H(Day N S, Daz N S)), M(al,ag)} >0,

and

M(a,b) = max {d(& b, d(a,Dan S)+d(b,DbN S) d(a,DbNS) +d(b,DanS) }

2 ’ 2
and F is an increasing function. Here we also assume that the following conditions are
satisfied:

(1): there exists ag € S and a1 € DagN S such that ag < a;.

(ii): edther
(a)D is continuous, or
(b) for any sequence {a,} in S with a, — u as n — 0o and ap, =< ap41 for all
n € NU {0}, such that as n — oo, a, < u, or
(c) for any sequence {a,} in S with a, — u as n — oo and a, =< an41 for all
n € NU{0},a, <X u for alln € NU{0}.

Then D has a fixed point u € S.
Proof. Define a: S x S — [0,00) as

(a,b) lifa=b,
a(a,b) = i
0 otherwise,

We get a(ag, a;) = 1, which follows from condition (i) and from the definition of a-mapping,
and from (ii), we have that a < b implies that DanS <, DbN.S and hence we get a(a,b) =1
implies that a(u,v) =1 for all w € Dan S and v € DbN S which follows from definitions
of < ordered metric space and a-mapping. Furthermore we can easily verify that D is a
strictly a-F-contractive type mapping on the subset S of 2. So D has a fixed point as it
satisfies all the conditions of previous theorem. O

Remark 3.1. It is worth mentioning that in Theorem 3.2, condition (a) was introduced by
by Samet et al. [22] and condition (b) was introduced by Ali et al. [5] and we have introduced
these conditions for different contraction. We can verify that both conditions (a) and (b)
are independent with the help of following examples.
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Example 3.2. Let Q = {1 :m e N}U{0}} and a,, = ﬁ V' m € NU{0}, then {an}
converges to u*. Define a: 0 x  — [0,00) as

max{l LV ifa#0andb#0

a’b
ala,b) = %H} if either a =0 or b =0,
1if a=0=b.

Since a(m, Ami1) = « (#ﬂ? #—%) =m+3>1 for allm € NU{0},

and « (ﬁ,()) =m+2 > 1 for all m € NU {0}, therefore, the condition (iii)(b) of
Theorem 3.2 is satisfied but limy, o0 (A, u*) = limy, 00 (M + 2) = 00,, which means that
(iii)(a) is not satisfied.

Example 3.3. Let Q= {1 :m e N}U{0}. Leta,, = #H for allm € NU{0}, then {anm}

converges to u*. Define a: 2 x Q — [0,00) as

max{l,% ifa#0andb#0

a

ala,b) = ﬁ if either a =0 or b =0,
1ifa=0=b
Since atm, amy1) = & (#—M’ ﬁﬁ) =m+3>1 forallm e NU{0} and « (ﬁ,0> =
2m-+44
2m—+5"
Therefore

. * . 2m+4
lim a(ap,,v*) = lim =

So, condition (4ii)(a) of Theorem 3.2 is satisfied but in this scenario is obviously not meeting
the requirement of condition (iii)(b).

4. Application

In this section, we apply our main results for the existence of the solution of certain
integral equations.

Definition 4.1. Consider a complete metric space (2,d), where Q is a non-empty set and
S a non-empty subset of Q. A mapping D : S — CL(Q) is said to be an a-F-contractive
mapping if for a function a: S x S — [0,00), an F-mapping and £ > 0, the following
conditions are satisfied:

(i): DanS # ¢ forallacS.

(ii): For each ay,as € S, we have

k+ F(a(a1,a2)H(Da; NS, Das N S)) < F(M(aq,as2)), (4.1)

where min{oz(al7 az)H(Da; N S, Das N S)), M(al,ag)} > 0, and

d((ll, Da1 n S) + d(ag,Dag n S) d(al,DaQ n S) + d(ag, Dal N S)

M(ay,a2) = max{d(al,ag), ) 5

Here, we give existence theorem for Volterra-type integral equation. For this, assume
that Q2 = C([0, 1], R) and S be a nonempty set of  such that S = C([0, 1], R4) be the space
of all continuous real valued functions on [0,1]. Consider a complete metric space Q@ with

d(a,b) = sup |a(t) — b(t)|. Consider the Volterra-type integral inclusion as
te(0,1]

a(t) = /Ot N(t,s,a(s))ds+ f(t), for all t,s € [0, 1], (4.2)

}
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along with the continuous functions f: [0,1] — R4 and N: [0,1] x [0,1] x R — R,. For
each a € C([0,1], R), the operator N (t,s,a(s)) is lower semi continuous. For the integral
equation as given above, we define a multivalued operator D: S — CL(Q) by as below:
D(a(t)) = {u € C[0,1,R) : u € [ N(t,s,a(s))ds + f(t),t € [0, 1]}. Let a € C([0,1], R),
and denote N, = N(¢,s,a(s)) for each t,s € [0,1]. Now for N,: [0,1] x [0,1] = P.,(Ry), by
Michael,s selection Theorem, there exists a continuous operator n,: [0,1] x [0,1] — R4 such
that ny(t,8) € Nu(t,s) for all t,s € [0,1]. This shows that fot ne(t, s)ds + f(t) € D(a(t)).
Thus the operator Da is nonempty, and operator Da is closed. If multi-valued operator D
has a fixed point, then Da = a.

Theorem 4.1. Let Q = C([0,1], R) and S be a nonempty set of Q such that S = C([0,1], Ry)
be the space of all continuous real valued functions on [0,1]. Let D: S — CL(Q) be a multi-
valued operator defined by as below: D(a(t)) = {u € C([0,1],R) : u € fot N(t,s,a(s))ds +
f(t),t € [0,1]}, with a continuous functions f:[0,1] — Ry and a multivalued function
N:[0,1] x [0,1] x R — P.,(Ry) are such that for each a € C([0,1],R), the operator
N(t,s,a(s)) is lower semi continuous. Suppose that the conditions given below are satis-

fied:

(1): there exists a continuous mapping p: S — [0,00). such that

(N(t,s,a(s)) = N(t,5,0(5))) < p(s)|a(s) — b(s))|
for each t,s € [0,1] and for all a,b € S;
(1): there ezists kK > 0 and a: S x S — [0,00) for each a,b € S, we have fo s)ds <
te|0,1];
Oé(a,b), [ ) }
(iii): there exists ap € S and a1 € DagN S with a(a,b) > 1;
(iv): ifa € S and b € Dan S such that a(a,b) > 1, then we have a(b,c) > 1 for each
ceDbNS;
(v): for any sequence a, — u as n — 0o and aan41,an) > 1 for each n € N, we have
a(an,u) > 1 for each n € N;

Then Volterra-type integral inclusion has a solution.

Proof. We show that the operator D satisfy all conditions of Theorem (3.1). To see (2),
let a, b e S such that v € DanN S, then we have n,(t,s) € Ny(t,s) for all ¢,s € [0,1] such
that u(t fo (t,s)ds + f(t), and on the other hand, from hypothesis (i), it ensures that
there ex1sts u(t, s) € Ny(t, s) such that |n.(t,s) — v(t,s)] < p(s)|a(s) — b(s)| for all ¢, s €
[0,1]anda € S. Consider the multivalued operator D; defined as: D1 (t,s) = Np(t,s) N{w €
R : |ng(t, s) —w| < p(s)|a(s) — b(s)|}, for all t,s € [0,1] and a € S.

Since the operator D is lower semi continuous, so there exists a mapping ng: [0, 1] X
[0 1] — Ry such that ny (¢, s) € Di(¢, s) for all ¢, s € [0, 1]. Thus, we get r(t) = fg ny(t, s)ds+

Gfo (t,s)ds + f(t), for all ¢, s € [0,1] and we have

u(t) = ()] < (/0 na(t, s) = np(t, s)|ds) < (/0 p(s)la(s) — b(s)|ds)

IN

(s Jo(t) =50 [ 51ds) < dta.0) [ p(s)as)

te[0,1]

< e’
~ afa,b)

Consequently, we have a(a, b)d(u,r) < e "d(a,b).
Now, if we replace the role of a and b, we get that «(a, b)H(Da, Db) < e~ *d(a, b)for alla,b €

d(a,b) for all t,s € [0,1]
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S, whenever min {a(a,b)H(DanN S,DbNS)), M(a,b)} > 0. As the natural logarithm be-
longs to Y, applying it on above inequality and doing some simplification, we have k +
In(a(a,b)H(Da, Db)) < In(d(a,b)) for all a,b € S. So, D is an a-F-contractive mapping
and F'(a) =Ina;a > 0. In this way, Theorem’s(3.1) all conditions follows from hypothesis.

Hence the mapping D has a fixed point and integral inclusion has a solution.
|

5. Conclusion

Wardowski [28] gave the idea of F-contraction and proved some fixed point results.
These results generalizes the conventional Banach contraction principle. Following War-
dowski many authors contributed a lot towards the fixed point theory[14, 27]. In [5] Ali et
al. introduced a new approach of («, 1)-contractive non self multivalued mappings. Combin-
ing these approaches ([5],[28]) a new notion of a -F nonself multivalued mappings has been
introduced in this article. Using new concept we established Theorem 3.1. By relaxing con-
dition (iii) in Theorem 3.1 a new fixed point Theorem 3.2 is proved as well. These theorems
together with the endorsing examples can be a good contributions towards fixed point theory.
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