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PROJECTION SUBGRADIENT ALGORITHMS FOR SOLVING
PSEUDOMONOTONE VARIATIONAL INEQUALITIES AND
PSEUDOMONOTONE EQUILIBRIUM PROBLEMS

Wenping Guo®, Youli Yu?, Zhichuan Zhu?®

In this paper, we investigate pseudomonotone variational inequalities and pseu-
domonotone equilibrium problems in Hilbert spaces. We present a projection subgradient
algorithm with self-adaptive technique for finding a common solution of pseudomono-
tone wvariational inequalities and pseudomonotone equilibrium problems. The proof of
the strong convergence theorem is additionally established under some mild conditions
on the operators and parameters.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a
nonempty closed convex subset of H. Let ¢ : C — C be a nonlinear operator. Recall that
the variational inequality problem (VI) is to seek a point @ € C such that

(¢p(@),u —a) >0, Yu € H. (1)

The solution set of VI (1) is denoted by VI(C, ¢).
VI (1) is said to be pseudomonotone variational inequality if ¢ is pseudomonotone on C,
ie.,

(p(it),u — @) > 0= ((u),u—a) >0, Yu,a € C.

Theories and numerical iterative methods have been proposed, adopted and extended broadly
as algorithmic solutions to the notion of variational inequalities. This concept, that mainly
relates to many important operators, plays a critical role in sciences and engineering, such
as fixed point problems ([7, 11, 18, 23, 26, 33]), optimization problems ([4, 28]), obstacle
problems, as a unified framework for the study of a large number of significant real-word
problems. For more information, please refer to [2, 27, 29, 31, 34, 35, 40]. Among them, the
basic methods for solving (1) are projection method ([1]), proximal point method ([5, 14, 17]),
extragradient method ([3, 13, 21]), Tikhonov regularization method, hybrid method ([6]) and
subgradient method ([32]). Especially, in order to relax the constraints added on operator
¢, self-adaptive technique is used without knowing the Lipschitz constant of the operator ¢
in advance, see [1].
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Let ¢ : C x C' — R be a bifunction. Recall that the equilibrium problem (EP) is to
seek a point u! € C such that
o(uf,u) >0, Yu e C. (2)
The solution set of VI (1) is denoted by EP(C, ¢).
EP (2) is said to be pseudomonotone equilibrium problem if ¢ is pseudomonotone on C, i.e.,

oul,u) > 0= p(u,u’) <0, Yul,u e C.

Theories and methods of equilibrium problems offer a powerful tool for studying a large
number of nonlinear problems, such as optimization problems ([8, 44]), variational inequality
problems ([30, 39, 41]), complementarity problems, minimax inequality problems ([12]), and
fixed point problems ([19, 20, 25, 36]). The most approaches to the equilibrium problem
are relied on the resolvent of equilibrium bifunction ([16, 22]) in which a strongly monotone
regularization problem is solved at each iterative step. Iterative algorithms for solving (2)
have been presented and developed in the literature, see, for instance ([9, 24, 37, 38, 42]).
Motivated and inspired by the work in this field, the main purpose of this paper is
to investigate pseudomonotone variational inequality (1) and pseudomonotone equilibrium
problem (2) in Hilbert spaces. We suggest a projection subgradient algorithm with self-
adaptive technique for finding a common solution of pseudomonotone variational inequality
(1) and pseudomonotone equilibrium problem (2). Under some mild conditions on the
operators and parameters, strong convergence result of the proposed algorithm is shown.

2. Notations and Lemmas

Let C' be a nonempty convex and closed subset of a real Hilbert space H. — means the
weak convergence and — means the strong convergence. Use w,,(p*) to denote the set of all
weak cluster points of the sequence {u*}, i.e., wy, (u¥) = {ul : I{u*} c {u*} such that uk: —
ul asi — oco}.

For any =" € H, there exists a unique point projc[z] € C such that

ot = projelal]l < llo — a'|l, va € C.
It is known that projc satisfies the following inequality

lprojelv] — projelvt|2 < (projelv’] — projefvt], ¢* — vf), ¥, o' € H. (3)
Furthermore,

(v* —projcv*], vl — projcv*]) <0, Vo* € H,v' € C. (4)
Let ¢ : C' — C be an operator. ¢ is said to be L-Lipschitz if
l¢(w) = ¢(uh)|| < Llju — ', Yu,u' € C,

where L > 0 is a constant.

Let ¢ : C x C — R be a bi-function. ¢ is said to be jointly sequently weakly
continuous, if there exist two sequence {u*} C C and {v*} C C satisfying u*¥ — u and
vP — of then (u*, vF) = @(uf,vl).

Let f : C — (—o00,400] be a proper, lower semicontinuous and convex function.
Then, the subdifferential df of f is defined by

of(w) == {vt € H: f(u) + (', ul —u) < f(u'),vul € C} (5)

for each u € C.

It is well known that u' is a solution of the optimization problem min,cc f(u) if and
only if 0 € 0f(uf) + Neo(ul), where N¢(uf) stands for the normal cone of C' at uf defined
by No(u') ={w € H : (w,u —ul) <0,vYu € C}.
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Let ¢ : CxC — R be a bi-function. In what follows, assume that ¢ satisfies conditions

(BF1)-(BF4) below

(BF1): p(u',u’) =0 for all u' € C;

(BF2): ¢ is pseudomonotone on EP(C, ¢);

(BF3): ¢ is jointly sequently weakly continuous on C x C;
(BF4): ¢(uf,-) is convex and subdifferentiable for all uf € C.

Lemma 2.1 ([16]). Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let p: C x C — R be a bifunction satisfying the conditions (BF1)-(BF}). Let {wy} be a
sequence satisfying wy, € [w, | C (0,1],Vk > 0. For given v¥ € C, set

1
y* = arg min {gp(vk,uf) + " - uT||2}.
uteC 20},

If v* is bounded, then y* is bounded.

Lemma 2.2 ([43]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let
¢: C x C — R be a bifunction satisfying the conditions (BF1)-(BF4). Let {u*} and {v*} be
two sequences in C. Assume that u* — 4 € C and v* — © € C. Then, for any € > 0, there
exist n > 0 and a positive integer Ny such that

Dap(vF, uk) C Dap(, ) + %B,Vk > No,

where B := {z € H|||z| < 1}.

Lemma 2.3 ([10]). Let C be a nonempty closed convex subset of a real Hilbert space H.
Let ¢ : C — C be a continuous and pseudomonotone operator. Then xt € VI(C,¢) iff o
solves the following variational inequality

(p(uh),ul — 2ty >0, vul € H.

Lemma 2.4 ([15]). Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let {2*} be a sequence in H and p' be a fized point in H. Assume that w,(z*) C C and
|z* — pt|| < |lprojclpt] — ptl|, ¥k > 0. Then 2% — projc[p'].

3. Main results

In this section, we present our iterative algorithm for finding a common solution of
pseudomonotone variational inequality (1) and pseudomonotone equilibrium problem (2).
Consequently, we show the convergence of the proposed algorithm.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let the operator

¢ be pseudomonotone on H, weakly sequentially continuous and L-Lipschitz continuous on
C. Let ¢ : C x C — R be a function satisfying the conditions (BF1)-(BF4). Assume that
Q:=VIC,)NEP(C,¢) # 0. Let o € (0,1), 7 € (0,1), 6 € (0,2), § € (0,1) and 5 € (0,1)
be five constants. Let {wy} C (0,1), {sx} € (0,1) and {8} C (0,2) be three real number
sequences satisfying the following conditions:
(C1): @y, € [wo, 1] with 0 < wp < 1,VEk > 0;
(C2): 0 < liminf, o B < limsup,,_, . Bk < 2;
(C3): 0 < liminfy oo ¢ < limsup,_, sk < 1.

Next, we present our iterative algorithm.
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Algorithm 3.1. Let 2° be a fized point in H. Set C; = C and compute x* = projc, [2°].
Set k= 0.
Step 1. Calculate

w* = projela® — or"¢(a*)], (6)

where n = min{0,1,2,3,---} and satisfies

o[ ¢(z") — ¢(w")|| < Olla® — w]], (7)
Set ™" = 13,. If w* = 2%, then set v* = 2* and go to Step 3. Otherwise, compute
, tr
of = projo[a* — 6(1 - 0)=" - MHQW}’ (8)

where t* = 2% — w* + ompp(wh).

Step 2. Compute
1
k _ . kot k 12
= arg min V", + VY — . 9
Y gyTGC{QD( y') B k” y|} (9)
Find the smallest positive integer m such that

(25 yF) + —|loF — ¥ <0, (10)

2wk
where
M= (1= ™)k Tyt (11)

Set ™ = and 2*™ = 2* and calculate

k .k
o [projo ot + FLELY) k] g g g o0k by,
u

= (1= ce) [l (12)
vk, 0 € Orp(2F, 2%),
where YF € Dyp(2*, 2%).
Step 3. Calculate
Cipr = {ul € Gy : lu* — ul| < [l — uf|]}, (13)
and
il = Projc.., [2°]. (14)
Step 4. Set k:=k+ 1 and return to Step 1.
Proposition 3.1. We have the following statements:
(i) There exists n such that (7) holds and 0 < 2% < 7, < 1,k > 0.
(ii) If wk = 2%, then wk € VI(C,¢). If wk # 2, then t* # 0.
(iii) For each u' € C, we have (see [16, 43])
1
Pt ul) 2 (vt y") + —(0F =yt ul =), (15)

(iv) There exists m such that (10) holds. In this case, ¢(z¥,y*) < 0 when 2 # y*.

Proof. (i) By the L-Lipschitz continuity of ¢, o7"||¢(z*) — ¢(w¥)|| < o™ L||z* —w¥||. Then,
we can choose n such that o7 L < 6, ie., 7" < %. If n =0, then 7, = 1. If n > 0, then
% < T < 1.

(ii) If projc[z* — omee(2¥)] = 2*, then w* € VI(C, ¢) due to the property (4) of projc.
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Take 2z € Q. Since w* € C and z* € C, (p(21),w* —2T) > 0 and (¢(21), 2% — 2T) > 0. With
the help of the pseudomonotonicity of ¢, we deduce

(p(w"),w” —2%) >0, (16)

and

According to (4) and (6), we obtain
(x¥ — o p(aF) — wh wh — 2T) > 0. (18)
Owing to (16)-(18), we obtain

(%, 2% — 21y = (2% — P — ompd(aF), 2F — ) + o (p(ah), 2F — 21

+ omp(p(wh), 2% — wh) + o (P(wk), wh — 2T)

> (zF — wh — ompe(ah), 2 — 21 + o (B (w®), 2F — wh)

= (2% —w* —om(¢(a") — p(w")), 2" — w)
+ (2% —wh — o p(a®), wh — 2T) (19)

> (2% — Wb — o (p(a®) — p(wh)), 2 — wh)

> [|o* — wb|? — omllg(a®) — bl — ]|

> (1= 0)|la* —w*|?

> 0.

So, t* £ 0.

(iv) If v¥ = ¢*, then 2* = y* and ¢(z*,y*) = 0. Thus, (10) holds and set m = 1. Suppose
that (10) is not satisfied when v* # y*. In this case, for any m > 1, we deduce

p(M™ Y ) + o —Ilv" = y*|* > 0. (20)

2wy,

Letting m — oo in (11), we obtain that z¥™ — v*. Hence, ¢(z%™,v*) — 0 and o(z%™, y*) —
©(v*,y*). This together with (20) implies that

1)
e(v*,y*) > *ank —yF 2 (21)

Setting 2T = v¥ in (15), we deduce

1
P, y*) < ——[lo" = "I, (22)

@
It follows from (21) and (22) that 0 < (Z- — 21ik)||fuk — 4*||? < 0 which implies that
v = yF. It is impossible. Therefore, the search rule (10) is well-defined. It is obvious that
P, 1) < — g [0 — 42 < 0 when oF 2 1. 0

Theorem 3.1. The sequence {z*} generated by (14) converges strongly to projo[z°].

Proof. Step 1. For any k, C}, is closed convex and the sequence {x*} is valid.
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We use induction to prove Q C Cy,Vk > 1. (1) Q C Cy is obvious. (ii) Suppose that
Q C C}, for some k € N. Pick up 2z € Q ¢ C. By (8), we obtain

tk
lv* = 2Y* < fla® = 2T = 5(1 = 0) 2" — w|? I?

gl
k _ ,.,k|2 k.. k4
= #1260 - gy~ Wl ||tkﬁl; e ar = oty 520 g2l ”tkﬁ; ”
which together with (19) implies that
2 — w|*
lo* = 2¥* < Jla® =27 — (2 = 6)6(1 — 0)* T
R (23)

< fla* 217,

Since 2T € EP(C,¢), ¢(zt,2%) > 0. Tt follows from the pseudomonotonicity of ¢ that
(2%, 2T) < 0. Owing to ¥* € da(2*, 2%) and ¢(2*,2%) = 0, by the subdifferential in-
equality, we have (2, 21) > (% 2t — 2F). Tt yields that (%, 2f — 2F) > —p(2* 21) > 0.
Then,

(WF,0F —2T) = (P 0f = 2F) 4 (gF, 28— 2T) > (W, 0f =25,
Observe that v% — 2% = - (2k —¢*) and ¢(2%,y%) > (p*,y* — 2*). Therefore,

T—ns
(wF ok —21) = < i’“nk Wk, 2F — gty > [_’7;ksa<zk7y’“>. (24)
By virtue of (12) and (24), we obtain
Ik — 2|2 < ’vk N skBrp(2F )1/) o ?
(=)o
= -+ B ot -+ B 25)
S e et
= o# = 211P - 2 - B SR G
Based on (23) and (25), we have
ot = 2117 <t = 2117 - - ot - g2 L
B2 - Bk) czso ( ") (26)

)2l 12

< fla* - 2T,

This implies that 2T € Cjy.

In the case of 0 € dap(2F, 2¥), we have u
Q C Cy for all k> 1.

It is obviously that Cy(Vk > 1) is closed convex. Therefore, the sequence {z*} is

M =" and [[u¥ — p|| < ||lz* — p||. Thus,

valid.
Step 2. [|z**! — zF|| = 0, |w® — 2F| — 0, ||v* — 2¥|| = 0 and ||u* — | — 0.
Thanks to (14), we have

l* = 2®l < [la® — ull, Yu € Cy, (27)
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which implies that {z*} is bounded. Then {v*} and {u*} are bounded. By Lemma 2.1,
{y*} is bounded. So, {z*} is bounded. Applying Lemma 2.2, {1/*} is bounded.
Noting that z* = projc, [2°] and 2%+ € Cy, from (4), we have

(xF — 20 2k —2F 1y <o,
It follows that
2% — 252 = 2>k — 20, 2% — 25 4 [ — 2P| — (2 — o2 o
< Jla® = a2 — 2 — 22
In (27), setting u = 2%+, we conclude that ||z*—2°|| < ||z¥+1—2°||. Therefore, limy_, o 2% —

20| exists. This together with (28) implies that
kli_}rgo |zF Tt — 2F|| = 0. (29)
According to (13) and noting that 2%+ € Oy, we get ||uf — 2*+1|| < ||2* — 2F*+1|. So,
lu — 2| < flu® — 2]+ [l = aF|| < 2t - ok,

Tt follows from (29) that

lim [Ju® — 2" = 0. (30)
k—o0
In the light of (26), we obtain
k k|14 2,2k ,k
27661702”m —’U)H +6k2fﬂk Ck(,O(Z,y)
(2= 000 = O e S S R
< la* = 2P — flu® = 2T
< b —aF (2% = 2T + u* = 2T])),
which implies that
et =P
1 = 1
R T T (31)
and
k .k
lim P (32)

koo (1 — op)[[9F]

According to the boundedness of {t*}, we deduce from (31) that

kli)nolo 2% —w®| = 0. (33)

From (8), we have
: t*
0% = H) = lroje [o* = 601 = O)la* — wH P s | = o
la* — w||?
<5(1-6)
[1£%]]

It results in that

li F_a¥| =o.

Jim [ =2t (34)
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By (12), we get
SkBre(2",y*)

k_ ok Lk k k
u” —v|| = ||projc |V + ———— 75 —v
[ | = llproj = gk)WkHQw [
SkBee(2*, y*)
(= ewlleE
This together with (32) implies that
Jim Ju® —o*]| = 0. (35)

Step 3. wy(z¥) C VI(C,¢) N EP(C, ).
By the boundedness of the sequence {z*}, there exists a subsequence {z*i} C {z*}
satisfying z% — p' € w,, (2*). First, we show p’ € VI(C, ). From (18), we have

(z% — o, p(ah) — whi wh — 2T) > 0,Val € C.

It leads to that

(p(aF), T — ¥y > (p(a), wh — M) + i<w’“ —at wh — 2k val e C. (36)
0Tk,
As a result of (33) and (36), we obtain
lim inf(p(x*), 2T — 2%) >0, Va' € C. (37)
71— 00

Let {¢;} a positive real numbers sequence satisfying lim;_, ., ¢; = 0. For each (j, there exists
the smallest positive integer k; such that

(p(a"), 2t —a) + ¢ >0, V) > ki. (38)
It is obvious that ¢ (2" ) # 0, otherwise 2" € VI(C,¢) and hence pt € VI(C,¢). Putting

k.
flahi) = ﬁ, we obtain (f(z"4), ¢(2"4)) = 1. Based on (38), we have
x 7

(p(z™3), 2t + ¢ f(a™a) — M) > 0.
Because of the pseudomonotonicity of ¢, we obtain
(o + Gf @), o + G fa*) —at) > 0.
It follows that
(0,0l —a0) = (o) — (et + G a)), ot + G f(am) — )
= (o(a"), G £ ("))
Owing to ¢(z") — ¢(p'), we have
lim nf | ¢(z")] = 6(p")I| > 0.
Thus,

lim [|¢; f ()| =
j—o0
This together with (39) implies that

(p(ah), 2" —p) > 0. (40)
Consequently, by Lemma 2.3, we conclude that pf € VI(C, ).
Next, we show p' € EP(C, ). By (10), we have

lim —9
5% Jlg(a™)]

s—lv* = y*|* < 0. (41)

k _k
(2" y )+2wk
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Case 1. limsup,_,.. M > 0. Without loss of generality, we assume that 1y, > g for some
1o > 0 when ¢ > Ny. By (32) and (41), we deduce

lim [|o* — ¥ = 0. (42)
1—> 00

Noting that v* — pf, by (42), we have y* — p' € C. By condition (C1), w) > wo, k > 0.
Since y*i solves (9), for any y! € C, we get
1 ) ) , )
g o™ =y P < et yh) + oo =y
) L (43)
< oo™,y + o[t =yl
™o

P Yk +

Letting ¢ — oo in (43), we obtain
1
0 <o y") + 5—Ip" —y'lI% vy € C. (44)
o

Therefore, pt € EP(C, ).
Case 2. limg_00o 7 = 0, i.e., limg_, oo n™ = 0. Without loss of generality, we assume
that y* — ¢ € C and @y, — p’ > 0. By the definition of y*, we have

1
ki ki ki _ o ki)|2 < ki ot ki _ o112 VT C.
p(v™,y )+2wk:|\v vl < elv 7y)+2wkillv y'lis, vyt e (45)
Letting ¢ — oo in (45), we derive
1 1
e(p',qh) + 2T)TllpT 4" < o', y") + 2T)TllpT —y'? v e (46)
Setting y' = p! in (46) to deduce
1
T+ —|p" —¢'|? <0. 47
@(p7q)+2pfllp q'|IF < (47)
By the search rule (10), we have
() 4 g > 0, (48)

Q’Wki
where
Zki,m—l _ (1 _ nm—l)vki +77m_1yk1‘ 4pT (Z N OO)
This together with (48) implies that
0
)+ = pt — |2 > 0. 49
@(p7q)+2pTllp q'|" = (49)
Taking into account (47) and (49), we deduce
1-9¢
0< ——p' —4f? <0
< 57 = a7 <0,
which implies that pf = ¢f. Therefore,
1
e’ yh) + 27TIIPT —y'?=0, v'ed,

which implies that pt € EP(C, ). So, wy(2¥) C VI(C,$) N EP(C, p).
Step 4. 2% — projo[x°].
(i) By (27), we have

la* = 2°l| < [l«° — projala®]].
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(ii) By Step 3, we have w,,(z*) C Q.
All assumptions of Lemma 2.4 are satisfied. It follows that 2% — projo[z°]. O
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