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THE COMPLEX STIFFNESS METHOD OF DAMPING FOR 

CONSTRAINED DAMPING STRUCTURE WITH A STAND-

OFF LAYER 

Wenjun ZHANG1, Dagang SUN2, Bijuan YAN3, Zhanlong LI4 

The stand-off layer can add the distance between the base layer and the 

damping layer and can increase the deformation of damping layer which enables the 

constrained damping structure with a stand-off layer (CDSWASL) to have a better 

damping effect than that of traditional constrained damping structure (TCDS). In 

this paper, the loss factor of (CDSWASL) is induced through the complex stiffness 

method (CSM), and is verified by FEM. The comparisons and contrasts of loss 

behavior are made between TCDS and CDSWASL for a cantilever damping beams 

to demonstrate that CDSWASL can exert a better damping effect than that of TCDS 

of the same size. At last, the effects of thickness and material of stand-off layer on 

loss factor of the structure are discussed: the thicker the stand-off layer is, the better 

CDSWASL damping effect will be; when the ratio of elastic modulus E2/E3=1000, 

the best damping effect of CDSWASL will be obtained. 

Key words: damping structure, stand-off layer, complex stiffness method, loss 

factor 1. Introduction 

1. Introduction  

Constrained damping structure with a stand-off layer (CDSWASL) is 

constructed by adding a stand-off layer between base layer and damping layer of 

conventional constrained damping structure, and the material property of the 

stand-off layer is between damping layer material’s and base layer material’s. The 

structure is shown in Fig.1. For the similar lever-enlargement function of the 

stand-off layer which increasing damping layer’s shear deformation and the better 

damping ability itself, the energy dissipation effect and the rigidity of the whole 

structure can be improved. Some scholars have done research on CDSWASL: 

Jessica M. Yellin et al. [1] built a passive constrained four-layer beam model. 
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They gave the kinematic equations and verified the results by related tests. Based 

on FEM and ANSYS, Zhaoyou Wei et al. [2] built a constrained damping beam 

with a slot stand-off layer and made modal analysis. Huirong Shi et al. [3] 

optimized the design of constrained damping beam with a stand-off layer under 

the help of FEM. They analyzed and compared the vibration characteristics 

between continuous and discontinuous constrained layer. A.W.v Vuure et al. [4] 

adopted strain energy method to predict the damping effect of multilayer 

structure. When each layer’s material loss factor is known, they could predict the 

multilayer damping effect by computing the distribution of stain energy with 

ANSYS. Sanjiv Kumar et al. [5] gave the kinematics equations of constrained 

damping structure with an active stand-off layer by using Hamilton principle and 

FEM. Caiyou Zhao et al. [6] applied the stand-off layer to train tracks damping. 

They built a constrained damping structure model which including a slot stand-off 

layer and carried out related test. By using simple proportional feedback control 

strategy, they gave out the numerical solution of complex eigenvalue for 

kinematics equations.  

At present, the methods that are used to solve the structural loss factor are 

mainly numerical method and FEM. Complex stiffness method (CSM), as a 

relatively simple and practical numerical analysis method, aroused the concern of 

some researchers. Tso-Liang teng et al. [7] used the complex stiffness method to 

analyze and calculate the loss factor of three layers damping laminated beam. 

Denys J. Mead [8] measured the loss factor of beams and plates with constrained 

or unconstrained damping layers by using CSM. He regarded the CSM as a 

critical method to assess the damping effect of a structure. Graig Allen Gsllimore 

[9] computed the loss factor of the constrained damping device used in the small 

scale aircraft landing gearing system by CSM and verified the results through 

experiment. M. L. Aenlle et al. [10] calculated the loss factor of the laminated 

glass damping structure by CSM and analyzed the effective thickness of 

laminated glass. 

Based on CSM, the formula to calculate the loss factor of CDSWASL is 

deduced and the influence of geometry, material parameters and laying position 

for stand-off layer on the loss factor is discussed in the paper. 

 

Constrained layer

Damping  layer

Stand-off layer

Base layer

 
 

Fig.1 Constrained damping beams with a stand-off layer 
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2 Theoretical model 

2.1 Calculation of complex stiffness for CDSWASL 

In the paper, taking constrained damping beam with a stand-off layer as an 

example, the equation to calculate the complex stiffness for CDSWASL would be 

deduced. The rectangular coordinate system is set up in Fig 2a. Now, a micro unit 

of CDSWASL is cut out for analyzing. The deformation of micro unit is showed 

in Fig 2b. In Fig. 2b, α is the shear angle of constrained layer and base layer, β is 

the shear angle of stand-off layer and γ is the shear angle of damping layer. Hi （

i=1,2,3,4） is the thickness of base layer, stand-off layer, damping layer and 

constrained layer respectively. 
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            a) The micro unit of CDBWATL             b) The deformation of micro unit for CDBWATL 

 

Fig.2 The micro-unit deformation of CDSWASL 

 

The motion differential equation of CDBWATL is showed in the 

following: 
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where B* is the complex bending stiffness of CDBWATL, which can be obtained 

by the bending moment M. The M can be calculated by the following equation. 
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where Mii is i layer’s bending moment which generated by i layer relative to its 

neutral surface. Let Ki
* be the complex tensile stiffness of i layer, Mii can be 

written as the follows respectively. 
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where Hi0 is the distance from the neutral plane of i layer to the neutral plane of 

the whole damping beam which can be seen as 0-0 plane in Fig. 3. Fi is the pure 

tensile force of i layer respectively, and its expression can be written as the 

follows. 
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From Fig. 3, the follows can be draw. 
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To the bending vibration of CDBWATL, according to
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neutral surface position D can be obtained. 
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Fig.3 Neutral plane of each layer                   Fig.4 The schematic of shear force balance 

 

When putting Eq. (3), (4), (6) into Eq. (2), the complex stiffness B*of 

CDSWASL can be obtained. 
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By analyzing Eq. (7), it can be seen that there exists relation between the 

value of complex stiffness B* and the shear angle







and








which belong to 

stand-off layer and base layer and damping layer and stand-off layer respectively.  

For the shear force balance showed in Fig. 4, the follows can be obtained. 
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where G2
* is the shear parameter of stand-off layer while G3

* is the damping 

layer’s. 

Assuming γ changing like the sine, the following equations can be drawn. 
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where p is wave number.  

The equation 
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When substituting Eq. (4) into (8) and making it equal to Eq. (9), the 

following equation can be drawn. 
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For the sinusoidal changes of γ and α, the equation 
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obtained and the following equation can be drawn. 



The complex stiffness method of damping […] damping structure with a stand-off layer    257 

41
* *

3 3
2 32 * *

4 2

41
* *

2 2
3 22 * *

4 3

H D

G G
H H

p K G

H D

G G
H H

p K G













 





 

    (11) 

 

Substituting Eq. (10) into (6), the following equation can be deduced. 
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here, p is the wave number, and it can be calculated by the following equation [9]. 
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where ξn is n-order damping ratio, ωn is n-order modal frequency, and Cn 

is Rao correction factor [11]. The Cn specific value can be seen in table 1. 

 
Table 1.  

The Rao correction factors 

The boundary conditions Mode 1 Mode 2 and so on  

Clamped on both ends  1                   1 

Fixed on both ends 1.4 1 

One end fixed and one end simply supported 1 1 

One end fixed and one end free 0.9 1 

Both ends free  1 1 
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When substituting Eq. (12) into (11), Eq. (11) can be changed into the 

following. 
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For * *

3 1K K , *

3K can be ignored and omitted. Eq. (11) and (12) would be 

changed into the following forms. 
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Substituting Eq. (14) (15) into (7), the complex stiffness of can be drawn. 
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2.2 Calculation of structural loss factor 

 

Using equation (16), the loss factor of CDSWASL can be obtained by the 

follows 
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3. Model validation 

In order to verify the correctness of Eq. (17), the following CDSWASL 

model is built. The parameters are: L=0.3m, b=0.04m, H1=0.005m, 

E1=207×109pa, µ1=0.3, ρ1=7850kg/m3; H2=0.0025m, G2= 5.28×108(1+0.3825i)pa, 

µ2=0.35, ρ2=1500kg/m3; H3=0.003m, G3=2.615×105 (1+0.9683i)pa, µ3=0.49, 

ρ3=999kg/m3; H4=0.005m, E1=207×109pa, µ4=0.3, ρ1=7850kg/m3.  
Table.2  

The comparison between CSM and FEM 

 Loss factor  

Mode  CSM  FEM Error % 

1 0.1809 0.2025 8.2% 

2 0.0905 0.0985 8.8% 

3 0.0681 0.0755 7.9% 

4 0.0613 0.0721 9.3% 

 

Using CSM and FEM to calculate the structural loss factor respectively, 

the results are shown in table 2. 
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From table 2, it can be seen that the errors between the results computing 

by CSM and FEM are less than 10%. So, it is reliable for using CSM to compute 

the structural loss factor. 

4. The comparison between CDSWASL and TCDS 

The properties of the cantilever beam are: L=0.15m, b=0.1175m, H1= 

0.00229m, E1=72×109pa, µ1=0.3, ρ1=2850kg/m3, H3=0.002767m, G3=1×105(1+i) 

pa, µ3=0.45, ρ3=999kg/m3, H4=0.000127m, E4=207×109pa, µ4=0.3, ρ4=7850 

kg/m3.  

Taking the following three models to compared: 1) TCDS. The damping 

layer thickness is: H3=0.002767m; 2) TCDS. Increasing the damping layer 

thickness, the thickness of damping layer is: H3=0.003767; 3) CDSWASL. 

Adding a stand-off layer between base layer and damping layer, the parameters of 

stand-off layer are: H2=0.001m, G2=5×108(1+0.38i)pa. 
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Fig.5 The comparison of loss factor between CDSWASL and TCDS 

The comparison curves of loss factor for three models are shown in Fig. 5. 

From Fig. 5, it can be seen that the loss factor of model 3 is significantly higher 

than that of model 1. The reason is that the stand-off layer can lever the 

deformation of damping layer to make the model 3 have a better damping effect 

than model 1. Additionally, it also can be seen that the loss factor of model 3 is 

significantly higher than that of model 2 except the low frequency phase, which 

means the deformation of damping layer increasing in model 3 by the levering 

effect of stand-off layer is more than that in model 2 by adding the thickness of 

damping layer. Through the analysis above, the conclusion can be drawn that: the 

damping effect can be improved by increasing the damping layer thickness or 

adding stand-off layer between base layer and damping layer. In contrast to 
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increasing the damping layer thickness to improve the damping effect, adding 

stand-off layer is the better way for it not only increasing the shear deformation of 

damping layer more to improve the structural damping effect but also improving 

the whole structural stiffness. 

5. Parameters analysis of stand-off layer 

5.1 Material properties of stand-off layer 

The parameters of the cantilever model are the follows: L=0.15m, 

b=0.00175m, H1=0.00229m, ρ1=7850kg/m3, E1=207×109pa, H2=0.001m, H3= 

0.002767m, G3=105×(1+0.9i)pa, H4=0.000203m, E4=207×109pa, ρ4=7850 kg/m3. 

Since the deformation of damping layer is mainly shear deformation in 

constrained damping structure, the size of the structural loss factor is related to the 

shear deformation of the damping layer. After adding the stand-off layer, the 

stand-off layer can increase the deformation of damping layer and improve the 

damping effect when the structure deforming. When using four types material 

which having different shear modulus and loss factor as the stand-off layer 

respectively, the structural loss factors change trends can be seen in Fig. 6. 

From Fig. 6, it can be seen that there exist the following relations between 

the structural loss factor and shear modulus and loss factor of the material for 

stand-off layer. 

(1) When material of stand-off layer is relatively soft (E2/E3<1000), the 

material properties of stand-off layer and damping layer almost are the same, and 

the located stand-off layer is only added the thickness of damping layer, so the 

material of stand-off layer has little effect on structural loss factor. 

(2) When material of stand-off layer is relatively hard (E2/E3>1000), the 

loss factor of stand-off layer has a greater impact on structural loss factor. 

i) If the loss factor of stand-off layer is small such as β=0.0125 and 

β=0.0312, the structural loss factor would decrease with the shear modulus of 

stand-off layer increasing. The reason is: when the material of stand-off layer has 

a very small loss factor and enough hard shear modulus, its material property 

approximates to that of metal material, so the effect of stand-off layer is only to 

increase the stiffness of base layer which make the deformation of damping layer 

decease. 

ii) If the loss factor of stand-off layer is large such as β=0.531 or β=0.824, 

the loss factor of the structure would increase and then decrease with the 

increasing of the shear modulus of material. The reason why occurs above trends 

is that: when the stand-off layer has a higher loss factor and enough shear 

modulus, its lever effect can reach the best. But with the shear modulus increasing 

further, the lever effect would decrease. 



262                          Wenjun Zhang, Dagang Sun, Bijuan Yan, Zhanglong Li 

From analysis above, it can be drawn that the ideal stand-off layer material 

should have an infinite shear modulus, an infinitely small flexural modulus and as 

a large loss factor as possible. However, to actual material for the general, the 

relations between elastic modulus and loss factor is that the greater the elastic 

modulus is, the smaller the loss factor is. For examples, the material of base layer 

generally has large elastic modulus and negligible loss factor while the material of 

damping layer generally has small elastic modulus and large loss factor. 

Additionally, it also can be drawn from Fig. 6 that, to make the structural loss 

factor changing obviously, the elastic modulus of stand-off layer material should 

be at 1000 times of the elastic modulus of damping layer, and the loss factor of 

stand-off layer material should be larger as possible. 
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Fig.6 Influence of stand-off layer material on the loss factor 
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5.2 The thickness analyzing of stand-off layer 

The thickness of stand-off layer is 0.001m, 0.002m, 0.003m and 0.004m 

respectively. The shear modulus of stand-off layer is 5×107(1+0.6i). The relation 

between the thickness of stand-off layer and structural loss factor is showed in 

Fig. 7. From Fig. 7, it can be seen that, with the thickness increasing of stand-off 

layer, the model loss factor of structure would increase obviously. The reason is 

that, with the thickness of stand-off layer increasing, the distance between base 

layer and damping layer is expanded. So, the lever effect of the stand-off layer is 

more obvious than before. So, under the premise of satisfying the structural size 

and quality constraint, the structural loss factor can be increased by increasing the 

thickness of stand-off layer. 
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Fig.7 The influence on structure loss factor for the thickness parameter of stand-off damping layer 

6. Conclusion 

Based on the complex stiffness method, the loss factor of CDSWASL is 

derived in the paper. Through contrast to add the thickness of damping layer to 

improve the structure damping effect, the CDSWASL is the more effective way 

for it not only increasing the shear deformation of damping layer to improve the 

structural damping effect but also improving the whole structural stiffness. By the 

parameter analysis of stand-off layer, the following conclusion can be drawn. 

(1) The material of stand-off layer can play a great role on the structure 

damping effect. When the ratio of elastic modulus between the stand-off layer and 

damping layer is at 1000 and the stand-off layer material has a certain loss factor, 

the best structure damping effect can be obtained. 

(2) The thickness of stand-off layer also has a great impact on the structure 

damping effect. The thicker stand-off layer is, the greater levering effect it can 
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play to increasing the deformation of damping layer. So, on the premise of 

satisfying the structural size and quality constraint, the structure damping effect 

can have improved by increasing the thickness of stand-off layer. 
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