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A CLASS OF CONCAVE OPERATORS AND RELATED
OPTIMIZATION

Octav OLTEANU?, Janina Mihaela MIHAILA?

Using minimum principle for concave functions, we prove a related
constrained inequality, firstly for finite sums. The case of infinite sums is deduced
from the previously mentioned inequality, passing to the limit. In the end, a similar
result for a class of concave operators taking values in the positive cone of a
special space of self-adjoint operators is discussed. Two related types of examples
are given.
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1. Introduction

The importance of the notion of an extreme point of a convex subset, of
Carathéodory’s and Krein-Milman theorems, finding the maximum point(s) of a
real convex continuous function on such a subset and applications can be found in
[1]. Generalizations to concave (or convex) operators can be got by means of the
background contained in [2], [3]. Various further applications and/or
generalizations are contained in [4]-[12] and references there. The proof of
Carathéodory’s theorem can be found in [1]. From optimization viewpoint, a main
result is the maximum principle for convex continuous real functions f on a
convex compact finite dimensional set K. It says that the maximum is attained at
an extreme point of K. In the case of finite dimensional closed convex unbounded
subsets A, a similar result remains valid for a convex continuous real function on
A, provided that the set Ex(4) of all extreme points is not empty, and the
maximum of f on A4 is attained at some point(s) of 4. Due to Krein-Milman
theorem, for a convex compact subset K of an arbitrary (Hausdorff) locally
convex space and f: K — IR convex and continuous, we have

sup f(x)= sup f(e)
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Applications of Krein-Milman theorem to the moment problem can be found in
[9]. For optimization related to the moment problem see [8], [10]. Of course, to
any maximum principle for convex functions there is a corresponding minimum
principle for concave functions. The main purpose of the present work is to prove
a constrained inequality related to an infinite sum of concave operators. Some of
the results mentioned above are applied. The rest of the paper is organized as
follows. In Section 2, the first aim is to apply the minimum principle for special
concave continuous real functions on finite dimensional simplexes, in order to
prove inequalities for such functions. Passing to the limit, from these inequalities
one derives similar statements for infinite sums of special concave functions. Two
classes of examples are pointed out. Section 3 presents an operatorial version of
the first result of section 2. Section 4 concludes the paper.

2. An inequality related to a special class of concave functions

Let n = 2 be a natural number, {ey,...,c,} © (0,c0), h: [1,00) = R, a concave
strictly increasing continuous function, such that k{1} =0, k{t] = 0,%t = 1.
hi1) =10,

Theorem 2.1. (a) For any {x,,...x,} c R,, E}?':lxj =M =0, the following
relation holds true:

ke

Z c;h(1+x,) = (min c}-) h(1+ M) (1)

lzj=n
=1

If & is strictly concave, then equality occurs in (1) if and only if there exists

jo €L ..,misuchthatx; = 0,7 € (1,...n\{phx;, =Mand¢; = min ¢,
==y

(b) Using the same notations und hypothesis, under the weaker constraint
"-yx; = M =0, for a strictly concave and strictly increasing function k, the

same relation (1) holds, and equality occurs in the same case as that mentioned at
point (a).
Proof. (a) Define the n — 1 dimensional simplex

n
57‘1—1,1"-'1' = {[xl.l'--.lxn:l S Rﬂj x}' E [:I_._jl = {:1.1 Jn}.lz x_;.‘ =M }
=1

This is a simplex of vertices e, = (M,0,...,0},...,e, = (0,0,..,0, M) (the set
Ex(S,_ 1) equals the set {ey,..,e,}). S,_iu is contained in the n—1
dimensional linear variety defined by

Voos = (e + Span{e;— ey € (1 NG
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forany j, € {1,...,n}. On the other hand, the function

glx)=glxy, .. x,)= Z ch(l+ %), xEK =5, 14y
=1
is concave and continuous, as a sum of n functions having these two properties.
Application of the minimum principle for g leads to

g(x) = min g[ejl = Inln (c h[1+M]) (imﬁ;';r;lcj)h[l + M)

1=7=

This proves the first assertion of the theorem. Assume now that A is strictly
concave. Then so is g. If equality occurs in the relation from above for

xEK \{ej-; jE {1,...,?1}}, then, due to Carathéodory’s theorem, there exist a
subset E; ={e,,..,e, Lk e{l,.,n} and {ay, ...} = (0,00) B8, & =

such that x = X, &, e;,- Now strict concavity of & and equality in the relatlon in
discussion yield

Gix) }i Eglie :l = (11?:121& gliej :l) (iaz) = 1%1£ﬂg[e )=

i=1 i=1

(mm £ )h[l + M) = gl(x),

1=7=n

which is a contradiction. This concludes the proof of (a). To prove (b), consider
the unbounded set

n
Ay = {I:xl,...Jxﬂ] ER™ x; =0,j€ 1,.. ,n}JZ x; =M } = Usn—l,M+s
=1

Application of the results of (a) leads to

mEi;IEll glxi=inf inf glx)= (mmc ) infh(l+M+z2) =

s20 B8 s Sisn =0
(mm c)h{l + M)
1=7<n

Observe that the minimum of g on the unbounded closed subset 4,; is attained at
one of the extreme points of 4,,;. Latter points are exactly the extreme points of
S,—1a The conclusion follows. m|
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Corollary 2.1. Letn = 2 be a natural number and
{Cj_.l L] Cﬂ_} - [I:I.l mj;}ﬂj E Oj_j = 11 v Ty E?:j_p}' = 1'

Then the following relation holds

Z c; .i.':rr,lzl + p}-:l = (1m_in c}-) n(2)
=1En
=1
where equality occurs if and only if p; = 0.7 €{L,...n\{}p;, =1, and

c; = minc; for some j; € 1,..,nn.
o 15}-5,”_ K

Corollary 2.2. Let & be a concave continuous strictly increasing function on
[1,00),(€,),=1 @ bounded sequence of positive numbers such that inf,., ¢, = 0.
Assume that 0 =< k(1+x) <=x,%x >0, h{1)= 0. Then for any convergent
series Xm—, x,, = M of nonnegative numbers, we have

Z e, hll+ x,) = (inf cn) A1+ M)

n=l

n=1
Proof. Observe the series in the left hand side of the above inequality is
convergent, because of

[ra] [l

Z c b1+ x,) = (mp cﬂ)z x, =M (Jmp cn) = o
nel nzl

n=1 n=1

For each nt = 2, from Theorem 2.1 we know that

_?=1 c; h[l + x}.:] = (m;ﬂ_ C_;-‘) h'[l + E_?=1 x}':l'

1=jzn

Passing through the limit over n — c&, one obtains

Z e hll+x,) = ﬂh_r}rgﬂ Z eh(l+x,) |= 1.11_1}29 (g@'&cj)h 1+ Zx}- =
n=1 7=1 7=1
(inf cn) R{1+ M)
nel
This concludes the proof. O

Theorem 2.2. Let h be a strictly increasing strictly concave continuous real
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function on [l,c2), such that h{1) =0, and the associated function
w = w- k{14 1/ s strictly increasing on ([0, o),
(@) Letn eN,n =2, {ey, ..., € (0,00),x; = 0,j € {1,...,n} be such that

%=q €;x; = M, Where M, > O is a given constant. Then we have

"

Mﬂ-

ZG--h[1+x-]E(minc-)-h 1+ —
i i 1zyzn 7 min c,
i=1 izjzn 4

and equality occurs if and only if x = (x,,..,x,) = (DJ ,DJ‘:’—T‘, D,J,D),
Jo
where ¢; = min, _;., ¢, and the non- null component(s) of x is (are) x; .

(b) If (¢, )4 is @ bounded sequence of positive numbers with inf,,., ¢, = 0,
assuming that A{1+ x) < x,%x >0, then for any sequence (x,),.; Of
nonnegative numbers such that the sum X, ¢, x,, = M € (0,00 we have

[l

z e hll+ x,) = (inf cn) Rl 1+

nel

inf c,
nezl

Proof. To prove (a), one repeats the idea of the proof of Theorem 2.1, where we
define the simplex

n=1

n
5?3—1 = {_’}.’ = Ii_'l.’ij... ,Iﬂj £ RB™, X =0,FjE {L Jﬂ},z __1C_i"x_i" = M,n }
IE

Then

Ex(S,_ 1) =1{eq...e, e, = (ﬂ:—:ﬂ aQ, ...JD)J By = (D, J':f';ﬂ);

kel

M
Gnlx) = Zc}. -h,lil + x}-jljx = (X, Xy E Sy = gnlzej:l =ch (1 + —H)J
=1 I
i=1.n

Due to concavity property of g, one has

M
min g,(x) = min g,(e;) = min cj.h(l N _ﬂ) _
[

HEL, 1=7=n 1=7=n i
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M’?ﬂ-
(min c-) “h| 1+ —
izjzm 1 mMin ¢,

1zjzn A

where the last inequality follows from the hypothesis on the function
1w = w- k(14 1)1 > 0, which was assumed to be strictly increasing. The last
assertion from (a) as well as that from (b), can be deduced in a similar way to the
proof of Theorems 2.1 and Corollary 2.2, also using what we have already
discussed of in the present proof. m|
Example 2.1.  All assumptions in the statement of Theorem 2.2 are valid in the
particular case when hit) = In(t), t > 0.

Example 2.2. The function A{t) =t* —1,t=00<p =<1 satisfies all
requirements of Theorem 2.2. Verifying these assertions is an elementary task.
Therefore, we shall omit the proof. In particular, Theorem 2.1 can be applied for
these functions.

Remark 2.1. The inequality of Theorem 2.2 point (a) remains valid under the

weaker constraints x; = 0,7 € {1,..,n}, X7, ¢, x; = M, =0,

The next result refers to some properties of the function
plu) =u-in(1+ 1/u),u > 0. The proof will be omitted because is very
elementary.

Proposition 2.1. (a) The function g is strictly increasing, strictly concave on
(0,c0), and the horizontal line of equation ¥ = 1 is an asymptote for the graph of
the function g at infinity.

b) The unique fixed point i & {0, co) of the function p is &t = — The
( q p a—1

function g is a contraction from
[1/(e—1),e0) to[1/(e—1),1) € [1/(e— 1), ce),

of contraction constant g (i) = g . Choosing uy = 1,1,,, = plu, ), m € N, we
have the following well-known relation controlling the rapidity of convergence
1, —*it

1
i = (1—In(2)),neEN

| <
e—1 1

Uy —

(c) Denote by Tt the collection of all functions : (0, co) = (0, ce], and let
S-S =poun, (p(u[xj] = u[x]l'n(l + ﬁ);x (0, DO:')

Then the unique fixed point of & is the constant function 1t = ﬁ
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(d) The unique self-adjoint operator 4 with the spectrum a(4) c {0, co)
which verifies the equality

A-lnf{r+4A =4
isd = Eiil :
(e) The convex cone of all strictly increasing, strictly concave continuous functions
from {0,ce) to itself, is closed with respect to the operation of composition of

functions. The set of all continuous strictly increasing strictly concave functions
from {0,ce) to itself, having a common fixed point, is convex and closed with
respect to composition of functions operation.

Similar results to (a)-(d) hold true for the function

gpl) =u((l1+ 1jwjP — 1) u=00<p <1
The unique fixed point of this function is 1, = 1/({2%# — 1) € (0,1). Observe

that
ploeu,lo pTlew, Tl

3. An operatorial variant

We start this section by recalling some known results on self-adjoint (linear)
operators acting on an arbitrary complex Hilbert space H. Let <2 be the real
vector space of self-adjoint operators from H to itself. Then <% is an ordered
vector space, endowed with the order relation defined by

UsVe<Uhh><<Vhh>vhe HUVEA
Unfortunately, for arbitrary &, ¥ € <4, the supremum supi{l,V} = U vV or/and
the infimum inf{U,V} = UA ¥ might not exist in <4. However, the following
main result holds true.

Theorem 3.1. Let (¥,J,., be a nondecreasing upper bounded sequence of
operators in <% Then there exists U =sup,.,¥, in < and
lim,,_, U, (k) — Ukl =0,k € H (U is the pointwise limit of the sequence
[Unjnzﬂ)'

The proof of this theorem can be found in [2]. Obviously, a similar conclusion
follows for decreasing bounded below sequences (i, ],,. Of elements of 4.
Remark 3.1. A converse of Theorem 3.1 holds true in a much more general setting
(its proof is obvious). Namely, let ¥ be an ordered vector space, which is also a
topological vector space such that the positive cone ¥, is topologically closed. If
(U, ).=0 S an increasing sequence in ¥ such that there exists
U =lim, . U, €Y, then there exists sup, ., U, and sup, ., U, = U.



172 Octav Olteanu, Janina Mihaela Mihaila

To avoid the fact that «f is not a vector lattice, as well as the non-
commutativeness of multiplication of elements from <4, for any 4 £ 4 one uses
the construction of the following space ¥ = ¥{4).
Theorem 3.2. Let
AEA Y, ={UEd AU =VALY =Y(A) =V € ¥; VU = UV, VYU €¥,}.
Then ¥ is a commutative (real) Banach algebra and an order-complete Banach
lattice, where
V| := sup{V, -V} = VvV ey
(1¥ | equals the positive square root of the positive self-adjoint operator ¥?).
The proof of Theorem 3.2 can be found in [3]. Having in mind these background-
type results and the above notations, we can prove the next main new theorem of
this work. In the sequel, for 4 € <4, the space ¥ = ¥{.4) will be that defined in
Theorem 3.2. For a continuous real function % on the spectrum a4} of an
operator 4 £ 4, we will denote also by & the mapping obtained from A& by means
of functional calculus attached to A.
Theorem 3.3. Let A=« be a positive operator, with the spectrum
a(A) c(0,00), (T,),.. a sequence of elements in ¥{.4) such that there exist
a, b €R 0= a< b, with the property that the spectrums a(T,) c [a, b] for all
n € N4{0}. Let & be a concave continuous increasing function on [1, c) such that
0= hil+x) <x,vxz=0h(1)=0hI=0,
and X;-;x, a convergent numerical series of positive terms. Denote
5= X7 x,. Suppose there exists L € (0, o) such that
|1+ v t) — A1+ u, )| = Llvy — u,|,9in,u,lc BVt € ald).
Then the following inequalities hold

Z T h(I+ x,4) = (mf Tn) R(I+54) = a- k(I + 54) € ¥,4(0) (2)

n=l
n=1

(f: H — H is the identity operator).
Proof. Observe the conditions on the spectrums of T, imply:

T, = f triET-ﬂ =t f r:JT,Ei.-ﬂ =gl vn € N[0} = I’J’i{ I =ale Y_,_H{D},
ne
(T, ) T, )

where Ej; is the (positive) spectral measure attached to the self-adjoint operator
eY. Similarly, we have T, = &F for all natural numbers = =1, hence
sup, .1 T,, = I € ¥,. On the other hand, we have

h(I+ x,4) = fh{1+xﬂtjdE = fxnrdEﬂ=

Al el[4)
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x f tdE, =x, An=1neN

n
el A)
Consequently, also using Theorem 3.1, we derive that the series

o T T+ x,4)

is convergent in Y., because of

Z T h(I+ x,4) < (sup Tﬂ) (Z xn).f-l = bIsd =hsd EY,
nel

n=1 n=1
The next step is to prove a result similar to that from Theorem 2.1, in the
operatorial setting. The conclusion of the present theorem will follow via a

passing to the limit operation. Let # = 2 be an arbitrary natural number,

" n

5= ) XS, =4y =(¥, .. ¥) € REJZ}F}- =5y
= =
gﬂ{}rj = Z T}h(f + }F_;A:I’}F S 5*:—:.—1 {Sj
F=1

Obviously, for any fixed t > 0, the real function 1 = k{1 + ut) is concave on
Ry, so that y—e(yi:=h{1+yt) is concave on S, ;. Let
(o, ) € Ry ety + e, = 1, %) €5, k € {1,2}. The following relations hold

n—1!

@C“i}ftlj + fxz}’m:‘ = h(I + (ﬂ:i}{fﬂ + az};}_(zl)‘q) -

f h(l + (cxl_}tfl)+ cxz}:}.izj)t) dE, =
4]

f h(cxl(l + yj.mt) + cxz(l + };}szt))dﬁ'ﬂ =

FA)

ety f h(i +;,;}.(1)t)dEA + a, f h(l +}5.(2:'t)dﬁ'ﬂ =
olA) o (4)
f7‘:1'il1'f(1T + }5.(1).4) + fxzh(f + };:1.(2).»‘-1) = a, &y + a,¢(¥")

Hence &: 5,_; = ¥ is concave. It follows that 4 5,,_; = ¥, (v} = T@&(v) is
concave too, for any T £ ¥, (one can multiply by a positive operator I' both
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members of an inequality, preserving the sense of that inequality, because the
product of two self-adjoint positive permutable operators is self-adjoint and
positive). On the other hand, it is straightforward that a finite sum of concave
operators from a convex subset of a vector space to an ordered vector space is
concave. It results that the operator g,: 5, _; —* ¥, defined by (3) is concave. On
the other hand, the set of extreme points of 5,,_, is Ex(5,_,) = {e,...., e,.}, where
ey =(5,0,..,0),..., €, = (0,...,0,5,)
Let xe5,_ 4. Carathéodory’s theorem leads to the existence of
lety, o, & By, X7oy e, =1, such that x = X%, er;e.. Now we apply Jensen
inequality for the concave operator g, (which can be proved by induction, as in
the case of concave real functions). Obviously, we have
hI)=0=g,(e]=Th(I+5,4),j €{1,..,n}.
It results

n kel

&, x) = Z e, gﬂlze}.j = z e; ThiI+ 5,4) = (151_1;-15fn Tj) h(I+5,4)
=1 =1
To conclude the proof, observe that the Lipchitz condition on ¥ — A{1 + ¥t} in
variable ¥, uniformly with respect to parameter ¢t € (4] leads to
5, *+ 5= |[h(I+5,4)—h(I+54)] =

sup |h(1+ 5,t) —h(1+st)| < L|s, —5| 2 0n 20
rer(A)

This proves that
5, =+ 5= lim h(I +5,4) = h(I + 54) (4)

Passing to the limit, also using (4), we get

Z T h(I+ x A) = lim Z Toh(1 + x;4) =lim g, (x) =
n=1 7=1

lim ( inf TJ,-) I+ s5,4)= (inf Tn) (Iz:nh[f + sﬂ.ﬁl]) =

n 1=i=n n=l

(z’nf Tﬂ) I+ 54)

n=l
where the limits are considered in the pointwise convergence topology. Notice
that convergence in the space Y defined in Theorem 3.2 implies pointwise
convergence. The last relation in the statement follows too, because of
nf,.1 T, =al. O
Remark 3.2. With the notations and under hypothesis of Theorem 3.3, consider the
function u — in(1+ wt),u € R, t €a(4) c (0,00). Application of Lagrange

theorem yields
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t
Imll+w,t)—Inl1+ w,t)| < sup max
i 1) = In 2t)] WD et 1 + Ot

< (1Al ey — 2|
Similarly, for 0 == p = 1, considering the function

|u1_ Uz

w—=h{l+ut)={1+ut)? —1L,uecR, tE€ald)c (0],
one obtains
[R(1+ 2eyt) —h{1+ u,t)| = [(1 + 1,807 — (1 +u,t)%| =
2]

(1+ 8t)1-7
where the Lipchitz constant L := |||l related to the variable 1 does not depend
on the parameter t € a{A}. Thus both examples 2.1 and 2.2 for % are suitable for
the operatorial version of the first inequality (2) proved in Theorem 3.3.
Corollary 3.1. Under the hypothesis and using the notations from Theorem 3.3,
the following relations hold true

oty — )| = pllAlllrey —2e,| = Llwy —u,l,

LS Eh

Tinfl+x A =asd(I+s54) ™ = ——F
Z” ( n) ( ) 1+ 5|4

n=1
where e = inf a4} = 0,
Proof. Observe that for any t € a4} one has
In(1+ s5t) = st(1+5t)7L, st = 5-supal(d)] = 5|4
We have aif+54) =1+ s5a(4)c [1+ 50,1+ 5]4]l]. In particular, O is not
an element of a(I + 54}, so that I + 54 is invertible. Moreover, the following
relations hold

-1 1 1
a((I+s54)7) = [ZGU * Sﬂjj = [1 + s[4l "1 + sm]

Integrating with respect to the spectral measure E; one obtains

In(I+ 54) = f In(1+ st)dE, = f st{1+ 5t)" dE, = 5A(T + 5471

r(A) el4)
Thus, the first inequality in the statement follows from Theorem 3.3. For the
second one, observe that

oyl
stil1+ 5 = sl 1+ 547 L vt Eald) 2 54(F+ 54071 =

—T
1+ 5]l
This concludes the proof. O

4. Conclusion

This work deals with inequalities related to a class of concave functions,
by means of finite and respectively infinite sums of concave functions having
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additional properties. These relations can be adapted to an operatorial version as
well. An example involving the function in{(1 + x}, x = Ois pointed out. Another
example is briefly discussed. Applications to minimization problems could be
obtained for particular other functions and operators verifying the required
conditions. The linear constraints from Theorems 2.1 and 2.2 could be replaced by
other linear constraints, accompanied by appropriate modifications.
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