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A REMARK ON LIMIT SHADOWING FOR HYPERBOLIC
ITERATED FUNCTION SYSTEMS

Xu Zhang, Xinxing Wu*, Yang Luo, Xin Ma

This paper provides two kinds of iterated function systems (IFSs),
the first type is generated by two linear functions defined on the real line,
and does not have the limit shadowing property, another class is generated
by a linear function and a constant function defined on the real line, and
does mot have the exponential limit shadowing property. These two IFSs
solve Problems 2 and 3 in [7, M.F. Nia, S.A. Ahmadi, Various shadowing
properties for parameterized iterated function systems, U.P.B. Sci. Bull,,
Series A, 2018]. Further, a continuous linear operator with bounded inverse
defined on a Banach space has the exponential shadowing property.
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1. Introduction

Fractal geometry provides us with a new way of looking at our world,
where the shape of the objects has self-similar form, that is, a shape must be
able to be divided into small parts that are smaller copies which are more or
less similar to the whole [3]. The iterated function system (IFS) formalism is
an important method for generating fractals by iterating a collection of trans-
formations. This method is popularized by Barnsley [2], the strict theoretical
work was finished by Hutchinson and Dekking, which have been applied to
many fields, such as image compression and image processing, and so on.

On the other hand, the theory of shadowing provides tools for fitting real
trajectories near to approximate trajectories. The motivation comes from com-
puter simulations, where we always have a numerical error when calculating a
trajectory, no matter how careful we are, but at the same time we want to be
sure that what we see on the computer screen is a good approximation of the
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genuine orbit of the system. Shadowing is a classical notion, which originated
from works of Anosov, Bowen and others (see [9] [11] for historical remarks and
more recent advances). For more results on the IFS and shadowing properties,
one is referred to [4, 5] 6], 8, 12, T3], 4], 15l 16, 17, 18, 19, 20l 21] and references
therein.

Throughout this paper, let N={1,2,3,...} and ZT = {0, 1,2,...}.

An IFS ¥ is a complete metric space (X,d) together with a family of
continuous self-maps f) : X — X (A € A), where A is a nonempty set, and is
denoted by F = {X; fo | A € A}

For any 0 = (A, A, Mg, ...) € A", denote

Fo=1idx and F,, = fy, 0---0 fy, for any n € Z".
A sequence {z,}20 C R converges to zero with rate § € (0,1), and

denoted by x, - 0, if there exists a constant L > 0 such that |z,| < LO™ for
all n € Z*.

Definition 1.1. Let 6 € (0,1). A sequence {z;};5 C X is called

(1) an orbit of T if there exists o = (Ao, A1, Mg, ...) € AZ" such that fy,(z;) =
ziyq for alli € Z7, ie., F,,(29) = 2441 for all i € Z7.

(2) an asymptotic pseudo-orbit of F if there exists o = (Ao, A, Mg, ...) € A%
such that

lim d(f)\n (l‘n), xn-l—l) =0.

n—+oo
(3) a O-exponentially asymptotic pseudo-orbit of F if there exists o = (g, A1,
A2, ...) € A%" such that

lim d(f)\n(l‘n), xn-i—l) i> 0.

n—+00

Definition 1.2. An IFS F = {X; f,\ | A € A} has

(1) the limit shadowing property if every asymptotic pseudo-orbit {z;}15 is
asymptotically shadowed by an orbit of some point z € X, i.e., there
exists ¢ = (Ao, A1, Az, . ..) € AZ" such that

nl_lg_loo d(Fs,(2), Tny1) = 0.

(2) the exponential limit shadowing property with £ if there exists 6y € (0, 1)
such that for any f-exponentially asymptotic pseudo-orbit {z,,} /2 with
0 € (6p,1), there exists an orbit {y,},>3 such that {z,}>% can be #*-

exponentially asymptotically shadowed by {y,}29, i.e.,

. 0%
1 .
i dong) 50
In the case £ = 1, we say that JF has the exponential limit shadowing
property.
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In this work, we construct two kinds of IFSs, the first type is generated
by two linear functions defined on the real line, and does not have the limit
shadowing property, another class is generated by a linear function and a con-
stant function defined on the real line, and does not have the exponential limit
shadowing property (See Examples and in the next section). Exam-
ples and solve Problems 2 and 3 in [7], respectively. Further, we show
that a continuous linear operator with bounded inverse defined on a Banach
space has the exponential shadowing property.

2. Main results

In this section, two IFSs defined on the real line are given, one does
not have the limit shadowing property, another does not have the exponential
limit shadowing property. A continuous linear operator with bounded inverse
defined on a Banach space is verified to have the exponential shadowing prop-
erty.

Example 2.1. Fix any a > 1. Let X = R and define ¢, : X — X and
921 X — X as g1(z) = az, and go(z) = 2z for any = € R, respectively. Then,
the IFS G = {X; g1, g2} does not have the limit shadowing property.

Choose a sequence & = {z,}'°9 C X as following:

1, n =0,
tn=Sa+(1+3+--4+1), n=2k—1forsomek €N, (1)
1+§(1+%+-~-+%), n = 2k for some k € N,
e, zo=1 11 =a+1, = éxl’ T3 = 043?2+%, cey Tofp = éﬂf%—l, Tog4+1 =
a$2k+k+r1, ..., and take 0 = (Ao, A\, Ao, ...) = (1,2,1,2,...) € {1,2}2". It

can be verified that £ is an asymptotic pseudo-orbit of G.

Claim 1. For any z € X and any sequence o = (XO,Xl,Xg,...) €
{1,227 limy 100 |95, (2) — Tpya| = 0.

Suppose that lim,, ., |95, (2) — z,11| = 0, noting that lim, . x, =
+oo and limy_ 4 o0 Top_1 — Top = limg_s oo (1 — é)x%_l = 400, it is not difficult
to verify that there exists some N € N such that for any n > N, Xn = A\
This implies that for any n € Z™*,

93N+2n (Z) = 931\7 (Z) and 93N+2n+1 (Z) = 93N+1 (Z) (2)
Therefore,
nl_l)gl_loo |93N+2n (Z) - xN+2n+1| = 100,
and

ngrfoo ’93N+2n+1 (Z) - $N+2n+2| = +00,

which is a contradiction.
Form Claim 1, it follows that £ can not be asymptotically shadowed by
any orbit of G, i.e., § does not have the asymptotic shadowing property.
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Example 2.2. Fix a > 1 and ¢ € R. Let X = R and define h; : R — R
and hy : R — R as hy(z) = az, and hy(z) = ¢ for any x € R, respectively.
Then the IFS H = {X; hy, ho} does not have the exponential limit shadowing
property.

Without loss of generality, assume ¢ > 0. For any fixed 6y € (0,1),
inductively choose an increasing sequence {n;};>5 C R as ng = 0 and n; € N
with am—ms-1-200%1"1 > 9 for any k € N. Take a sequence £ = {z,}}> ¢ X
as following:

¢, ie{ng:keZr},

T; = ) ai—ne—1.g"ktL 1_(@)i—nk ]
o' Me + 0 1_£ o ], i € (ng,ngy1) for some k € Z+,
[e3
; _ _ _ 2 _ ni—1 —
ie., xg=c 1 = axrg+0y, vo = ax11+00, cey Tyl = a$n1—22+901 y Ty = C,
ng+ ng+
coy Ipy, = C Tppy1 = Ay, + Hok y Tnp+2 = Ap, 41 + on y ey Ty -1 =
TL]H,lfl o . 7+
Ay, —2 + 0O , Ty = € ... and take 0 = (X, A, Ao, .. .) € {1,2}
with
) 2, ie€{ny—1:keN},
i = .
1, otherwise.
n—1 n, +1 T —1
X =ax Xa=ax,+8"
) ‘ e
T x =c x =¢ ¥ =k
F1GURE 1. The illustration diagram of the construction of the
sequence & = {x, }1%
1 1
[—lﬁ P S
! —t — !
0 A =2 =D £ =3

F1GURE 2. The illustration diagram of the construction of o =
(Nos A1y Ag, .)€ {1,2}27

It can be verified that
(1) for any i € [ng,ngy1 — 1), ; > cand ;1 — z; > (o — 1)¢;
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(2) for any k € N,

nk+1—nk—1
Tnp1—1 — hl (xnk)

N1 —np—1 c> OénkJrlfnkuegk-i-l > 27

Tppyy—1 — O

(3) for any fixed 0 € (6, 1),
|, (@) — T | < O < 0",

i.e., £ is a f-exponentially asymptotic pseudo-orbit of G.

Claim 2. For any z € X and any sequence o' = (Ay, A|, \),...) €
{1,212 |35/ (2) — w411| does not converge to zero with rate ¢.

In fact, suppose on contrary that |}y (2) — ;41| converges to zero with
rate 6, i.e., there exists a constant L > 0 such that for any ¢ € Z™,

|1 (2) = @ia| < L- 67, (3)
implying that there exists N € N such that for any i > NV,
[Hor (2) = 2ipa| < (= 1)e, (4)

For any ¢ > N, consider the following two cases:

(1) if i = n — 1 for some k € N and \; # X\, = 1, applying (1)) and (4] yields
that

Hot(2) = wip1 = M(He (2) —c=a-H, (2)—c
> alr; — (1 —a)c) —c>a*c—c> (a—1)c,

which is a contradiction and implies that A\, = A;.
(2) if i € [ng,ngy1 — 1) for some k € N and \; # N\, = 2, it can be verified
that ;41 > ac and Hei (2) = hy (3, (2)) = ¢, implying that

Hor(2) = mia| > (a = 1)e,

which is a contradiction. Then, A\; = Al

Summing up (a) and (b) yields that for any i > N, A, = X;. Thus, for any
k> N + 1, it follows from that

(2)
np41—2 ©---0 h>\nk (hAnk—l(:}CU;k,Q (Z>>)

_ _ ng41—ng—1 _ A Mky1—nE—1 X
= Tpy-1— Iy (€) = Tpyy—1 — @ c> 2,

l’nk+1_1 — j_co';%+172

'I’I’Lk_'.l—l - h)\

which contradicts to .

Therefore, for any 6, € (0, 1), there exists a f-exponentially asymptotic
pseudo-orbit which can not be #-exponentially asymptotically shadowed by any
orbit of H, i.e., H does not have the exponential limit shadowing property.
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According to Ahmadi and Molaei [1], a dynamical system (X, f) has the
exponential limit shadowing property (ELmSP) if there exist constants L > 0
and 0 < A < 1 such that for any sequence & = {z,,};/°) with

d(f(xn)axn—i-l) < A" )
there exists a point z € X such that for all n € Z™,
d(f™(2), zn) < LAY2,

Theorem 2.1. Let X be a Banach space and T : X — X be a continuous
linear operator such that T—1 is continuous. Then, (X,T) has the exponential
limit shadowing property.

: 1 (I +2
Proof. Fix A € (0,1) such that V< Ty and let L = %

For any sequence & = {z,},/2% C X with ||e,|| < A", where e, = 2,41 — Ty,
take

Zp = Xo + T7160 4+ 4 T*"en,l, Vn € N.

Clearly, x, = T"xo +T" teg + -+ ep_1.
Now, we shall show that the limit of {z,} exists, denoted by z. Observe
that \ - (||T H+2) < < 3. Then, for any n € N and any p € N,

||T||+2
Hzn-ﬁ-P - ZNH
= ||T_(”+1)en 4ot T—(n+p)en+p_1”
< (1T M+ 2™ A 4+ (T 4 2) e At (5)
< (T +2)- (1)"+...+ <1>"+p 1]
2 2
|T7H]| +2

ST =0 (n— +00),

implying that {z,} is a Cauchy sequence, i.e., the above limit z exists.
Applying also yields that for any n € N,
lza =2l < (IT7H 42" X" 4 ([T +2)"7 - AP
U7 +2)m A
L=(IT " +2)- A

This implies that
177 (2) =
T 42+t A

= [T"% =Tz < IT]" - Iz = 2l < TN
L=(T+2)-A
(T +2)m - A U7 +2) LY"
< ([T +2)" < ' A"
=T~ +2)- A L=(T+2)- A \Vx
(T +2) 2
= AN =LA,
L=(IT+2)-A
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Therefore, T" has the exponential limit shadowing property. U

Corollary 2.1. Let A be a non-singular matriz. Then, the linear system
o (x) = Ax on C" has the exponential limit shadowing property.

Proof. Applying Theorem this holds trivially. O

Remark 2.1. [I, Example 4.1] shows that limit shadowing does not imply
exponential limit shadowing. We [20, Corollary 2.1] proved that the linear
system &7 in Corollary have the limit shadowing property if and only if A
is hyperbolic. This, together with Corollary [2.1], implies that exponential limit
shadowing also does not imply limit shadowing.

Acknowledgments

This work was supported by the National Natural Science Foundation of China (No.
11601449 and 11701328), the Hong Kong Scholars Program, the National Nature Science
Foundation of China (Key Program) (No. 51534006), Science and Technology Innovation
Team of Education Department of Sichuan for Dynamical System and its Applications (No.
18TD0013), Youth Science and Technology Innovation Team of Southwest Petroleum Uni-
versity for Nonlinear Systems (No. 2017CXTD02), Shandong Provincial Natural Science
Foundation, China (Grant ZR2017QA006), and Young Scholars Program of Shandong Uni-
versity, Weihai (No. 2017WHWLJHO09).

REFERENCES

[1] S. A. Ahmadi and M. R. Molaei, Exponential limit shadowing, Ann. Polon. Math., 108
(2013), 1-10.

[2] M. F. Barnsley, Fractals Everywhere, Academic Press, Boston, 1988.

[3] M. F. Barnsley and A. Vince, Developments in fractal geometry, Bull. Math. Sci., 3
(2013), 299-348.

[4] S. Liang, Y. Luo, X. Wu, M. Xin, and X. Zhang, A remark on the limit shadowing
property for iterated function systems, submitted to U.P.B. Sci. Bull., Series A.

[6] M. F. Nia, Tterated function systems with the average shadowing property, Topology
Proceedings, 48 (2016), 261-275.

[6] M. F Nia, Parameterized IFS with the asymptotic average shadowing property, Qual.
Theory Dyn. Syst., 15 (2016), 367-381.

[7] M. F. Nia and S. A. Ahmadi, Various shadowing properties for parameterized iterated
function systems, U.P.B. Sci. Bull., Series A, 80 (2018), 145-154.

[8] P. Oprocha and X. Wu, On average tracing of periodic average pseudo orbits, Discr.
Contin. Dyn. Syst., 37 (2017), 4943-4957.

[9] K. Palmer, Shadowing in Dynamical Systems: Theory and Applications, Mathematics
and its Applications, 501. Dordrecht: Kluwer Academic Publishers, 2000.

[10] S. Y. Pilyugin, Shadowing in Dynamical Systems, Lect. Notes in Math. 1706. Springer-
Verlag, Berlin, 1999.
[11] S. Y. Pilyugin and K. Sakai, Shadowing and Hyperbolicity, Lect. Notes Math. 2193.

Springer-Verlag, Berlin, 2017.



146

X. Zhang, X. Wu, Y. Luo, X. Ma

[12]
[13]
[14]
[15]
[16]
[17]

[18]

X. Wu, Some remarks on d-shadowing property, Sci. Sin. Math., 45 (2015), 273-286 (in
Chinese).

X. Wu, Y. Luo, X. Ma, and T. Lu, Rigidity and sensitivity on uniform spaces, Topology
Appl., 252 (2019), 145-157.

X. Wu, Y. Luo, L. Wang, and J. Liang, (%1,.%2)-chaos and sensitivity for time-varying
discrete systems, U.P.B. Sci. Bull., Series A, 81 (2019), 153-160.

X. Wu, X. Ma, Z. Zhu, and T. Lu, Topological ergodic shadowing and chaos on uniform
spaces, Int. J. Bifurcation and Chaos, 28 (2018), 1850043 (9 pages).

X. Wu, P. Oprocha, and G. Chen, On various definitions of shadowing with average
error in tracing, Nonlinearity, 29 (2016), 1942-1972.

X. Wu, L. Wang, and J. Liang, The chain properties and average shadowing property
of iterated function systems, Qual. Theory Dyn. Syst., 17 (2018), 219-227.

X. Wu, L. Wang, and J. Liang, The chain properties and Li-Yorke sensitivity of Zadeh’s
extension on the space of upper semi-continuous fuzzy sets, Iran. J. Fuzzy Syst., 15
(2018), 83-95.

X. Wu and X. Wang, On the iteration properties of large deviations theorem, Int. J.
Bifurcation and Chaos, 26 (2016), 1650054 (6 pages).

X. Wu, X. Zhang, and X. Ma, Various shadowing in linear dynamical systems, Int. J.
Bifurcation and Chaos, 29 (2019), 1950042 (10 pages).

X. Zhang and X. Wu, Diffeomorphisms with the .#,-shadowing property, Acta Math.
Sin. (Engl. Ser.), accepted for publication.



	1. Introduction
	2. Main results
	Acknowledgments
	REFERENCES

