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WILLMORE TOTALLY REAL SUBMANIFOLDS OF
COMPLEX SPACE FORMS M "*?(4c)

Shichang SHU!, Tao HAN, 2

Let M be an n-dimensional compact Willmore totally real subman-

ifold of complex space forms M”*p(élc), (p > 0). In this paper, we obtain
some integral inequalities of Simons’ type and characterization theorems

of n-dimensional compact Willmore totally real submanifolds of M™*? 4c),
which are connected with the squared norm of the second fundamental form

and the mean curvature as well as the sectional curvature and Ricci curva-
ture of M.
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1. Introduction

Let M™? be a Kaehler manifold of complex dimension n+ p, p > 0, and
M be a Riemannian manifold of real dimension n. If the Kaehler manifold
M"™*P has constant holomorphic sectional curvature 4c, we call it the complex
space form, which is denoted by M"™?(4¢). When ¢ = 0, ¢ > 0 and ¢ <
0, we call M™t» (4c) the complex FEuclidean space, complex projective space
and complex hyperbolic space, which are denoted by C"*? CP"P(4¢) and
C H"™?(4c), respectively. Let J be the almost complex structure of M. We call
M the totally real submanifold of M"*? if M admits an isometric immersion
into M"*? such that JT,(M) C T,(M)*, where T,(M) and T,(M)* denote
the tangent space and the normal space of M at x respectively. If p = 0, the
totally real submanifold of M™ is called the Lagrangian submanifold.

Let M be an n-dimensional compact totally real submanifold of complex
space forms M™+P (4¢). If the mean curvature of M identically vanishing, we
call M a minimal totally real submanifold of M™*?(4¢c). When p = 0 ( i.e., the
minimal Lagrangian submanifold) or p > 0, we know that many interesting
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results of minimal totally real submanifolds had been obtained by different
authors (see (2], [12], [13]).

Let 1y, S, H and H be the second fundamental form, the squared norm
of the second fundamental form, the mean curvature vector and the mean

curvature of M. We denote by W (z) = [, p"dv = [,,(S —nH?)2dv the Will-
more functional on M (see [1], [10]). A totally real submanifold of M"*?(4c) is
called a Willmore totally real submanifold if it is an extremal submanifold to
the Willmore functional (see [6]). In [6], Hu and Li obtained that every mini-
mal totally real surface or every minimal and Einstein totally real submanifold
of M"™?(4c) is Willmore. We notice, when n = 2, the minimal is equivalent
to Willmore, but, when n > 2, it is not true. In recent years, Willmore sub-
manifolds in a Riemannian manifold have been intensively studied by many
authors (see [8], [9]).

Let M be an n-dimensional compact Willmore totally real submanifold
of complex space forms M"P(4¢). When p = 0, in [11], we obtained some
interesting results of such submanifolds; when p > 0, in this paper, we shall
also obtain some interesting results, see Theorem 4.1-Theorem 4.3.

2. Preliminaries

Let  : M — M"P(4¢) be an n-dimensional totally real submani-

fold of M"™?(4c). We choose a local field of orthonormal frames ey, - - - , e,
Cnt1, " 76~”+p7 €1x = Jela TG = Je?’“ €(n+1)* = Jen-‘rl) e ,€(n+p)* =
Jenip in M™P(4c), such that, restricted to M, the vectors ey, - - , e, are tan-
gent to M, where J is the complex structure of M™*P(4c). Let wy, -, wp,
Wi 1y Wiy Wis, 0 Whey Wingl)s, s Wntp)= be the field of dual frames.
We make the following convention on the range of indices: A, B,C,--- =
]-7"' 7n+p7]-*7"' )(n+p)*a i7j7k7"' = ]-7 , 105 aaﬁa’ya"' :n+17 an+
p71*7 7<n+p)*7 )‘7#7 :’I'L+17 an+p
From [6], we get for any i, j, k
his = hiy, = hi,. (2.1)
The Gauss equations are
Riji = (061 — Sudje)e + Y (hGhS — hhs,), (2.2)
R=n(n—1)c+n*H* - S, (2.3)
where S = 3 (h§)?, H = S Hee,, H* = LS hg, H = |H| and R is the
2,7,00 a A
scalar curvature of M. The Codazzi equations and the Ricci identities are
hije = hikg» (2.4)

ey — D = > o R + > WSy R + > Wi Rgar. (2.5)
m m B
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The Ricci equations are

Rogi = Kagii + > _ (Wil — Bihiny,). (2.6)
We know hfj*l are totally symmetric, that is, for any i, j, k, [
hf]l = h;m - hgk:z - hgz‘j- (2.7)
For the fix index «a, we introduce an operator 0% due to Cheng-Yau [4] by
Daf = Z(’RH&&L’]‘ - h%)fz’] (28)
i3

When M is compact, the operator (1% is self-adjoint if and only if (see [4])

| @ nato= [ 1@, (2.9)

where f and g are any smooth functions on M.
By the same method of [9], we may easily prove the following Lemma:

Lemma 2.1. Letx : M M"™P(4¢) be an n-dimensional (n > 2)
totally real submanifold of M™*?(4c). Then
AP > gL (2.10)
“n+2 ’ '

where [Vh|? = 32 (h$,)2, [VEH|? = S(H)?.

1,5k, 7,00
3. Willmore equations and basic formulas

Define tensors

he = he — HG, (3.1)
Gap = D WG o0s =3 HhG, (32)
i i
then the ((n+2p) x (n+2p))-matrix (G,4) is symmetric and can be assumed to
be diagonized for a suitable choice of €,1, -+, €nqp, €1+, , €(ngp). Setting
GoB = 0alags (3.3)

by a direct calculation, we have

> b =0, Gop=0us—nHH® p*=) 6,=5—nH’ (3.4)
k e
> hihehG = > hLhShG +2Y  HOhGh] + Hp* + nH*H. (3.5)
1,5,k,00 1,7,k,00 1,7,
From (2.8), (3.1), (3.4) and (3.5), we may rewrite Theorem 6.1 of [6] as
follows:
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Proposition 3.1. A totally real submanifold x : M — M"P(4c) is
Willmore if and only if

(1) for a € {1*,--- ,n*},

O%(p" ™) =(n = 1)p" PATH +2(n = 1) 3 _(p"*)iH; (3.6)

+ (n— DH*A(p"2) + 3(n — 1)cp" 2H™
+ "7 ZHﬂo—aﬁ+ > hehi k),

ij ' Yik
i,5,k,0
(2> fOT’Oé € {TL—}-]_, 7n+p7(n+1)*7 a(n+p)*};
) =0 = DA 2 1) DD (3.7
+(n—1)HA(p" P ZHﬂ Gag+ Y hEhGRL).
i,5,k,0
From (2.8), by a direct calculation, we also have

- 1 1

> O%(nH) = |Vh|* =’V H|” + gnn = DAH? — §Ap2 (3.8)

+ D A (hi Ruig + bt Rug) + > > hShi Raagie

(64 Z‘)j7k7l aiﬁ Z‘?j?k

Multiplying (3.8) by p"~2 and taking integration, from (2.9),

Z/ (RH®) T (p"2)dv = / P2V — n2 VB 2)do (3.9)
—~ Ju M

1 n—2 2 1 n—2 2
+-n(n—=1) | p" “AHdv— = [ p" “Ap°dv

2 M 2

/ "2 2 iR+ ) dv+/ YD Bk Raajudv.

a 1,7,k a,B 1,7,k

Taking the Willmore equations (3.6) and (3.7) into (3.9) and making use of
the same calculation in [11], we get

Proposition 3.2. For any n-dimensional compact Willmore totally real
submanifold in M™*P(4c), the following integral equality holds

/pn—2(|Vh|2—n|viﬁ|2)dv+<n—2)/ P2V p 2dv (3.10)

M M

— 3n(n —1) / "22 (H*)? / "QZnH“ P60p+ Y hERG A )dv
a=1*

1,5,k
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/ "TNSR (hiy Rk + by R ) dv + / "N b b Ragedy = 0.

a 1,7,k a,B 1,5,k
From (2.6) and (3.1),

n* n*

DD hGhRpage = ¢ > Ga—n(n—1)c Y (H*)? - %Z N(A Az — AA,),
a,3

a,B 1,4,k a=1* a=1*
(3.11)

where A, = (ﬁfj) = (hg; — H%6;;) and N(A) denote the square of the norm
of matrix A = (a;;). From (2.2), (3.2), (3.4), (3.5) and (3.11), by a direct

calculation,

>N he (b Rk + i Rugr,) = nep® =Y > b hhiy i (3.12)

a 1,7,k a,B i,5,k,l
+n Y N CHPRGRSRG + > Y heh (B ki, — by
a,B 4,4,k a,B i,7,k,l
1 . L.
_ 2 2 818 T«
—ncp —Zaaﬁ+an +n2;2f1 hiy b, Zk—§ZﬁN(AaAﬁ—AgAa).
a,B i, Q,

Putting (3.11) and (3.12) into (3.10), we obtain

Proposition 3.3. For any n-dimensional compact Willmore totally real
submanifold in M™*P(4c), the following integral equality holds

/ p" (VA = n|VEH ) dvo + (n — 2) / " 2|V prdu (3.13)
M M

—4n(n—1)c/ p"_QZ(Ha)zdv—i—n/ P (H?p? ZH HP5 o) dv
M M

a=1* a,B
n—2 ~ n
cl p aadv+nc/ p"dv
L ’
- /M P Z(N(Aa;lg — AgA,) + Glz)dv = 0.
a,8

Proposition 3.4. Let M be an n-dimensional compact Willmore totally
real submanifold in M™P(4c). Then for any real number a,

/ p" (VA = n|VEH?)do + (n — 2) / p" 2|V p|*dv (3.14)
M

M

— 4n(n — 1)0/ P2 Z (H*)*dv + n/ P (H?p? — ZHO‘Hﬁ6a5)dv
M oyt M

o,
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(14 a)n /H2 "dv + (1 +a/ "QZZh (hy Ruijr + hi; Rigji)dv

o 1,7,k

(I+a)n / ”QZZHQh%hihﬂdv—anc/ pndv+c/ ”ZZaadv

a,B 1,4,k a=1*
l1—a ~ = ~ o~
+a/ P2 o5 pdv — / P2 N(A Az — AzA,)dv = 0.
y O%; s > /. azﬂ: (Aads — AgAq)

4. Inequalities of Simons’ type and characterization theorems

We shall prove the following theorems.

Theorem 4.1. Let M be an n-dimensional (n > 2) compact Willmore
totally real submanifold in CP™P(4c), p > 0. Then

3
/ p"_2{§p4 — nep® + 4n(n — 1)CH2}dv > 0. (4.1)
M

In particular, if

3
§p4 —nep? +4n(n — 1)cH? <0, (4.2)

then

(1) when ¢ > 0, M is totally geodesic or a minimal totally real submanifold
with parallel second fundamental form and S = %nc;

(77) when ¢ <0, M is totally umbilical.

Proof of Theorem 4.1. When ¢ = 0, our theorem is trivial. From
the well-known algebraic inequality of Li-Li [7] (see Theorem 1 of [7]), we see
that

—ZNAAg—AﬁA 2052__p’ (43)

Z H“Hﬁa s = (H*)Ga <Y (H*)?Y 65=Hp", (4.4)
«@ (64 B

n*

> (H") < H?, i Go > 0. (4.5)

a=1* a=1*

By making use of Lemma 2.1, (3.13), (4.3) and (4.4),
e oo, 30
0> 2(|Vh|* — |V H?)dv + ,0 (
M

n+2
3
— 4n(n — 1)0/ p”_QHde + nc/ p"dv —/ P ptdw.
M M M 2

Thus, we get (4.1). If (4.2) holds, we see that either p" 2 = 0,(n > 2) or
3pt — nep? + 4n(n — 1)cH? = 0,(n > 2). The first case implies that M is

n)|V*H[*dv (4.6)
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totally umbilical. If ¢ > 0, from (4.2), we have 4n(n — 1)cH? < 0. Thus,
H =0 and M is totally geodesic.

If the second case holds, we see that the equalities in (4.6), (4.5) and
(4.4) hold. Thus,

i (H*)? = H?, i Goa=0, Y HHG,5=Hp" (4.7)
a=1* a=1* a8

From (4.7), H* =0, a € {n+1,--- ;n+p,(n+ 1) -, (n+p)*}, 6o =0,
a € {1*,--- ,n*}. Combining (3.3) and (4.7), we get H?p? = > (H*)?*5, = 0.

Thus, H = 0 or p? = 0.

(i) If H =0, for ¢ > 0, from 2p* — ncp? + 4n(n — 1)cH* = 0, we get
S = p? =0 and M is totally geodesic or S = p? = %nc, in this case, from the
equality of (2.10), [VAh|*> = 0, thus, M is a minimal totally real submanifold
with parallel second fundamental form.

For ¢ < 0, this contradicts the well-known fact that there is no com-
pact minimal submanifolds in a simply connected manifold with nonpositive
sectional curvature.

(i) If p* = 0, from 3p* — ncp® + 4n(n — 1)cH? = 0, we see that H* = 0.
Thus, for ¢ > 0, M is totally geodesic. For ¢ < 0, from above assertion, a
contradiction. This completes the proof of Theorem 4.1.

Theorem 4.2. Let M be an n-dimensional (n > 2) compact Willmore
totally real submanifold in M”“’(élc), p > 0 and let K be the function which
assigns to each point of M the infimum of the sectional curvature at that point.
Then

(i) when ¢ >0,

N -2 (b—1)c 4(n — 1)be
(K - ——— = _Hp— H?) — 2_ H%}dv < 0
7 g ) — - S e < 0,
(4.8)
where b =n + 2p.
In particular, if
n—2 (b—1)c 4(n — 1)bc
K- ————Hp— H*) — - H? >0 4.9
(K~ ey 1) = G - S SH 20, (49)

then M is totally geodesic, or a minimal totally real submanifold with parallel

second fundamental form and K = (g;_lic;
(7i) when ¢ =0,
n — 2 2
pHK — ———= _Hp— H2} v < 0. (4.10)
M n(n —1)
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In particular, if

-2
K>—""% Hp+H (4.11)
n(n —1)
then M 1is totally umbilical;
(7ii) when ¢ < 0,
n—2 (n—1)b
"{K — ———=H —HQ——cdv<O 4.12
where b =n + 2p.
In particular, if
n—2 (n—1b—n
K> —— _Hp+H*+~—"—"—, 4.13
A /n(n — 1) P n(2b — 1) ( )

then M 1is totally umbilical.

Proof of Theorem 4.2. For a fixed o, we ta~ke a local orthonormal
frame field {ei,---,e,} such that hf; = A{d;, then h$; = pddy with pud
A — H* > u = 0. Thus,

« o o 1 (e} (e}
> hg(hgyRugr + hiRugr) = 5 > (ps = 1)’ Riji > nKp?, (4.14)

a,i,7,k,l a,t,j
and the equality in (4.14) holds if and only if R;ji; = K for any i # j.
Since Zh =0, Z,uz =0, Z( )2 = 64 and Z(lh) = 04, from the

algebraic Lemmas in 3] (see Lemma 3.3 and Lemma 3.4 in [3]) and (3.3),

al o B 2
SO BRI B, = ZHﬂZhu §e)? < hh’pg, (4.15)

a,B 1,5,k
1 1
2 _§ 2> §:~a2: 4 4.16

From Lemma 1 in [5], (3.2) and (3.3),

ZNAAB_ABA <220’a0'/g—220'a —220’ <2 1—n_:2p)p4

a#p
(4.17)
(1) When ¢ > 0, from (3.14), (4.4), (4.5), Lemma 2.1, (4.14)—(4.17),
3n? =
0 z/ “2(|Vh|* - |VLH| )dv +/ P — )|V H v
M n+ 2
(4.18)

—4n(n — 1)c/ PP H?dv — (1 4+ a)n/ H?p"dv + (1 + a)/ " K p*dv
M M M
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n—2
—(14an [ p~2 Hp3dv—cmc/ pldv
( )M 1) y
a 1
—(1—a)(1— "2oldy, (0<a<1
+ et = (1) n+2p”/Mf’ pdv, (0<a<1)

Putting a = 221 we get (4.8). If (4.9) holds, we see that either

n—+2p
n— n— b—1)c 4(n—1)bc
Pt = 0.(n > 2) or [(K — —2Z=2=Hp — H?) — '5]p? — A5 1P = 0,

n > 2. The first case implies that M is totally umbilical, since ¢ > 0, from
(4.9), we have H = 0 and M is totally geodesic. If the second case holds, we
see that the equalities in (4.18), (4.5) and (4.4) hold. Thus, we also get (4.7).
By the same proof of Theorem 4.1, we see that H = 0 or p? = 0.

If H=0, we get S=p?=0and M is totally geodesic or K = (ggﬂc,
this case, from the equality of (2.10), we get |Vh|? = 0, thus, M is a minimal
totally real submanifold with parallel second fundamental form. If p? = 0, we
see that H? = 0, that is M is totally geodesic.

(#7) When ¢ = 0, from (3.14), (4.4), Lemma 2.1, (4.14)—(4.17),

in

3n? ,
02/‘ 2|V — |VLH|MU+/np 23 VA R
M n+2
(4.19)
n n—2 2
+(1+an | p(K - ———=Hp— H")dv
M n(n —1)
a 1

+1

—(1—a)(l-

] /Mp"”dv, (0<a<1),

n—+2p n—+2p

Putting a = %@;1 in (4.19), we get (4.10). If (4.11) holds, we see that either
p" =0 and M is totally umbilical or K — me H? =0, in this case,
we see that the equalities in (4.19), (4.4), (4.16) and (4.17) hold. If p = 0, we
know that M is totally umbilical. If p # 0, we see that VX H = 0, Vh = 0 and

Gpat =+ = Gpazp, 3 H H o5 = H?p”. (4.20)
a?ﬂ

From Lemma 1 in [5], at most two of A, = (ﬁf}) are different from zero. If all of
A, are zero, which contradicts p # 0. If only one of them, say, A,, is different
from zero, which contradicts (4.20). Thus, we may assume An+1 = NA A, =

WB, N, )W #0, Ay =0, a #£ n+1,n+2, where A and B are defined by Lemma
Lin 5], From (4.20), XN2(H™ L2y (H™2)2 = (N2 p2)[(H 24 (P 2)2,
Since X', p/ # 0, we infer that H* = 0 for all «, that is, H = 0, this contradicts
the well-known fact that there is no compact minimal submanifolds in a simply
connected manifold with nonpositive sectional curvature.
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(7i1) When ¢ < 0, from (3.14), (4.4), Lemma 2.1, (4.14)—(4.17),

O>/ pn—2(|vh|2_3_n2|vLﬁ|2)dv_’_/ pn—Q( 3n2 —n)|VL]:7|2dv
“Ju n—+2 M n+2
(4.21)
-2
—l—(l—i—a)n/ Pt (K — 1 Hp—HZ)dv—(an—l)c/ p"dv
M n(n—l) M
a 1
—(1—a)(1— "2dv, (0 1
et (=)= ) [ e, (0<a <)

where the following inequalities are used

n* *

> (HY)? >0, i Go < P2 (4.22)

a=1* a=1*
Putting a = %@;1 in (4.21), we get (4.12). If (4.13) holds, either p" = 0 and
M is totally umbilical or K — —2=2_Hp— H?— (Z(*;b)fl’)"c = 0, in this case, the

n(n—1)
equalities in (4.21), (4.4), (4.22) hold. Thus, H* =0, o € {1*,--- ,n*}, 6, = 0,
a€{n+1,--- ,n+pn+1),-,(n+p)*}and H*p* = > (H*)?*5, = 0.

Therefore, H = 0, from above assertion, this is a contradiction, or p? = 0 and
M is totally umbilical. This completes the proof of Theorem 4.2.

Theorem 4.3. Let M be an n-dimensional (n > 4) compact Willmore
totally real submanifold in M”“’(Zlc), p > 0 and let QQ be the function which
assigns to each point of M the infimum of the Ricci curvature at that point.
Then

(i) when ¢ >0,

/Mpn_Q{[Q_‘l(”n— Q)Hp_%HL(n_g)c]p2_4(n—1)cH2}dv < 0.
(4.23)

In particular, if
4(n — 2

- n=2)
then M 1is totally geodesic, or a minimal totally real submanifold with parallel

second fundamental form and QQ = (n — 2)c;
(73) when ¢ =0,

_n2—5n+8

Hp H? — (n—2)c]p* —4(n — 1)cH? > 0, (4.24)

An—2 2 _
/ PQ — MH,O _ mlﬁ}dv <0. (4.25)
M n n

In particular, if

2 _5n+8
WOn Tt e (4.26)

4(n — 2
Q> (nn )H p+
then M 1is totally umbilical;
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(7i1) when ¢ < 0,

4(n —2 - 2_op—1
/ Q- An=2) mont8,, WA T S dy < 0. (4.27)
M n n

n
In particular, if

4(n — 2 25 8 2_92n—1
o> =2y, o A8, ool (4.28)
n n

then M s totally umbilical.

Proof of Theorem 4.3. Firstly, by making use of the same method
in [11], we have

S N(Aady — AgAn) < 4{(n— )+ (n— 2 Hp+ H? — Qp? — %p4.

a?/B
(4.29)

(1) When ¢ > 0, for n > 4, from (2.3), (3.13), Lemma 2.1, (3.3), (4.4),

(4.5), (4.29) and
D G = Ga< (D 5 =p" (4.30)
a,f3 « a

we obtain (4.23). If (4.24) holds, we see that either p" 2 = 0 or [Q — 4(’;—_2)111',0—
@Hz —(n—2)c|p*—4(n—1)cH? = 0. The first case and (4.24) imply that
M is totally geodesic. If the second case holds, by the same proof of Theorem
4.1, we see that H = 0 or p? = 0.

If H=0, we get [Q— (n—2)]p?> =0. Thus p?> = 0 and M is totally
geodesic or Q = (n — 2)c, in this case, from the equality of (2.10), we get
|Vh|? = 0, thus, M is a minimal totally real submanifold with parallel second
fundamental form. If p? = 0, we see that H2 = 0 and M is totally geodesic.

(77) When ¢ = 0, for n > 4, from (2.3), (3.13), Lemma 2.1, (3.3), (4.4),
(4.29) and (4.30), we get (4.25).

If (4.26) holds, we obtain p = 0, that is M is totally umbilical, or @) —
@Hp — n2=5nd8 2 — () ip this case, if p? = 0, then M is totally umbilical;

n

if p? # 0, we see that the equality in (4.30) holds. From Y. 52 = (3. 574)%,

> G405 = 0, this implies that (n + 2p — 1) of G, must be zero. Since p* =
a#B

7a\2 ~ 7a\2 : A _ (pa
> (h)? # 0 and 64 = > _(h;)?, we infer that (n +2p —1) of A, = (hg;) must

irg i
be zero so that n+2p =1, ie. p= —”T_l < 0, this contradicts the assumption
p > 0.

(27) When ¢ < 0, for n > 4, from (2.3), (3.13), Lemma 2.1, (3.3), (4.4),
(4.22), (4.29) and (4.30), we get (4.27). If (4.28) holds, by the same proof
of (i7i) in Theorem 4.2, M is totally umbilical. This completes the proof of
Theorem 4.3.
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5. Conclusions

Let M be an n-dimensional compact Willmore totally real submanifold of

complex space forms M”*p(llc), p > 0. When p =0, i.e., the Lagrangian case,
we obtained some important results in [11]. In this paper, we continue study
the general totally real case, i.e., p > 0, we obtain some important results,

see

Theorem 4.1-Theorem 4.3. These theorems, including the theorems in

[11], give a complete integral inequalities of Simons’type and characterization
theorems of such submanifolds.
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