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ON GENERALIZED ALMOST /- CONTRACTIONS WITH AN
APPLICATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

Saadia Mahideb!, Ahmed Ali?, Said Beloul®

In this study, combining the concept of a-admissibility with 0-contraction and
almost contraction concepts in the setting of complete metric spaces, we present some
existence theorems of fized point for new contractions type. An example is furnished
to demonstrate the usability of our outcomes; moreover, we apply our main results to
prove the existence of the solutions for a boundary value problem of fractional differential
equations with integral boundary conditions.
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1. Introduction and preliminaries

In recent years, the fixed point theory has become one of the most important tools to
solve some problems in diverse fields as non linear analysis, physics, biology and game the-
ory. Banach provided the first fixed point theorem in metric spaces, which was generalized
in different directions, and one of these generalizations was given by Berinde [7], where he
introduced the concept of almost contraction as a generalization to the weak contraction, in
sense of Berinde. Afterward, many results have been obtained for example, see [5, 6, 26, 27].
Recently, Babu et al. [3] introduced a new type of contractive condition called ”condition
(B)”, and they proved the existence of a fixed point for this class of mappings, in the same
way, Ciri¢ et al.[13] introduced the concept of almost generalized contractive condition and
established some fixed point results in ordered metric spaces.

Samet et al. [25] introduced a new concept called a-admissible and they obtained some
fixed point results for a — ¥-contractive mappings, later some results have been given by
using such concept; see, for instance [4, 20, 24]. Recently, Jleli and Samet [17] introduced
a new contractions type called #-contraction to prove the existence of fixed points for such
contractions. It is worth mentioning here that a contraction in the sense of Banach is a
particular of § contraction, while there are some #-contractions that are not Banach contrac-
tion. After that, several authors studied different variations of #-contraction; for example,
see [1, 14, 15, 22, 28].

In this work, we combine the notion of « admissible mappings with 6- contraction and
Berinde type contraction concepts to introduce a new type of contractions and related fixed
point results in complete metric spaces. We also deduce the existence of fixed points in par-
tially ordered metric spaces and in complete metric spaces endowed with a graph by using
our main results. Finally, we provide an example and an application to the existence of the
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solutions for a boundary value problem of fractional differential equations to illustrate the
importance of the obtained results.

Definition 1.1. [7] Let (X, d) be a metric space. A mapping T : X — X is called an almost
((6-L) weak) contraction if there exist 6 € [0,1) and L > 0 such that

d(Tz,Ty) < dd(z,y) + Ld(y, Tx),
forallx,y € X.

Definition 1.2. [3] A self mapping T on a metric space (X, d) is said satisfies the condition
(B), if there exist § > 0 and L > 0 such that for all z,y € X we have

d(Tx, Ty) < dd(z,y) + Lmin(d(z, Tz),d(y, Ty), d(x, Ty),d(y, Tz)).

Definition 1.3. [10] A self-mapping T on metric space (X, d) is said a strong almost con-
traction of Ciric type, if there exist § > 0 and L > 0 such that for all x,y € X we have

d(Tx,Ty) < 6M(z,y) + Ld(y, Tx),
where M(x,y) = max{d(z,y),d(x,Tx),d(y, Ty), %(d(z, Ty) + d(y,Tz))}.

Definition 1.4. [25] Let X be a nonempty set and T : X — X,
a: X x X —[0,00) be two mappings. T is a-admissible if for z,y € X with a(x,y) > 1,
then o(Tx, Ty) > 1.

Definition 1.5. [17]Let © be the set of all functions 0 : (0,4+00) — (1,+00) such that:

(61) : 0 is non decreasing,
(62) : for each sequence {t,} in (0,+00), le t, =1 if and only if le t, =0,

e(t)—l_l
7

(03) = there exists r € (0,1) and I € (0, 00] such that li%l+
t—

Example 1.1.

(1) 6:(t) = e
(2) 0a(t) = €™
(3) Ba(t) = .
(4) Oa(t) = eV?*

Throughout this paper, we will denote by ® the set of all continuous functions 1 :
[0, 4+00) — [0, +00) satisfying :

(1) : % is nondecreasing ,
oo

(2): Zzﬁ"(t) < 00, for all ¢ € [0, +00).
i=1
Clearly, if 1 € U, then ¥(¢) < t, for all ¢ € [0, +00).

Definition 1.6. [7] Let (X, d) be a metric space. A map T : X — X is said to be a weak
W-contraction if there exist L > 0 and v € ¥ such that

d(Tx, Ty) < y(d(z,y)) + Ld(y, Tx),

forallz,y e X.
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2. Main results

Definition 2.1. Let (X,d) be a metric space and o : X x X — R. A mapping T : X — X
is called a generalized almost (o, v, 0) contraction, if there exist a function 8 € ©, ¢ € U,
L>0and k:(0,00) — [0,1) satisfies lim+ supk(t) < 1 for all s € (0,00) such that

t—s

a(z,y)0(d(Tx,Ty)) < [9(H(M(z,y)) + LN (z,)] M), (1)
for all z,y € X with d(Txz, Ty) > 0, where

d(z,Ty) + d(y, Tx)

M(z,y) = max{d(m,y),d(m,Tx),d(y,Ty), 9

and N(z,y) = min{d(z,Ty),d(y, Tx)}.
If a(z,y) =1 for all z,y € X, then T is called a generalized almost (¢, 6) contraction.

Example 2.1. Let X = {1,2,3} and d(x,y) = |r—y|. DefineT: X - X anda: X x X —
[0,00) by
(2 wze{12}
Tx—{ 1, z=3

and ofx,y) == el*=vl,

Taking 0(t) = €', ¥(t) = 2t, L = 4 and k(t) = ez, Now, we show that the
contractive condition is verified.
(1) Forx =1 and y = 3, we have
4
3 S 67% (g + 4)7
which implies

(2) Forx =2 and y = 3, we have

which implies

Njw

1
e? < et 2(HY),

Then T is a generalized almost (a, 1, 0)- contraction.

Theorem 2.1. Let (X,d) be a complete metric space and T : X — X be a generalized
almost (a1, 0) contraction, with 0 € ©. Assume that the following conditions are satisfied:
(1) T is a-admissible.
(2) There exist xy € X such that a(xg, Txo) > 1.
(3) X is a-regular, that is, for every sequence {x,} in X such that z, — x € X and
a(Tp, Tnt1) > 1 for alln € N, then o (x,,x) > 1 for alln € N.

Then T has a fized point.
Proof. From (2) there exists xo € X such that a(xg, Tzg) > 1, let 21 = Tag. If 29 = x4,
then z is a fixed point. Suppose the contrary, since T is a-admissible, and by using (1) we

get
a(wo, 21)0(d(Tzo, Tw1)) < [0(W(M (0, 71)) + LN (20, 1)]FM (F0-21)

= [0(¢(M(m07xl))}k(M(ro,zl))7
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but
d(x, T d(x1, T
M(zo,21) = maX{d(:ro,w1),d($oaTw0)vd($1’T$1)’ = 901)‘; = xO)}
d
— mux {doo, 1), . ). do, ), U272

< max {d(zg,z1),d(z1,22)}
If d(xg, 1) < d(x1,Tx1), we get
d(z1,Tz1)) < a(xo,z1)0(d(Txo, Tx1))
< [0 (d(@r, Tar) AT < d(ay, Tan)),
which is a contradiction, then we get M (xg,z1) < d(x,21). On other hand
N(zo,211) = min {d(xg, Tx1),d(x1,Tx0)} = min{d(zo,x2),d(z1,21)} =0.
Hence by (1) and from the inequality a(zo,z1) > 1 we get
0(d(z1,Tx1)) < alxg, z1)0(d(Txo, Tx1))
< [B(¢(d(wo, xy))]F0-m1)),
Putting xo = T'x1, we get
d(z1,22)) < a(zg, 21)0(d(Txzo, Tx1))
< [0(w(d(wo, )] 0m)),
Since T is a-admissible, we get a(x1,z2) > 1, so (1) gives
0(d(ze, 23)) < a(xg, 21)0(d(Tx1, T22))
< WM (@1, 2)) + N, a)]F 1520,
< [Q(M(ajo’xl))]k(d(wmwl))-k(]w(wl7-7«'2))'
As is the first step we can check easily that M (x1,z2) < d(x1,z2) and N(x1,22) = 0. Then
we obtain
0(d(xa,x3)) < a1, 22)0(d(Tx1, Txs))
< [g(d(xo’xl))]k(d(woﬁwl)).k(d(m,Iz)).
Continuing in this manner, we construct a sequence () satisfying x, 1 = Ta,. If there
exists no such that z,, = z,,+1, then z,, is a fixed point. Suppose the contrary, so
d(xp, Tzy,) > 0 and a(x,, pe1) > 1 since a-admissibility of T') for all n € N and by using
(1) we get

U, @ ))0(d(Tn—1,Ty)) < [O((d(@nr, @p))] 100D,
< [0(d(zo,21)],
where P =[], k(d(zi—1,2;)).

The sequence (d(xp,Zn+1))n 18 a decreasing sequence and bounded at below, then it is
convergent. Since lim+ supk(t) < 1, then there exist § € (0,1) and ng € N such that
t—s

k(d(xpn,ni1)) < 0, for all n > ng. Thus P < 6™ "0, and so we have

1 < 0(d(@n, 2n41)) < [B(d(wo,21))]" ", (2)
for all n > ng.
On taking the limit as n — oo, we get li_>m 0(d(xpn, Tnt1)) = 1, from (62) we obtain

lim d(z,,zn41) =0.
n—o0

Now, we prove {z,} is a Cauchy sequence, from (f3) there exist r € [0,1) and ! € (0, c0]
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0(d _1
such that lim (d(zn, Tny1)

n— o0 (d(mn, xn+1)r
there exists ny € N such that for all n > nq, we have

fml_c< O(d(xpn, Tpt1) — 1 _

(d(x’ﬂa mn+1)7-
(2, Eng1)) < n[(6(d(xo, xls))] .

If | = oo, let A be an arbitrary positive real number, so from the definition of the limit there
exists n1 € N such that for all n > n; we have
0(d(xn, Tnt1)) — 1
(d(@n, Tnt1))"

=1 If ]l < o0, let 2¢ = [, so from the definition of limit

sn—no

> A,

which implies that

n zo, 1)) 0 —
R B @

Letting n — oo in (3)(resp in (4) ), we obtain

nh_)rr;o n(d(xn, xn41))" = 0.

From the definition of the limit, there exists na > max{ng,n;} such that for all n > na, we

have
1

n

d(‘rna xn—i—l ) >~

3=

(oo}

Then the series Z d(2p, Tne1) is convergent, hence {x, } is a Cauchy sequence. Since (X, d)
ni

is complete, so {x,} converges to some z € X.

Now, we prove that x is a fixed point for T, in fact since X is regular so for the sequence

{z,} which satisfying oz, xp+1) > 1 and z,, — x, by using (1) we get

0(d(xpy1,Tz)) = 0(d(Txy, Tx)) < [0(d(2p, x))* @) < 9(d(2,, 2)),
since 6 is non decreasing function, we get
0 <d(zpt1,Tz) < d(xn, ).
Passing to the limit we obtain d(z, Tx) = 0 which implies that x = T'z. O

Remark 2.1. (1) If for all x,y € X, we have a(x,y) > 1, then the fixed point is unique.

(2) If for each x,y € Fix(T)( set of fixred point of T ), we have a(x,y) > 1. Then the fized
point 1S unique.

(3) If for all x,y € X, there exists z € X such a(x,z) > 1 and a(y,z) > 1, then the fized
point is unique.

If a(z,y) =1, for all z,y € X, we get the following corollary.

Corollary 2.1. Let (X,d) be a complete metric space, T : X — X be a self mapping if there
exist 0 € ©p € U, L >0 and k : (0,00) — [0,1) with lim supk(t) < 1 for all s € (0,00)
t—s

such that d(Tx,Ty) > 0 implies
0(d(Tx, Ty)) < [0(p(M(z,y)) + LN (2, y)] M), (5)
for all z,y € X with d(Tx,Ty) > 0. Then T has a fized point.

If we take 6(t) = e' and the logarithm of two sides in corollary 2.2 we obtain the
following corollary:
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Corollary 2.2. Let (X,d) be a complete metric space, T : X — X be a self mapping if there
exist 0 € ©p € U, L >0 and k : (0,00) — [0,1) with lim+ supk(t) < 1 for all s € (0,00)
t—s

such that d(Txz,Ty) > 0 implies

d(Tz,Ty)) < k(M (z,y)) (M (z,y)) + LN (z,y)], (6)
for all z,y € X with d(Tx,Ty) > 0. Then T has a fized point.
Example 2.2. Let X =R and d(z,y) = |z —y|. DefineT: X — X and a: X x X — [0, 00)

by

ol zyel0,1]

Tx=4q 5+1, <0

£ x>1

and
[ 1, z,y€l0,+0)
oz,y) = { t, otherwise
Taking 0(t) = e, ¥(t) = 3t and k(t) = e~ 1!

For x =0 we get T(0) = 1 and o(0, 3) =
For all z,y € [0,400), we have a(z,y) = 1 and T([0,4+00)) = (0, +00), which implies T
s a-admissible. Now, we show that the contractive condition is verified. For x,y € X, we
have T([0,1]) = [3,1] C [0,1]. Then T is a-admissible.
We discuss the following cases:
(1) For for all x,y € (—00,0) with x # y, we have d(Tx,Ty) > 0 and
d(Tz, T
In(a(z, 1)) + Wed(“’”)gd(“” = —In(5) + e
<e il = k(d(a,y).
(2) For for all x,y € [0,1] with  # y, we have d(Tx,Ty) > 0 and
d(TmaTy) ed(Tx,Ty)—%d(a:,y) — le—%hﬁ—y\
d(z,y)
<ealeyl = k(d(x,y).

(3) For for all x,y € (1,+00) with x # y, we have d(Tx,Ty) > 0 and
d(T.Z‘,Ty) 6d(Tz,Ty)féd(ac,y) — ?67%|mfy\

d(z,y) 8
< e alemyl = k(d(z,y).

If {z,} a sequence in [0,00) converges to x, it is clear x € [0,00). Then all hypotheses
of Theorem 2.1 hold, so T has a fixed point. Here T has two fixed point 1 and 2, since

a(1,2) =0<1 and for x > 1, or y < 0 we have o(z,y) = 0.

3. Some sequences

In this section, as consequences we give an existence theorem of a fixed point in
complete metric space endowed with a partially order relationship and in complete metric
spaces endowed with graph.

Theorem 3.1. Let (X,=,d) be a complete ordered metric space and T : X — X be a self
mapping. Assume that the following assertions hold:

(i) For each x,y € X such that x <y we have Tz < Ty.
(it) There exists xo € X such that xg = Txp;
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(i4i) There exist 0 € ©,p € U, L >0 and k : (0,00) — [0,1) satisfies lim+ supk(t) <1 for
t—s
all s € (0,00) such that

0(d(Txz, Ty)) < [0(M (z, y))]* M @),
for all z,y € X with x <y and d(Tx,Ty) > 0. Then T has a fized point.

Proof. Define a: X x X — R, by

a: X x X = [0,+0), a(zr,y)= {1’ ifz= z.l’

0, otherwise.
From (iii), we have z < y so a(z,y) = 1 > 1, which implies T is a generalized almost
(v, 1, 6)-contraction.
Also from (i) for x € X and y € Tx such that x < y, i.e., a(z,y) =1 > 1 we have tx < Ty,
then T is a-admissible.
From (i7) there exist x9 € X such that xy < T'zo = x1, which implies a(zg,z1) > 1.
From [21] every ordering space is regular. Hence all hypotheses of Theorem 2.1 are satisfied,
then T has a fixed point. |

Now, we present the existence of a fixed point for self mapping from a complete metric
space X, endowed with a graph. Consider a graph G such that the set V (G) of its vertices
coincides with X and the set E (G) of its edges contains all loops; that is, E' (G) O A, where
A = {(z,z):z € X}. We assume G has no parallel edges, so we can identify G with the
pair (V (G), E(G)).

Theorem 3.2. Let (X,d) be a complete metric space endowed with a graph G, that is
G = (V(G), E(G)), where V(Q) is its vertices and E(G) its edges, moreover suppose the
G ha no parallels edges and T : X — X be a self mapping. Assume that the following
assertions hold:

(i) For each z,y € X such that (z,y) € E(G) we have (T'z,Ty) € E(G).
(i) There exist xg € X such that (zg, Txo) € E(G);
(79t) There exist 0 € ©3p € ¥, L > 0 and k : (0,00) — [0,1) such that lim+ supk(t) < 1
t—s

for all s € (0,00) satisfies
0(d(T, Ty)) < [0((M(x,y)) + LN (,y)] M @),
for all z,y € X with (z,y) € E(G) and d(Tz,Ty) > 0. Then T has a fized point.

Proof. Define a: X x X — R, by

a: X x X = [0,+0), a(z,y)= {1’ ifo < ‘1,”

0, otherwise.
From (iii), we have (z,y) € E(G) so a(zx,y) = 1 > 1, which implies T is a generalized
almost («, v, #)-contraction.
Also from (i) for z € X and y € Tz such that (z,y) € E(G), i.e, a(r,y) =1 > 1 we have
(Tz,Ty) € E(G), then T is a-admissible.
From (i7) there exist xg € X such that (zg,Txzo) € E(G), which implies a(xg, Txo) > 1.
From [16] every metric space endowed with graph is regular. Then all hypotheses of Theorem
2.1 are satisfied, then T has a fixed point. O
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4. Application to fractional differential equations

Consider the following boundary value problem:

°Dizx(t) = f(t,z(t)), t € J =1[0,1],
{ z(0) = 0, (7)
(1) = A fy g(s,2(5))ds,
where DY with 1 < ¢ < 2 is the Caputo fractional derivative, A > 0
and f:J xR —R.
Let X = C(J,R) be the Banach space of all continuous functions from [0, 1] into R with the
uniform convergence norm ||z||« = sup{|z(t)|,t € J}.

Lemma 4.1. A function x is a solution of the problem (7) if and only if, x is a solution of
the following integral equation:

z(t) = At/lg(s,a?(S))dSnL/l G(t,s)f(s,(s))ds,
0 0
for allt € J, where

1 (t—s) P —t(1—-s)7"1 0<s<t<1
G(t’s)_r(q){ —t(1—s)77 1, 0<t<s<1l ®)

Proof. We have

I(°Diz(t)) = z(t) —co — 1t = FL /0 (t —s)T 1 f(s,2(s))ds

by the boundary values we get

1 ! q-1 - '
o(1) =1+ s /0 (1= )7 f(s,x(s)ds = A /0 9(s, x(s))ds.

Then
1 1 ot 1
c1 = —@/0 (1—y9) f(&x(s))ds—i—)\/o g(s,z(s))ds,
which gives
t ! — ! I o
o) =~ [ (=9 fsaloDdsre [ glsva(o)ds s [ 0= flsa(e)ds

which implies that

x(t)—/o G(t,s)f(s,x(s))der/\t/O g(s,z(s))ds,

where ) .
1 (t—s)"t=t1l—s5)9" 0<s<t<1
G(tas){ —t(l—S)q_l 0<t<s<1.

/01 Gt 5)ds = =] /010‘ =) —t(l—5)"ds - / s

1 2
=—[t1+1] < —
S+ 1] <

[(q)
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Let GO = ﬁ

Assume that the following assumptions hold:

(A1) : For z,y € X with (z,y) € E(G) implies (Tz,Ty) € E(G).
(As) : There exists xp € X such that (g, Tzg) € E(G).
(A3) : There exist ¥, p € L*(J) such that for all 1,22 € R, we have

[f (8 21(2)) = f(E,22(D)] < @(8)[l21 — 2a]),
lg(t, 21(t)) — g(t, 22 ()] < Y (B)]lwr — 22])),
where co = Go ||z + All¢[ < 3.
Theorem 4.1. Under the assumptions (A1) — (As), the problem (7) has a solution in X.

Proof. For (z,y) € E(G) and for all t € J we have
Ta(t) = Ty(t)| = I/O G(t,s)(f(s,2(s)) = f(s,y(s)))ds + /\t/O (9(s,2(s)) = g(s,y(s))ds)]

< (Gollellr + Aol L)l — yl,
which implies that

[Tx(t) = Ty(llco <GollellLr + @)1z = ylloo,
0
d(Tz,Ty) < (GollellLr + |¢llr)d(z, y) = coM (2, y),
where M (z,y) = max{d(z,y),d(z,Tz),d(y, Ty), 3(d(z, Ty) + d(y, Tx))}. Hence we have

VAT TY) < (oV/2c0M (@))%

Then all the hypotheses of Theorem 2.1 are satisfied with () = %t, E=Y¥2 L =0 and
0(t) = eV, so T has a fixed point which is a solution of problem (7). O

Remark 4.1. In the previous application, we didn’t need the fourth hypothesis of Theorem
2.1, since in [16] the author mentioned that every metric space endowed with a graph is a
reqular space.

Conclusion

In this work, we have presented a fixe point theorem by using a combination of some
concepts to obtain a new type of #-contractions in which our study improves and generalizes
some results. An example has been given to illustrate our outcomes and as a consequences,
we have gave some fixed point results on a metric space endowed with a partial ordering or
with a graph. Finally, we have applied our new theorem to ensure the existence of solutions
for a boundary value problem of fractional differential equations with integral boundary
conditions under weaker conditions.
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