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A GENERALIZED COMMON FIXED POINTS FOR MULTIVALUED
MAPPINGS IN G,-METRIC SPACES WITH AN APPLICATION

Noreddine Makran®, Abdelhak El Haddouchi?, Brahim Marzouki®

In this work we are interested to prove a general common fized point the-
orem for a pair of multivalued mappings satisfying a new type relation in Gp—metric
spaces. The results in this paper generalize the results obtained in [3], [5],[12]. An ez-
ample and application integral equation are given to illustrate the usability of the main
results.
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1. Introduction and Preliminary

In analysis, the fixed point theorems turn out to be very useful tools in mathemat-
ics, especially in solving differential and functional equations. In 1922, Banach[4] proved
that each contraction map in a complete metric space has a unique fixed point. Mustafa
and Sims[13] introduced a new notion of generalized metric space called a G-metric space.
Mustafa, Sims and others studied fixed point theorems for mappings satisfying different con-
tractive conditions [[2],[5],[12],[13],[17],[21],[22]]. Aghajani et al., in[1], extended the notion
of G-metric space to the concept of GGp-metric space. Several authors have introduced a
new class of generalized metric space, obtained several results in fixed point theory, ( see
[1]-[22)).

As a consequence of our work we obtain some results known in the case of multi-valued
mappings that we will point out, and we give an application for an integral equation.

Let X be a Gp-metric space. we shall denote B(X) the set of nonempty closed bounded
subsets of X. Let Hg,(.,.,.) be the Hausdorff Gp-distance on B(X), in [6] Kaewcharoen
and Kaewkhao defined Hausdorf G-distance as, for A, B,C € B(X) we have

Hg (A, B,C) = max{sup G(x, B,C), sup G(z, A,C), sup G(x, B, A)}.
z€A zreB zeC

We also in this work define Hausdorff Gp-distance on B(X) as follows, for A, B,C € B(X)
we have

Hg, (A, B,C) = max{sup Gy(z, B, C), sup Gy(x, A, C), sup Gp(z, B, A)}

€A zeB zeC
where
Gp(z,B,C) = dg,(x,B)+dg,(B,C)+dg,(z,C), dg,(x,B)=inf{dg,(z,y),y € B},
dGb(Bvc) = inf{dGb(xay)vx S Bay S C}, Gb($7yvc) = inf{Gb(x,y,z),z S C}

1 Department of Mathematical Sciences, Mohammed Premier University, Oujda, Morocco e-mail:

makranmakran83@gmail.com
2 Department of Mathematical Science, Faculty of Sciences and Technology Errachidia, Morocco, e-mail:

abdelhak.elhaddouchi@gmail.com
3 Professor, Department of Mathematical Sciences, Mohammed Premier University, Oujda, Morocco,

e-mail: b.marzouki@Qump.ac.ma



158 Noreddine Makran, Abdelhak El Haddouchi, Brahim Marzouki

Note that ( see ([3]) ) dg, (z,y) is given as dg, (z,y) = Gp(z,y,y) + Gp(x, ,y) which defines
a b-metric on X. A mapping T : X — B(X) is called a multivalued mapping. A point
x € X is called a fixed point of T if x € Tx.

Definition 1.1 ([3]). Let Xbe a nonempty set and s > 1 be a given real number. Suppose
that Gp: X x X x X — RT satisfies:

(Gu1) Go(w,y,2) =0 if z=y=z,

(Gp2) 0 < Gp(z,z,y), forall z,y€ X,with z#y,

(Gp3) Go(z,x y) < Gy(z,y, 2), for all x,y,z € X, with z # y,

(Gpa) Gp(z,y,2) = Gp(x, 2,y) = Gp(y,z,2) = ... (symmetry in all three variables), and
(Gos) Go(z,9,2) < s(Gp(x,a,a) + Gyla,y, 2)),Yx,y,z,a € X ( triangle inequality).

Then Gy is called a generalized G-metric and the pair (X, Gyp) is called a Gyp-metric

b4
b5

space.
It is clear that if s = 1, then (X, G) becomes a G-metric space.

Example 1.1 ([1]). Let (X,G) be a G-metric space. Consider Gy(z,y, z) = (G(z,y, 2))?,
where p > 1 is a real number. Then, Gy, is a Gy-metric with s = 2P~1

Definition 1.2 ([1]). Let (X, Gy) be a Gy-metric space. A sequence () in X is said to be

(1) Gy-Cauchy sequence if, for each € > 0, there exists a positive integer ng such that,
for all m,n, 1 > ng, Gp(xp, Tm,x;) < €.

(2) Gp-convergent to a point x € X if, for each € > 0, there exists a positive integer ng
such that, for all m,n > ng, Gp(Tp, Tm,x) < €.

Proposition 1.1 ([3]). Let (X, Gy) be a Gp-metric space. Then, the following are equivalent:

(1) the sequence (x,,) is Gy-Cauchy,
(2) Ve >0, Ang € IN such that, Vm,n > ng, Go(Tn, Tm, Tm) < €.

Proposition 1.2 ([3]). Let (X, Gyp) be a Gy-metric space. Then, the following are equivalent:
(1) (x) is Gp-convergent to x.

(2) 111:[_1 Gp(xn, Tpn,z) = 0.

(3) lim Gp(zy,z,x)=0.

(4)

n—-+oo
4

lim  Gyp(zp, m,z) =0.
n,m—+00

Definition 1.3 ([1]). A Gy-metric space X is called Gy-complete if every Gy-Cauchy se-
quence is Gy-convergent in X .

Definition 1.4 ([14]). Let (X,Gy) and (X',G,) be two Gy-metric spaces. Then a function
T : X — X is Gy-continuous at a point x € X if and only if it is Gy-sequentially
continuous at x, that is, whenever (xy) is Gy-convergent to x, (T'z,) is G, -convergent to
Tzx.

Mustafa and Sims proved that each G-metric function G(z,y, 2) is jointly continuous
in all three of its variables (see, Proposition 8 [11]). But in general a Gp-metric function
Gy(x,y, z) for s > 1 is not jointly continuous in all three of its variables. Now we recall an
example of a discontinuous Gp-metric.

Example 1.2. Let X = N{Joo and let d : X x X — RY and s = 3 such that:

0 if m=n
| L -1 $i m,n are even or mn = 0o
d(n,m) = m o n i
5 if m,n are odd and m #n
2 otherwise.

Then it is easy to see that for all m,n,p € X, we have
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d(m,p) < 3(d(m,n) + d(n,p)).
Thus (X,d) is a b-metric space with s = 3. Let Gy(x,y,z) = max{d(z,y),d(y, 2),d(z,z)}.
It is easy to see that Gy is a Gp-metric with s = 3. Now, we show that Gy(x,y, z) is not a
continuous function. Indeed:
suppose that Gy is continuous, take x, = 2n and y, = z, = 1, then we have z,, — 00,

Yo — 1 and z, — 1. The application: T:X — R* with Tx = Gy(x,1,1) will be contin-
uous, but we have :

| Twn - TOO | = | Gb(x’ﬂ7171) - Gb(OO7171) |
= 1-»0

which is a contradiction.

2. Main results

Definition 2.1. Let s > 1, and F; be the set of all functions F(t1,ta,...,t11) : IR}‘_l — R
such that:

(&1) : F is continuous in variables t1, ta, ts, tg, t7, t10, t11 and non increasing in variables
tay tases tin.

(F2) : 3hq € [0, 1], such that Vu,v >0 :

F(u,v, sv,u,u, s(v+u),0,u,u,0, s(utv)) <0 or F(u,u,0,0,0,u,v,0,0,v,u) < 0= u < hyv.
(F3) Jhe € [0, %[, such that Yu,v > 0: F(u,0,0,v,v,sv,0,v,v,0,s0) <0 = u < hov.
Moreover, if o, 8 > 0 such that Yu,v,w >0 :
F(u,v,0,s(u+w),s(u+w),uw,s(u+w),s(u+w),wu) <0=u<av+ pw, we say that
F check (Fy4).

Example 2.1. (tl,tg, . atll) = /\max{tg,t4,t5} with 0 < A\ <
Example 2.2. F(t;,to,...,t11) = t; — y(ta)ta with v : [0,00) — [0, %).
Example 2.3. F(ti,to,...,t11) = t1 — Amax{ta, t3,t4,ts5,t6,ts,t10} with 0 <\ < o~
Example 2.4. F(ty,ta,....,t11) =t1 — Ate + t7) with 0 < A < 2+S
Example 2.5. (t ta, .. ,tu) =t — )\max{t4 + tg,t7 + th} with 0 <\ < 2+1 1
Example 2.6. (tl,tg, ...,tn) = )\max{tﬁ + t7,t8 + tg,t10 + tll} with 0 < A< 2+5
Example 2.7. (tl,tg,.. tll) 17)\max{t6 +t9,t7+t10,t8+t11} wzth0< A< 2+s+1'
Theorem 2.1. Let (X, Gyp) be a complete Gyp-metric space with coefficient s > 1,
T,R : X — B(X) such that Vz,y,z € X
Heg, (Tz, Ry, Rz), Gy(z,y, 2), Gy(z, Tz, Tx),
F Gb(y7Ry7Ry)7Gb(Z7RZ7RZ)7Gb(‘T>Ry7Ry)7 <0 (1)
Gy(y, Tx,Tx),Gy(y, Rz, R2),Gy(2, Ry, Ry), | =
Gy(2, Tz, Tx),Gy(x, Rz, Rz)
and
Heg, (Rx,Ty,Tz),Gy(x,y, 2), Gp(x, Rz, Rx),
p| G Ty Ty), G2 T2 T2),Go(x, Ty, Ty), | _ )
b( Rx,Rx),Gb(y,Tz,Tz),Gb(z,Ty,Ty), -

Gy(z, Rz, Rx),Gy(x, T2, Tz)

with F' € F5. Then, T and R have a common fized point x € X. Moreover, if x is absolutely
fized for T and R (which means that Tx = Rx = {x}), then the fized point is unique.
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For the proof of this theorem we need two lemmas.
Lemma 2.1. Let (X, Gy) be a Gp-metric space with s > 1 and A, B € B(X). Then for each
a € A, we have
Gy(a, B, B) < Hg, (A, B, B).
Proof.

HG!,(A7B7B) > sup Gb(ﬂ?,B,B) > Gb(a’aBaB)'
€A

Lemma 2.2. Let (X, Gy) be a Gy-metric space with s > 1. If A/B € B(X) and z € A,
then for each € > 0, there exists y € B such that

Go(,y,y) < Hg,(A,B,B) + €.
Proof.

By Lemma 2.1 and the characterization of inf we have, for each £ > 0, there exists
y € B such that

inf{Gy(x,2,2),2 € B} +¢

Gy(z,y,y) <
< 2 igg(Gb(x, z2,2)+ Gp(z,z,x)) + ¢

2dg,(x,B)+¢=Gy(x,B,B)+¢
Hg,(A,B,B) +¢.

IN

Proof of Theorem 2.1 .
Existence.
For zg € X, and 1 € Tzp. According to (1), with © = z¢ and y = z = 1 we have
HGb (T'T07 Rx17 Rx1)7 Gb(fEO, x1, .T]), Gb('r(h Tx07 Tx())?
Gy(x1, Ry, Rxy), Gy(x1, Re1, Rey), Gy(wo, Ry, Rxy),
Gy(x1,Txo, Txo), Go(x1, Rx1, R1), Gy(21, Rry, Ray),
Gb(zla Tx()? TCCO)a Gb(an R$17 Rxl)

According to (Gs5) we have:

Gy(xo, Txo, Txo) < 8(Gp(wo,x1, 1) + Go(x1, T, T0))
= sGy(xo,21,21),

<0. (3)

by Lemma 2.1 and (Gps) we have :
Gy(xo, Rr1, Rxy) s$(Gp(xo, 21, 21) + Gp(x1, Rx1, R21))
s(Gp(x0,21,21) + Hg, (Txo, Rx1, Rx1)).
By Lemma 2.1, and (F7), (3) becomes :
Heg, (Txo, Rx1, Rx1), Gy(xo, 1, 1), SGp (0, 21, 21), Hg, (Txo, Rx1, R21),
He, (Tzo, Rx1, Rx1), s(Gy(xo, 21, 21) + Hg, (Txo, Rz, R21)), (1)
O,HGb(Ta?o,Rl‘hR!L‘l),HGb(Taio,Rl’hR.’El), -
07 S(Gb(an T, Jl"l) + HGb (T$07 Rxl) R.’El))
According to (F2) : 3hy € [0, 1], such that: Hg, (Txo, Rx1, Rx1) < hy Gp(zg, 21, 21).
Now, by Lemma 2.2 we have for ¢ = %(1 — h1)Gp(x0, 1, 21), there exists zo € Ry
such that:

Gp(r1,79,22) < Hg,(Tzo, Rr1, Rry) + €

<
<

F

1
< hGy(zo, 71, 71) + 5(1 — h1)Gy(z0, 71, 71)
1 1
5(1 —+ hl)Gb(xo,xl,xl) = th(xo,JL‘l,lj) with h = 5(1 + hl) < 1.
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According to (2), with = 1 and y = z = x5 we have :

HGb(RxlaTz?aTzQ)aGb(xha:?az?)aGb(xlszlaR'T’l)v
Gb($2,T$2,Tx2),Gb($2,T%Q,T%Q),Gb(zl,T$2,T$2),
Gp(x2, Rx1, Rz1), Gp(22, Txo, Tx2), Gy(x2, T2, T22),
Gy(r2, Rr1, Rx1), Gy(x1, Txe, T)
By Lemma 2.1, (Gys5) and (F7) (5) becomes :

Hg,(Rx1,Txa, Txs), Gy(r1, 22, ¥2), sGo(21, T2, 22), Ha, (Ra1, Two, Txa),
Hg,(Rxy, Txo, Txz), s(Gy(x1, 22, 22) + Hg, (Rr1, Tag, Txs)),
0,HGb(Rxl,TQSQ,TZ‘g),HGb(RZEl,TZIJQ,TSCQ),

0, s(Gp(z1,x2,2) + Hg, (Rx1,Tx2, Txs))

According to (F2) : 3hy € [0, 1], such that Hg, (Rx1, Txa, Txs) < hy Gp(x1, 22, 22).
By Lemma 2.2 we have for ¢ = %(1 — h1)Gp(21, T2, 22), there exists x3 € Txy such

<0. (5)

F <0. (6)

that:
Gb(IQ,Ig,l‘g) < HGb(lel,TfEQ,TSCQ) + €

1
< hGy(xr, z2,22) + 5(1 — h1)Gp(z1, 22, 2)

1 1
= 5(1 + hl)Gb(I1,$27x2) = th(:C17x2,I2) with h = 5(1 + hl) < 1.

By recurrence, we construct a sequence (x,,) with xa,+1 € Txo, and zao, 2 € Rxa,y1 which
satisfies:
Go(Tan11, Tant2, Tont2) < b Gy(Ton, Tant1, T2ns1) (7)

and

Go(T2n, Tant1, Tony1) < h Gy(Tan—1, Ton, T2,) (8)
According to (7) and (8) for everything n € N*, we have
Gy(p, Tyt Tnt1) < h Gp(Tp—1,Tn, xy,)
from where
Go(Tpy Trg1, Tnt1) < A" Gp(zo, 21, 21).
Now we have to show that (z,) is a Cauchy sequence. Let m,n € IN*, then
Go(Tp, Tpgms Trgm) < SGp(Tr, g1, Tny1) + 82Go(Tng1, Tnio, Tnio) +
3Gy (Tntos Tngs, Tnas) + oo+ 8™ LGy Tnpm—15 Trtms Trngm)-
On the other hand, we have :
Go(Tn, Tpgms Trgm) < Sh"Gy(zo,x1,21) + s°A" T Gy (w0, 21, 21) + 2" T2 Gy (20, 21, 71)

o+ ST T2G (20, w1, 1) + SR LG (g, 21, 201)

< sh™(1 4+ (sh) + (sh)* + ... + (sh)™ ™2 + (sh)™ Y Gy(xg, z1, 71)
1—(sh)™ h"s
= Sh" (1(8]31> Gb<.’1,‘0,.’1,‘1,$1) S (15h) Gb(l’o,x]_,x]).
from where lim Gy(Zn,Tntm, Tnim) = 0 for m € IN*. By Proposition 1.1, then (z,) is a

n—oo
Cauchy sequence. As the Gp—metric space (X,Gp) is complete, there exists x € X such

that lim Gy(xy,,x,,z) = 0. Next we show that € Ta and « € Rz, indeed, by (2) we have
n—oo

Hg,(Rxan—1,T2,Tx), Gy(v2n—1,2, ), Gy(2on—1, Rron_1, RTon_1),
Gy(z, Tz, Tx), Gp(x, Tz, Tx), Gp(xop_1,Tx,Tx), )
Gy(x, Rxop—1, Rron—1),Gp(z, Tz, Tx), =
Gy(x, Tz, Tx), Gp(x, Rron—1, Rron_1), Gp(xan—1,Tx,Tx)

F
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According to (Gps5) we have
Gb(x2n717 T.’E, T.’E) < S(Gb(xanla z, {E) + Gb(xv Tl', TﬁC)),

Gb(x2n—17 R$2n—1a RIQn—l)

N

5(Gy(@an—1,T2n, Ton) + Gy(Ton, Rron—1, Rron_1))

5Gb(£2n—17 Ton, -13271)

and

Gy(x, Rron_1,Rron_1) < S(Go(x,Ton,Ton) + Gp(Ton, Rron—1, RTon—1)

SGb(l’, T2on, xZn)'

So by (F1), (9) becomes :

Hg,(Rxan—1,Tx, Tx), Gy(x2n—1,7, %), SGy(Tan—1, Ton, T2n),
Gy(z, Tz, Tx),Gy(x, Tz, Tx), s(Gp(z2n—1, 2z, z) + Gp(x, Tz, Tx)),
sGp(x, xon, Tan), Gy(x, Tz, Tx),

Gy(z, Tz, Tx), sGp(x, Ton, Ton), S(Gp(xan—_1,z,x) + Gp(x, Tz, Tx))

Letting n — oo we obtain
P lim inf Hg, (Rr2n—1,Tx,T2),0,0,Gy(z, Tx,Tx), Gp(x, Tz, Tx), <
n—oo
sGyp(z, Tz, Tx),0,Gy(x, Tz, Tx), Gp(x, T2z, Tx),0,sGp(x, Tz, Tx)) | ~

F <0. (10)

because we have Hg, (Rzan—1,T(T2n), T(z2n)) < hiGp(Tan—1, Tan, T2n), Tant1 € T(x2,)

Hg, (Rxon—1,Tx,Tx) < s(Hg,(Rran—1,{%2n+1},{zan+1}) + Ho, {x2nt1}, Tx, Tx))
< sHg,(Rran—1,T(w2n), T(x2n)) + s*(He, ({w2n11}, {2}, {2})
+ Heg,({z}, Tz, Tx))
< shiGy(Tan—_1, Ton, Ton) + 8°Gy(T2n41, T, T)
+ s*Hg,({z}, Tz, Tx),

so we deduce that the sequence (Hg, (Rx2n—1,Tx,Tx)), is bounded.
Now, by (F3), Jha € [0, %[, such that:

lim igf Heg, (Rxon—1,Tx,Tx) < hoGy(x, Tz, Tx). (11)
n oo

On the other hand we show that Gy(z, T2, Tx) = 0. Suppose that Gy(z, Tz, Tx) > 0, then
Gy(x, Tz, Tx) < s(Gp(x,2on,Ton) + Go(xon, Tz, Tx))
< 8(Gp(x, xan,x2n) + Hg, (Rxapn—1, T2, Tx)).
By (11) we have
Gy(z, Tz, Tz) < limniil(f)o s(Gp(x, xon, Tan) + Ha, (Rron—1, Tz, Tx))
< sheGy(z, Tz, Tz) < Gp(z, Tz, Tx)

which is a contradiction, then Gy,(x, Tz, Tx) = 0 from where z € Tx.

In the same way by (1) with = 29, and y = z = z, we find Gy(z, Rz, Rx) = 0,
hence = € Rx and consequently T' and R have a common fixed point x € X.
Unicity.
Suppose that Tx = Rx = {z} and y € X is an other common fixed point of T and R then
by (1) we have

HGb (Tﬂ?, Ryz Ry)7 G(,(l‘, Y, y)a Gb(x7 Tz, TJZ),

Gb(y7 Ryv Ry)v Gb(y7 Ry7 Ry)a Gb($7 Ry7 Ry)a

Gb(yaTvam)vGb(yaRy7Ry)7Gb(vavay)a o
Gy(y, Tz, Tz),Gy(x, Ry, Ry)
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implies
r Gb(x,y,y),Gb(l’,y,y),0,07O,Gb(z,y,y), <0
Gb(y,m,x),0,0,Gb(y,x,w),Gb(x,y,y) -
According to (F2) we have Gy(z,y,y) < h1Gy(y, z,x), in the same way by (2) we find
Gy(y,z,7) < hiGy(2,y,y). Then Gy(x,y,y) < h2Gy(z,y,y) then Gy(z,y,y) = 0 from where
x=1y.
From Theorem 2.1 and T'= R a we obtain corollary

Corollary 2.1. Let (X, Gyp) be a complete Gy-metric space with coefficient s > 1, T:X —
B(X) such thatVz,y,z € X. :
He,(Tx, Ty, Tz),Gy(z,y,2),Gp(z, Tz, Tx),
Gb<yaTyaTy>7Gb(szZaTz)7Gb(x7Ty7Ty)7 <0 (12)
Gb(y,Tx,Tx),Gb(y,Tz,Tz),Gb(z,Ty,Ty), -
Gy(2, Tz, Tx),Gp(x,T2,Tz)
with F' € (Fs). Then T has a fized point x € X. Moreover, if x is absolutely fixed, then it
18 UNIQUE.
Example 2.8. Let X = [0,400[. Define a mapping T:X — B(X) by Tz = [0, §].
Define a Gy-metric with coefficient s =2 on X by
Go(z,y,2) =(lz—y|+|y—z|+]z—2|>
We prove that T' check

—_

He, (Tz, Ty, Tz) < - max{Gy(x,Tz,Tx),Gp(y, Ty, Ty),Gp(2,Tz,T2)}

Ne]

Indeed, we have dg, (z,y) = Gy(z,y,y) + Gp(y,x,z) = 8(x — y)? for all x,y € X.
Let v,y,z € X. If x =y =z =0 then Hg,(Tx,Ty,Tz) = 0. Thus we may assume
that x,y and z are not all zero. Without loss of generality we assume that x <y < z. Then

j2up, Go (a:[0.5].10,3]).
ot 7)< st (5], [ . 05 <] 22,0400 08)
o?g% G (C’ [0’ ﬂ ’ [0’ %])

Since v <y < z, then [O, 4] - [O ] - [O, 5} which implies that
don ([0.3] - [05]) =

e (02)-3]) = (0], 3]) =0
For each0<a<Z% T we have

o2 53]) = (0 [02]) e (2] 02 s o o2 =

Also for each 0 < b < ¥ we have

(102 03]) = (o

N

Implies
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Moreover, for each 0 < ¢ < % we have

(2] p2]) = (e

0, if 0<c<3
= § 8(c-39), i §<e<y
se—9)' 8-’ Fhsess
Implies
i YIY_ L2 N2
pSup. G (¢ [o 4} Jo. 4D =5 le-a7+ w7
Thus we deduce that
1 1 1
Hg,(Tx, Ty, Tz) = max {07 §(y — )% 3 [(z—2)*+ (2 —v)?] } =3 [(z—2)*+ ( — v)°]
1
< 3 [(z—x)2 +(z —ac)z] =(z—1)2
So,
Hg,(Tx, Ty, Tz) < (2 — x)% (13)
On the other hand, we have
x x x
Go(z, Tz, Tz) = da, (“T [O’ZD +de, ([0’ 4] ’ [O’ 4}) +de, (x [0’ 4])
= E = 1 = — E 2 = 2
= 2dg, (m, [O, 4]) OglIelé%dGb(x7e) 16(x 4) 9x”.
From where
max{Gy(z, Tz, Tx), Gy(y, Ty, Ty),Gy(2, Tz, Tz)} = 92°. (14)
By (13) and (14) we have
Hg,(Tx, Ty, Tz) = (z—x2)*<2%= % x 927

1
= §max{Gb(x,Tm,Tx)7Gb(y,Ty,Ty),Gb(z,Tz,Tz)}
All the conditions of Corollary 2.1 are satisfied with F as in Example 2.1, then 0 is the
unique absolutely fixed point of T'.
If T"and R are single mappings, the we obtain the following :

Theorem 2.2. Let (X, Gy) be a complete Gy-metric space with coefficient s > 1, T) R:X —
X such that Vz,y,z € X. :
Gb<Txa Rya RZ)7 Gb(xa Y, Z)a Gb(.’IJ, T:L'7 TLI'I),
Gb(yv R% Ry)a Gb(za RZ; RZ), Gb(xv Ry7 Ry)a

Gb(vadf,Tl')va(y7RZaRZ)7Gb(Z7Ry7Ry)’ S 07 (15)
Gy(z,Tz,Tx), Gy(x, Rz, Rz)
and
Gb(Rxa Ty7 TZ), Gb($7 Y, 2)7 Gb(l', RLE, R.’E),
| G Ty, Ty),Go(2,T2,T2), Go(x, Ty, Ty), | _ (16)

Gb(y,Rx,Rx),Gb(y,Tz,Tz),Gb(z,Ty,Ty), -
Gy(z, Rz, Rx),Gp(x, Tz, Tz)

with F' € F4. Then, T and R have a unique common fized point.



A generalized common fixed points for multivalued mappings In G,-metric spaces with an application 165

Moreover, if F' check (Fy), then T and R are Gy-continuous at this point.

Proof.
The unique common fixed point of 7' and R becomes from Theorem 2.1.
The continuity.
Suppose that F' check (F4), let (y,,) is Gp-convergent to x. For all n € N, by (2) we have

Gy(Rz, Typn, Tyn), Go(x, Yn, Yn), Go(x, Rx, Rx), Gp(Yn, TYn, Tyn),
F ' Go(Yns TYn, Tyn), Go(@, TYn, Tyn), Go(Yn, Rx, Rx), Go(Yn, TYn, Tyn), | <O0.
aGb(ynaTynaTyn)aGb(yTuvaRx)aGb(vaynaTyn)

As Gb(yanyanyn) < S(Gb(yn,x,x) + Gb(%Tyn,Tyn)). We have
Gb(JJ,TymTyn),Gb(ﬂﬁ,ymyn),O,S(Gb(ymﬂfJ) +Gb($,TymTyn))’

S(Gb(ynaz7x) +Gb(x7TynaTyn))7Gb(z7Tyn7Tyn)7Gb(ynaI7I)7 <
S(Gb(yn; (E,lL’) + Gb(vaynaTyn))v S(Gb(yn; (E,:L') + Gb(vaynaTyn))v o

Gb(ynvxvm)7Gb(vayn7Tyn)

According to (F4) we have Gyp(z, Tyn, Tyn) < aGo(Z, Yn, Yn) + BGy(Yn, x, x) from where
lim Gy(z, Tyn,Ty,) =0, then (T'y,) is Gp-convergent to & = T'x. Then T is Gp-continuous
n—oo

F

at x.
In the same way by (1) and (Gps) we find
Gb(xaRynaRyn);Gb(xaynayn)aoaS(Gb(ynvxvx) +Gb(xaRynaRyn))>
F S(Gb(ynvl.vx)+Gb(xﬂRy’naRyn))vGb(xaRyanyn)uGb(yn7xax)a <0.

S(Gb(y’ruxax) + Gb(l’, Ry’na Ryn))a S(Gb(yna CI;?:E) + Gb($7 Ryna Ryn))> -
Gb(yn7xax)7 Gb(l’, Ryna Ryn)

According to (F4) we have Gp(z, Ryn, Ryn) < aGp(2, Yn, Yn) + BGy(Yn, x, ) from where
lim Gy(z, Ryn, Ryn) = 0, then (Ry,,) is Gp-convergent to x = Rx. Then R is Gp-continuous
n—oo

at .

Corollary 2.2. Let (X, Gp) be a complete Gy-metric space with coefficient s > 1, n,m € N
and T,R : X — X such that Vx,y,z € X

Go(T™(x), R"(y), R"(2)), Gb(z,y, 2), Go(x, m($)7Tm($))
Gb(y,Rn(y),R”(y)),Gb(Z,R' ( ) Rn( ))7 R"
Gy, T (x), T™ (x)), Go(y, R" (2), R"(2)), Gb z, R (
Gb(szm(x)va(x))’Gb(xv R" Z)’R (Z))
and
Gy (R" (), Tm( ), T™(2)), Gy(2,y, 2), Go(x, R" (x), R"(x)),
Go(y, T (), T™ (), Go (2, T™(2), T™(2)), Go(, T™(y), T™ (), |
Go(y, R™(2), R"(2)), Go(y, T™ (2), T™(2)), Go(2, T (y), T™ (y)), | ~
Gy(z, R"(z), R"(2)), Gy(z, T™(2),T™(2))

with F' € F. Then, T and R have a unique common fized point.
Moreover, if F' check (Fy4), then T™ and R™ are Gy-continuous at x.

Proof.

Suppose that F' check (F4), by Theorem 2.2, T™ and R" have a unique common fixed
point (T™(x) = R™(z) = z) and T™, R™ are Gj-continuous at x. Then Tz = T(T™(z)) =
T+ (x) = T™(Tx), then Tx is also a fixed point for T™, according to unicity we have
Tx = z. In the same way we find Rx = z.

Then, T and R have a unique common fixed point (Tx = Rx = z) and T™, R™ are
Gp-continuous at x.

From Theorem 2.2 and T'= R a we obtain corollary
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Corollary 2.3. Let (X,Gy) be a Gy-complete Gy-metric space with coefficient s > 1,
T:X — X such thatVz,y,z € X. :

Gb(T'r7 Ty7 TZ), Gb(Qj? Y, Z)7 Gb(x7 TSL', T$)7
Gb(yv Tya Ty)7 Gb(z7 TZ; TZ), Gb(l’, Tya Ty)a
Gb(yv TJ?, T.T), Gb(ya TZ, TZ)7 Gb(z7 Tya Ty);

Gy(z, Tz, Tx),Gp(x,Tz,Tz)

with FF € F. Then T has a unique fized point.
Moreover, if F check (Fy), then T is Gy-continuous at this point.

3. Consequences of the main result

From Corollary 2.3 and Example 2.1 a we obtain [Corollary 4 [3]]

From Corollary 2.3 and Example 2.2 a we obtain [Theorem 6 [3]]

From Corollary 2.3 and Example 2.3 with s = 1 a we obtain [Theorem 2.1 [12]].

From Corollary 2.3 and Example 2.5 with s = 1 a we obtain [Theorem 31 [5]].

From Corollary 2.3 and Example 2.5, y = z with s = 1 a we obtain [Theorem 2.6
[12]].

From Corollary 2.3 and Example 2.6 with s = 1 a we obtain [Theorem 2.4 [12]].

From Corollary 2.3 and Example 2.7 with s = 1 a we obtain [Theorem 2.8 [12]].

4. Application

Let X = C([a,b],R) be the set of real continuous functions defined on [a,b]. For
x,y,z € X, take the Gy-metric G, : X x X x X — RT given by

Gy(a,y,2) = (sup [ x(t) —y(t) |+ sup |=(t) = 2(t) |+ sup |y(t) —=z(t) [)>.  (18)
t€la,b] t€la,b] t€la,b]

Then (X, Gp) is a complete Gp-metric space with s = 2.

Consider the following integral equation

b
Mﬂ:/JWuMﬂwﬂwww te b, (19)

where f : [a,b] x R — R is a continuous function and M : [a,b] X [a,b] — RT is a function
such that M(t,.) € L'([a,b]) for all t € [a, b].
Consider the operator T: X — X defined by

b
Ta(t) = / M(t,w) f(u, (u))du, t€ |a,b]. (20)

Theorem 4.1. Suppose that the following conditions are satisfied :
(Hy) For all z(.),y(.) € X, u € [a,b], we have

F(n,2() — Fu, ()| < Klo(w) —y()]|  where k> 0.
(Ho) sup f: M(t,u)du < e, with 7 € (In(y/s), +00).

t€la,b]
Then the integral equation (19) has a unique solution in X .

Proof.
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It is clear that any fixed point of (20) is a solution of (19). By conditions (H;) and
(Hz), we have

Go(Tx(t), Ty(t), Ty(t) = (thpr] |Tx(t) — Ty(t)])?
, b b
= (2 sup | M(f,u)f(uyx(u))du—/ M(t, u) f(u,y(uw))du |)?
t€la,b] a a

b

= (2 sup | [ M(tu)[f(u,x(u)) — fu,y(u))ldu |)*

t€la,b] a

< (2k sup/Mtu | 2(u) — y(u) | du)?

< K*(2 sup |z(t) — ( sup / M (t,u))du)?
te(a,b) tela,b]

< eTTG(x(t) (), y(t).
Then all conditions of Corollary 2.3 are satisfied with y = z, and F' as in Example 2.2 with

7(t) = =27, thus the operator T has a unique fixed point, that is the integral has a unique
solution in X.

Example 4.1. Let s > 1, the following integral equation has a solution in X = (C[1,¢e],R).
¢ In(ut

() = / ) wydu, te e (21)
1 Se

Proof.
Let T: X — X defined by

Ta(t) = /1 T ydu, te el

se
In(ut
n(u ), f(u,z) =z and 7 €]In(y/s),In(s)] in Theorem 4.1, we get :

(1) For all z(.),y(.) € X, it is clear that the condition (H;) in Theorem 4.1 is satisfied with
k=1.

(2)

By specifying M (t,u) =

sup]/le ln(ut)du - r sup}/j(ln(u)—&—ln(t))du

tel,e se S€ tel,e

1
= — sup [uln(u) — u+ uln(t)]]
se te(l,e]

1
= — sup (In(¢)(e—1)+1)
S€ te[1,e]
1 —T
= —-<e
s
Therefore, all conditions of Theorem 4.1 are satisfied, hence the mapping 7" has a fixed point

in X, which is a solution to equation (21).
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