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BEST PROXIMITY POINT UNDER THE FRAME OF QUASI-PARTIAL
METRIC SPACES

by Wasfi Shatanawil 23

The best proximity point plays an important role in applied sciences. In
this paper, we introduce two types of contractions based on the notion of P—property
in the notion of quasi-partial metric spaces. We use our new contractions to build and
prove some new theorems of proximity type. Our results modify many existing known
results. We close our paper by introducing an example to support our results.
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1. Introduction

The notion of quasi-partial metric spaces was introduced by Karapiner et al [1] as a
generalization of partial metric spaces [2] in the sense that the commutative property between
x and y coordinates is not allowed. Moreover, the study and construct fixed and common
fixed points in frame of metric spaces, quasi metric spaces and quasi-partial metric spaces
are very useful for the Scientists in many different branches such as Physics, Chemistry, and
Engineering. For some works on metric and partial metric spaces, see [3]-[15]. Also, for
some works on quasi-metric space and quasi-partial metric spaces, see [16]-[27].

The definition of partial metric spaces is given as follows:

Definition 1.1. [1] The function p : M x M — [0,00) is called a quasi-partial metric if p
satisfies the following hypotheses:

(1) If p(c,c) = p(c,d) = p(d,d), then ¢ =d,

(2) ple,e) < ple,d),

(2) ple,c) < p(d;c), and

(2) ple,e) + p(d,d) < p(c,d) + p(d, e)
for all c,d,e € X. The pair (M, p) is said to be a quasi partial-metric space.

Definition 1.2. [1] A sequence (a,) in a quasi-partial metric space (M, p) converges to a
point a* € M if
. *\ . * _ * %
Jm  p(an,a”) = lim p(a®,an) = pla”, a”).
Definition 1.3. [1] On the quasi-partial metric space (M, p), a sequence is called Cauchy
if Umy, o400 P(Gn, @) and Himy, st 00 p(Am, an) exist as a finite number.
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Definition 1.4. [1] The quasi-partial metric space (M, p) is called complete if every Cauchy
sequence (an) in M converges to a point a* € M such that

o p(an; am) = lHm  p(am, an) = pla”, a”).

Moreover, Karapiner in [1] proved that the following assertions hold in quasi-partial
metric space:

[1] If p(¢,d) = 0, then ¢ = d.
[2] If ¢ # d, then p(c,d) > 0 and p(d,c) > 0.

The notion of best proximity point and the P—property in the metric space (M, d)
were introduced by Samet et al [28].

Definition 1.5. [28] Let M; and My be subsets of a metric space (M,d). An element
m* € My is said to be a best proximity point of the mapping h : My — Mo if

d(m*, hm™) = d(My, Ms),
where
d(My, My) = inf {d(s,r) tseM;andr e Mz}.

Definition 1.6. [28] Let (M;, Ms) be subsets of a metric space (M,d). Also, let

M{) = {m1 € M; : there exists mo € My such that d(mq, ms) = d(Ml,Mg)}, and

MY = {mg € My : there exists m; € M; such that d(my, ma) = d(Ml,Mg)}.
Then, we say that (My, Ms) have the P-property if

( d(my,mg) = d(My, My) >

d(k1, ko) = d(My, M) dlma, k) = dlma, k).

For some works in fixed point theory, we ask the reader to see [29]-[36]. Also, for
related works on P-property, see [36], [37].

2. Main Results

Let M be a nonempty set endowed with a quasi-partial metric space p. Also, let My
and Ms be two nonempty subsets of M. From now on, we let

M{) = {ml € M7 : there exists mo € Mo

such that p(mq,mg) = p(My, M), p(ma,my) = p(Mg,Ml)}
and
Mg = {mz € My : there exists m; € My
such that p(mi,ma) = p(M1, Mz), p(ma, m1) = P(M%Ml)}’

where
p(My, My) := inf{p(mi,ma) : m1 € My, mq € Ms}.
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Definition 2.1. Let My and Ms be non-empty subsets of a quasi-partial metric space (M, p).
We say that the pair (M, Ms) has the P-property if

p(my,ma) = p(My, Ms) B
( p(kl,k‘g) = p(MhMQ) > = p(mlvkl) = P(m271€2).

By Y —function, we mean a function o : [0,4+00)* — [0,+00) posses the following
conditions:
(1) o is continuous in all of its variables.
(2) 0(0,4,k,1) =0 for all j,k,l€[0,+0),
(3) 0(4,0,k,1) =0 for all 4,k,1 € [0, +00),
(4) 0(4,4,0,1) =0 for all i,5,1 € [0,+00), and
(5) o(i,j,k,0) =0 for all 4,75,k € [0, +00).
Example 2.1. Define
01,09,03: [0, +00)* = [0, +00)
by
o1(i,4,k,1) = sinf{i, j,k,1},s > 0
oa(i, 4, k1) = ekl _ 1 s> 0,
and
o3(i, j, k1) = sijkl, s > 0.

Then 01,09, 03 are YX—functions.

By a c¢—comparison function 7 on [0, +00), we mean a function posses the following
assertions:
(1) 7 is continuous and nondecreasing.
(2) For s >0, 7(s) — +00 as n — +o0.
In the rest of the present paper 7 stands to a c—comparison function and o stands to
a M—function.

Definition 2.2. Let p be a quasi-partial metric on a set M. Assume My and Mo be subsets
of M. We call h : My — My is (p, 7,0, M1, M2)—contraction of type I if for all r,s € My,
we have

plhrhs) < T<p<r,s>>+a(p<s,hr>—p(Ml,sz

p(ryhs) — p(My, M), p(r, hr) — p(My, M2), p(s, hs) — p(Mj, Mg))

Our first result is:

Theorem 2.1. Let (M, p) be a complete quasi-partial metric space. Suppose My and Mo
be closed subsets of M with respect to p. Assume h: My — My be a mapping satisfies the
following conditions:

1) h is (p, 7,0, My, My)—contraction,

2) MY is nonempty.

3) hMQ C M2, and

4) (My, Ms) posses the P-property,

Then h has a unique best proximity m* € M;.

Proof. Choosing ug € M?. Condition (3) implies that there is u; € MY such that p(uq, hug) =
p(My, Ms) and p(hug,u;) = p(My, Ms). So we can construct a sequence (u,) C M} such
that

p(Uny1, huy) = p(My, M), ¥YneNuU{0}
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and
p(htp, unt1) = p(Ma, M), ¥n € NU{0}.

For any m,n € NU{0}, the P—property of (M7, M) ensures that p(uy, tm) = p(htin—1, Aty —1)
and p(’u’m) un) = p(h’um—la hun—l)'
If there is ¢ € NU {0}, for which p(u;, u;4+1) = 0, it follows p(u;41,u;) = 0 and hence

p(My, Mz) < p(us, hu) < p(uis tivr) + p(uivr, hug) = p(uigr, hui) = p(My, My)
and

p(Ma, My) < p(hui,ui) < p(hui, wiy1) + p(uirr, ui) = p(hug, uiy1) = p(Ma, My),

hence p(My, M) = p(u;, hu;) and p(Ma, My) = p(hu;, u;). Therefore u; is a best proximity
point of h.

By assuming that p(up,un+1) > 0, Vn > 0, we may deduce that p(upy1,u,) >
0, Vn>0.

Using the fact that h is (p, 7, o, M7, My)—contraction, we have

P(Um un+1) = p(hun—lv hun)

< T(p(un—1,un)) + U(P(Um huy—1) — p(My, Ma), p(un—1, hun) — p(My, Ma),
p(un—1,hun_1) — p(My, Ma), p(un, huy,) — p(M1,M2))
= 7(p(tun-1,un)) + 0<0, p(Un—1, huy) — p(My, My),
plin1,1t1,-1) = U,V plan ) = (U V)
= 7(p(un—1,uy,)), mneNU{0}
and
P(Unt1,Uun) = p(Rtn, htin—1)
< T(p(un, un—l)) + U(ﬂ(un—lv hun) - p(Ml, MZ)a p(un, hun—l) - p(Ml, M2)7
plttg ) — p(M, M), platn—1, bt —1) — p(Mr, M2>)
= ol ) + ol ) = (31,302, 0,
p(un, hun) — p(My, M), p(tpn—1, htin—1) — p(M1,M2))
= 7(p(tn,un-1)), ne€NU{0}.
By refining process, we obtain
p(unaun-l‘l) STn(p(UO,’U,l)), ’I’LENU{O}
and

p(unt1,un) < 7" (p(ur,uo)), n€NU{0}.
On the other hand, triangular inequality and condition (4) give us
p(My, M) < p(un, huy,)
< p(un, hun—1) + p(htn—1, huy) — p(hn—1, hin—1)
p(My, M2) + p(un, tn+1)
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and

P(M1,M2) p(hunaun)
p(htp, hun—1) + p(htiy—1,un) — p(htty—1, htin_1)
= p(ups1,un) + p(My, My).

Allowing n tends to infinity, we deduce that

IAINA

nllgloo p(umhun) = p(MlvMQ) (2'1)
and
ngl}rloo p(htn, un) = p(My, Mz) (2.2)

Now, given € > 0, we adopt the induction on ¢ to show that

p(tn,up) < g, Y t,n > mg for some mg € NU {0}. (2.3)
Without lose of generality, we shall prove that
P(tn,ut) < €, YV t>n>mg for some mo € NU {0}. (2.4)
If t =n+ 1, since 3(¢ — o(¢)) > 0 and p(un, uy41) — 0, we choose mg such that
1
P(Un, Upt1) < 5(5 —7(€)) YV n > mg. (2.5)

Since 3(e — 7(¢)) < e, we deduce that (2.3) is true for t = n + 1.

Suppose (2.3) holds for ¢t = k.
Now, we shall prove (2.3) holds for t = k + 1.
In view of definition of p and the P—property of (M, M), we see that

P(tn, ukt1) < p(Un, Unt1) + p(Unt1, Ukg1)
= p(um unJrl) + p(hunv huk)

p(Uns Unt1) + T(p(Un, ur)) + 0<P(Uka huyn) — p(My, Ma), p(un, hug) — p(My, Mz),

p(uwu hun) - p(M17 M2)7 p(uk7 h‘uk) - p(M1) MQ))

IN

(2.6)
Using (2.1) and the continuity of 6, we get
Ergirécfl o(p(ug, huyp) — p(U, V), p(un, hug) — p(My, M),
p(tn, hug) = p(U, V), p(ug, huy) — p(My, Mp)) = 0.
So, we can choose ng to be large enough such that for each n > ny,
o (p(ur, hun) — p(My, Ma), p(un, hug) — p(My, My), (2.7)
Pt i) = p(Ms, Ma), plun ) = p(Ms, M) < 3 (e = (<))
By employing inequalities (2.5), and (2.7) in (2.6), we deduce
plumuisn) < 3(e—7(2) +7(0) + 3 (e~ 7).

Thus p(tn, ukr+1) < &, which implies that p(u,,u;) < &, for all t > n > ng. Imitate the
above arguments, we deduce that p(us, u,) < g, for all ¢ > n > ng. Thus, we have

n,nﬁlbgnJroo p(um7 un) =0
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Therefore, we conclude that (u,) is Cauchy in M;. The closeness property of M; in the
complete space (M, p) implies that u* € U such that u, — u* as n — o0 in (M, p); that
is,

nm’lzgn—o—oo p(un’ Um) - n,wlLl—r>n+oo p(um’ Un)

=plu) = lm p(un, u’)

= Hm p(u’, un).

Now, allowing n — —+o00 in:
p(hu® hun) < 7(p(u®, un)) + o(p(un, hu™) — p(My, My), p(u”, hun) — p(My, Ma),
p(un, hn) = p(My, M), p(u”, hu') — p(My, My))
and
p(htn, hu®) < 7(p(un, u*)) + o(p(u’, hun) — p(My, M), p(un, hu®) — p(My, Ma),
p(u*, hu*) = p(My, Mz), p(un, huy) — d(My, Mz)),
we reach to
nBI—&I-loo p(hu™, huy,) = nBToo p(hug, hu™) = 0.
Applying triangle inequality of the definition of p, to get
p(u*, hu®) < p(u™, up) + p(tn, hty) + p(Rtin, hu™) — p(tn, un) — p(htn, huy,)
and
plhu*, u*) < p(hu™, huy) + p(htn, un) + p(tn, u*) — p(htpn, huy) — p(tn, Uy ).

On letting n — 400 in above inequalities, we get p(u*, hu*) < p(My, M3) and p(hu*,u*) <
p(Mz, My). Thus p(u*, hu*) = p(My, M) and p(hu*,u*) = p(Ma, M7). So u* is best prox-
imity point of h.

Now, suppose there is a* € M; such that p(a*,Ta*) = p(M;y, Mz) and p(T'a*,a*) =
p(Ms, My). Then by P—property of (M, Ms), we get p(a*,u*) = p(ha*, hu*). Thus,

pla*,u*) = p(ha*, hu™)

< 7(pla”,u")) +o(p(u”, ha™) — p(My, M), p(a”, hu™) — p(My, M),
p(a”, ha*) — p(My, Mz), p(u*, hu™) — p(My, My))

= 7(p(a”,u")) + a(p(u”, ha™) — p(My, My), p(a*, hu™) — p(My, M>),0,0)

< 7(pla”,y")),

The last inequality holds only if a* = u*. So we conclude that the best proximity point of
h is unique. O

Definition 2.3. Let p be a quasi-partial metric on a set M. Assume My and My be subsets
of M. We call h : My — My is (p, 7,0, M1, Ma)— contraction of type II if for all r,s € My,
we have

p(hr hs) < T(max {p(r7 hr) — p(My, Ms), p(s, hs) — p(Ml,Mg)}>
+ U(p(s,hr) — p(My, Ma), p(r, hs) — p(My, M3), p(r, hr) — p(My, Ms),

plovts) = p(M1, 1) ).

Our second result is:
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Theorem 2.2. Let (M, p) be a complete quasi-partial metric space. Suppose My and M,
be closed subsets of M with respect to p. Assume h: My — Ms be a mapping satisfies the
following conditions:

1) h is (p, 7,0, My, My)—contraction of type II,

2) MY is nonempty,

3) hMY C MY, and

4) (M, Ms) posses the P-property.

Then h has a unique best proximity m* € M.

Proof. As in the proof of Theorem 2.1, we generate a sequence (u,) in M} such that

P(Un1, huy) = p(My, My) VneN,
p(htty, unt1) = p(Ma, My) VneN,
and
Pty Up) = p(htip—1, Aty —1) VvV n,meN.

If there is t € N such that p(us,urp1) = 0, then by triangular inequality we deduce
that p(ug, huy) = p(My, M) and p(hug,uy) = p(Ma, My). Thus, we may assume that
p(ug, uir1) # 0 for all i € N. So p(uy1,u;) #0

For n € N, Condition (1) tell us

P(Um un+1) = p(hun—h hun)

< T(max {p(un_1, hun—1) — p(Mi, M2), p(tn, huy) — p(Mi, Mz)})
+ U(P(Um hun—l) - p(Mla M2)7 P(Un—h hun) - p(M17 M2)a P(Un—la hun—l) - p(Mh M2)a
p(u’na hun) - P(Mh MQ))

< 7o { st 1) = O M)l ) = (002, 31) } ). (2.8)

Now, suppose
max {P(unb hunfl) - p(M17 M2)7p(una hu’ﬂ) - p(M17 MQ)} = p(una hu’ﬂ) - p(M17 MQ)

From triangular inequality, we have
p(tn, hun) — p(My, M2)
< p(Uns Unt1) + p(Unt1, Pun) — p(tng1, uny1) — p(My, Ma)
< p(Un; Un+1

).
From (2.8), we have p(tn, unt1) < p(tn, tnt1) — p(My, Ms), which is a contradiction. Thus

max {p(un_l,hun_l) — p(My, M2), p(un, huy,) — p(Ml,Mg)} = p(un—1, htn—1) — p(My, Ma).
Again,by applying triangle inequality, we get
p(tn—1, httn 1) = p(My, M2) < p(un—1, un).
Inequality (2.8) leads us to
p(tin, unt1) < T(P(Un—1,un)), (2.9)

and hence

{p(un, Uni1): n€NU {0}} (2.10)
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is a decreasing sequence of the set of real numbers. Repeating (2.9) n times, we produce

p(tn, tng1) < 7" (p(uo, u1)). (2.11)
Using the same arguments as above, we have

P(tnt1,un) < 7" (p(u1, uo)) (2.12)
and

{p(un_H, Up): n€NU {O}} (2.13)

is a decreasing sequence of the set of real numbers.

Inequalities (2.11) and (2.12) imply that
lm  p(tn, Upy1) = nEToo P(Upt1,up) = 0.

n—-4oo

For t,n € N with ¢ > m, we have

P(Un, ut) = p(hun—h hut—l)

< (e { s, ) = OO M), placr, ) = o002 M)
+ U(p(ut—1, hun—1) — p(My, M2), p(tun—1, hug—1) — p(My, M), p(un—1, httn—1) — p(My, M>),

plug—1, hup_1) — p(Ml,Mg)) (2.14)
and

plug, upn) = p(hug—1, hup_1)

< T<maX {p(ut—l, hug—1) — p(My, M), p(tn—1, http—1) — P(Mlsz)}>
+ U(P(unh hus—1) — p(My, Ma), p(us—1, htn—1) — p(M1, M), p(us—1, hus—1) — p(My, M),

plitn-1.1ty-) = p(1, 1) ). (2.15)
For s € NU {0}, triangular inequality implies that

p(us, hug) — p(My, M2) < p(us, usi1). (2.16)
Employing (2.11) and (2.16) in (2.14) and (2.15), we get

p(un, ue) < 7(p(Un—1,un))

+ 0(p(ut—1a hun—1) — p(My, M), p(un—1, hus—1) — p(My, Ma), p(tun—1, hun_1) — p(My, Ma),

plutgrs 1) — p(Mo, Mz)) (2.17)
and

p(“h un) < T(p(un*h Un)

+ U(P(Un—la hui—1) — p(My1, Mz), p(us—1, hn—1) — p(My, Ma), p(us—1, hug—1) — p(My, Ma),

p(tp—_1,hu,_1) —p(Ml,Mz)). (2.18)
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On other hand

p(My, Ms) p(un, huy)
P(Um un+1) + P(Un+17 hun) - P(Un+17 un-‘rl)

P(Un, Uny1) + p(My, Ma).

IAN A IA

Letting n — 400, we get
lm  p(un, hu,) = p(My, M) (2.19)

n—-+4oo
By taking the limit on (2.17) and (2.18) and using the continuity of o and (2.19), we obtain

n,tli{g-oc p(un’ Ut) =0

Thus (un) is a Cauchy sequence in M;. Since M is complete, u,, — a* for some a* € M.
Since Mj is closed in M, then a* € M. Moreover, we have
lim Uy, U = lim Ug, U
n,t—-+oo p( w t) n,t—+oo p( b n)

— ; *
o ngrfoo p(un,a )

— N *
o n,tlin-ll-oo p(a ’ ’U,n)

_ : * %k
- mtll)HJlroo p(a @ )

Our attention right now is to show that
pla®, ha™) = p(My, M) and p(ha™,a*) = p(Ma, My).

Suppose on the contrary, that are, p(a*, ha™) # p(My, Ms) and p(ha*,a*) # p(Ma, My)
Since h is (p, T, 0, M7, My)—contraction of type II, we get

p(huy,, ha™)

< T(Il’laX {p(unahun) - p(MlaM2)7p(a*7ha’*) - p(MlvM2)})
+ U(p(a*7 hun) - P(Mh M2)7P(un7 ha/*) - p(M17 M2)a P(Um hun) - p(M17 M2)a

pla ha) = (341, 1) (2.20)

and

p(ha™, huy,)

< T<maX {p(a*,ha*) — p(My, M3), p(tn, huy) — P(M17M2)}>
+ U(p(u’ru ha*) - p(Mh M2)7p(a’*7 hun) - P(Mh M2)7p(a’*7 ha*) - p(Mh M2)7

Pl ) = (M, M) ). (2.21)
By allowing n goes to infinity in (2.20) and (2.21), we conclude that
BI_iI_l p(ha™, huy,) < 7(p(a”, ha™) — p(My, Ma)) < p(a™, ha®) — p(M7, M) (2.22)

and

lim  p(hun,, ha*) < 7(p(ha™,a*) — p(M1, M2)) < p(ha™,a™) — p(My, Ms). (2.23)

n—-+oo
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Applying the triangular inequality, we get
pla*,ha®) < pla®,un) + p(un, huy) + p(hn, ha®) — p(un, un) — p(huy, huy,)
< pla™;up) + p(un, huy) + p(huy,, ha™).
On letting n tends to infinity in above inequality, we arrive to
pla™, ha*) < p(My, Ms) + p(a®, ha™) — p(My, Ms),

which is a contradiction. So p(a*, ha*) = p(My, Ms).

Similarly, by the aiding of (2.22) and triangular inequality, we may show that p(ha*,a*) =
p(Ms, My). at this end we proved that a* is a best proximity point of h. To prove the
uniqueness of fixed proximity point of h, we assume that p(b*, hb*) = p(M;, Ms) and
p(hd*,b*) = p(Ma, My). So p(a*,b*) = p(ha*, hb*). Using condition (1) of the theorem,
we get

p(ha”, hb*) = p(ha”, hb")

< T(max {p(a*, ha*) — p(My, M), p(b*, hb*) — p(M;, MQ)}) (2.24)

+ 0<p(b*7 ha'*) - p(MlvMQ)ap(a*a hb*) - P(Mh M2)7p<a*a hCL*> - p(Mla M2)7

P07, 107) = (041, 1) (2.25)
= 0. (2.26)
Thus p(a*,b*) = 0, and hence a* = b*. O

Now, we employ our main results to derive more results:

Corollary 2.1. Let (M, p) be a complete quasi-partial metric space. Let h: M — M be a
mapping such that for r;s € M, we have

p(hr,hs) < T1(p(r,s)) + a(p(s, hr), p(r, hs), p(r, hr), p(s, hs)).
Then h has a unique fixed point m* € M.

Corollary 2.2. Let (M, p) be a complete quasi-partial metric space. Let h: M — M be a
mapping such that for r,s € M, we have

p(hr,hs) < T<{p(r, hr)), p(s, hs)}) + a(p(s, hr), p(r, hs), p(r, hr), p(s, hs)).
Then h has a unique fized point m* € M.

Corollary 2.3. Let (M, p) be a complete quasi-partial metric space. Suppose M and My
be closed subsets of M with respect to p. Let h: My — My be a mapping such that for
r,s € My, we have

plhrshs) < 7(p(r,s)) +int {pls, ) = p(AMs, D),

pUr1S) = p(M1, M), k) = (0, M)l ) = (0. M) .

Moreover assume the following conditions:
1) MY is nonempty,
2) hM?Y C MY, and
3) (M, Ms) posses the P-property.
Then h has a unique best proximity m* € M.
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Corollary 2.4. Let (M, p) be a complete quasi-partial metric space. Suppose My and M,
be closed subsets of M with respect to p. Let h: My — Ms be a mapping such that for
r,s € My, we have

p(hr, hs) < T({p(r, hr) — p(My, Ms), p(s, hs) — p(Ml,Mg)})
int {p(o.r) = (M3, M) plr1s) = p(31, M),

plrshr) = p(Ms, M), pls, 1) — p(042, M) .

Moreover assume the following conditions:
1) MY is nonempty,
2) hM? C MY, and
3) (M1, M) posses the P-property.
Then h has a unique best proximity m* € M.

Corollary 2.5. Let (M, p) be a complete quasi-partial metric space. Let h: M — M be a
mapping such that for r,s € M, we have

plhhs) < () + i { pls. ) (o) plr ). pls ) .
Then h has a unique fized point m* € M.

Corollary 2.6. Let (M, p) be a complete quasi-partial metric space. Let h: M — M be a
mapping such that for r,s € M, we have

pltrihs) <7 (max {ptrr).pfs ) b ) i { s, )l ) ) s )}
Then h has a unique fized point m* € M.

Example 2.2. Define the quasi-partial metric p on

1 1 1
M:{72777 373477>"'}
0 233 4

by p(a,b) = |a —b| + a. Take My = {0,27374’...} and My = {07
h: My — M by

,} Define

N | =
W=
N

Define the function T on [0,4+00) via

7(u) = {

o: M XxMxMxM-—][0,+c0)

by o(i,4,k,r) =inf{i, j, k,r}. Then

(1) hMY C M.

(2) (My, Ms) satisfies the P-property.

(3) his an (p,T,0, M1, Ma)-contraction.
Proof. Note that MY = {0}, MY = {0}, p(My, M) = 0 and p(Ma, M;) = 0.

To prove that h is an (p, 7,0, M1, Ms)-contraction. Given r,s € M;. we discuss the

following cases:

Also, define
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Case 1: » = s = 0. Here, we have

p(ho, hO) =0 < T(p(’r‘, 5)) + O'(p(s,h?") - p(MhMQ)’p(T? hs) - p(MlvMQ)v

p&ﬁﬂ—pwﬁﬂb%M&m)—MMhMﬂ)

Case 2: r =0 and s # 0. Here, we have

mmmﬂzis}szmm+a@wmmmimmﬁWMam0.

Case 3: r # 0 and s = 0. Here, we have
2 1 1
plt 10) =2 < = 7(p(r,0) + o (0. ). (100,001 7). 0, 10) ).

Case 4: r # 0 and s # 0. Here, we have
11
p(hr, hs) = p( > =

’
r s

1 1

r S

1
- 2.2
+ - (2.27)

and

7(p(r; ) + U(P(& hr) = p(My, M), p(r, hs) — p(My, My),

Mnmﬁ—MMhMﬁm@ﬁ@—pMﬁﬂbo

s+ arto(ls— 2 +slr— 2|+
=—lr—s|l+=-r+o{ls——|+s,|[r——|+r
) 2 r ’ s ’

1 1
r—+r,|s—|+s>. (2.28)
T s
By comparing (2.27) with (2.28), we conclude that

p(hr,hs) < T(p(T,S))ﬂLU(ﬂ(svh?")—p(M1,M2)7p(nh8)—p(MuMz),

p(ryhr) — p(My, M), p(s, hs) — p(Mq, M2)>

Hence we deduce that h is an (p, 7,0, My, Ms)-contraction.
Theorem 2.1, ensures that i has a best proximity point in M.
O
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