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FIXED POINTS FOR A CLASS OF EXTENDED INTERPOLATIVE
YF-CONTRACTION MAPS OVER A )-METRIC SPACE
AND ITS APPLICATION TO DYNAMICAL PROGRAMMING

Sayantan PANJA', Kushal ROY?, Mantu SAHA3

This article deals with a class of extended interpolative Reich-Rus type yF'-
contraction mapping and the existence of their fized points over b-metric spaces. Several
examples have been given in support of our established theorem. Also an example has
been presented here to show that our proposed contractive mapping is a real general-
ization of YF-contraction mappings. Moreover, an application is given to ensure the
existence of solutions for some functional equations relating to the problem of dynamical

programming.

Keywords: b-metric space, Fixed Point, Extended Interpolative Reich-Rus type ¥ F-

contraction, Dynamical Programming.

1. Introduction

The study of fixed point theory is one of the important area of research in Mathe-
matical Sciences. The study of mappings together with their characterizations for searching
of their fixed points is a central topic in fixed point theory. The most celebrated work in
this area goes back to 1922 due to Polish Mathematician S. Banach [4] and the result is
known as Banach Contraction Principle. The fixed point theory is applicable for solving
differential equations, integral equations, system of linear algebraic equations and also in
many diversified areas namely optimal control theory, probabilistic theory, homotopy theory,
approximation theory, optimization theory, mathematical economics and the like. Following
the discovery of Banach Contraction Principle, the area of fixed point theory, particularly
in metric fixed point theory had been flooded by the works of many researchers who had
been able to generalize Banach contraction principle in different directions. On examining
the utilities of fixed point theorems along with their extended versions, one can see that
extensions could be done on the choice of mappings and the underlying spaces in which such
class of mappings had been used (we may refer to [9], [11], [15], [23], [25], [26]).

In 2018, E. Karapinar[16] introduced a new type of contractive mapping via interpo-
lation, called Interpolative Kannan Contraction on a metric space and proved a fixed point
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theorem of it. Subsequently by re-defining the definition of Interpolative Kannan Contrac-
tion, Karapinar et al. [17] had been able to show that the fixed point of Interpolative Kannan
contraction mapping may not be unique. Motivated by the background of this literatures,
E. Karapinar had been succeed to introduce the notion of interpolative Cirié-Reich-Rus type
mappings for searching of their fixed point theorems on a metric space (see [17]).

In the year 2012 Wardowski [29] introduced a new type of contractive map over
a metric space with the help of a certain class of functions F' : (0,00) — R, called F-
contraction and proved a fixed point theorems over a complete metric space. Subsequently
many authors have generalized and extended the result of F-contraction in various ways by
the choice of new type of contraction maps and appropriate underlying spaces ( for these
we may refer [1], [10], [14]).

Inspired by the works of Wardowski’s [29] F-contraction, in 2016 Nicolae-Adrian
Secelean et al. [27] defined a new contraction mappings called i F-contraction for a larger
class of functions than those of F-contraction by choosing a new class of functions ¥ defined

below and proved a fixed point theorem of it over a complete metric space :

\I/::{Q/J:R—HR‘

1) is monotone increasing and }

Y™ (t) > —ocasm — oo for all t € R

where ¥™ denotes the n-th composition of .
Recently in 2019 B. Mohammadi[20] extended the result of Karapinar [17] by using
F-contraction, namely extended interpolative Ciiri¢-Reich-Rus type F'-contraction.
Influenced by the review of literatures, in this article we introduce the extended version
of Reich-Rus type interpolative v F-contraction map over a b-metric space and prove a fixed

point theorem of it. Examples are also given in support of our theorem.

2. Preliminaries

Wardowski [29] considered the following class of functions to define F-contraction.
Let F': (0,00) = R be a strictly increasing function satisfying the following conditions:
(F1) For every sequence {z,,} € (0,00), lim, 00 , =0 <= lim,, o0 F(z,) = —0 .
(F2) There exists a constant k € (0,1) such that 2*F(z) — 0, when  — 0%.
Let .# denotes the class of all such functions F' defined as above. Some examples of such

functions could be found in [29]. The following examples are given below for ready references.

Example 2.1. Let F: (0,00) = R defined by

(1) F(z) =Inz.

(2) F(x)**ﬁ, 0<m<1.

(3) Flz) =2z +Inx.

(4) F(z) = In(z + 2?)

o) Py =] 5, 10TV

Remark 2.1. Linear combination of any two members of F is also a member of F .
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Definition 2.1. [29] In a metric space (M,d) a mapping T : M — M is said to be an
F'-contraction if there exists F' € F and there exists a positive real number T such that

7+ F(d(Ty, Tv)) < Fd(p,v)) 1)
for all p,v € M with Ty # Tv.

In [29] Wardowski proved that, in a complete metric space (M, d), an F-contraction
mapping T : M — M possesses a unique fixed point.

Lemma 2.1. If¢ € U then (t) <t for allt € R.

Proof. To the contrary assume that, there exists ¢ € R such that (') > ¢. Since ¢
is increasing so for every natural number n, successively we have ¥™(t') YLt >
YY) > oo > p2(#) > () >t which contradicts that " (t) — —oco as n — oco.
Hence the proof is done. O

2
>

Definition 2.2. [27] In a metric space (M,d), a mapping T : M — M is said to be PF-
contraction if there exists F € F and 1 € ¥ such that

F(d(Tw,Tv)) < (F(d(p,v))) for all p,v € M with T # Tv. (2)

A 4 F-contractive self-mapping T" over a complete metric space possesses a fixed point
in it, and fixed point need not necessarily be unique.

Definition 2.3. [17] In a metric space (M,d) a mapping T : M — M is said to be inter-
polative Kannan type mapping if

d(Tp, Tv) < w(d(p, Tp))*(d(v, Tv)) = 3)
for all p,v € M\ Fix(T) and for some k € [0,1), a € (0,1).

In a complete metric space (M, d), every interpolative Kannan type mapping has a
fixed point.

Definition 2.4. [17] In a metric space (M,d) a mapping T : M — M is said to be in-
terpolative C'irié-Reich-Rus type contraction if there ewists r € [0,1) and o, B € (0,1) with
a+ B <1 such that

d(Tp, Tv) < K[d(p, v)]*[d(p, T))°[d(w, Tv)]" =P (4)
for all p,v € M\ Fix(T).

In a complete metric space (M, d), an interpolative Cirié-Reich-Rus type contraction
admits a fixed point.

Definition 2.5. [20] In a metric space (M,d), a mapping T : M — M is said to be an
extended interpolative Ciri¢-Reich-Rus type F'-contraction if there exists F € % such that
for all p,v € M\ Fix(T) with Tu # Tv,

r 4 F(d(Tp, Tv)) < aF(d(u,v)) + BF(d(u, Tw) + (1 - a - HF[AW,Tv))  (5)

for some o, B € (0,1) with o + B < 1 and for some positive real T.
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Theorem 2.1. [20] In a complete metric space (M,d), an extended interpolative Clirié-
Reich-Rus type F-contraction T : X — X assumes a fized point.

In 1998, Czerwik initiated the concept of b-metric spaces (see [12]) which is defined as
follows. After that several researchers took an attempt in the investigation of the existence of
fixed points for single and multivalued mappings and to prove several fixed points theorems
on such b-metric spaces. Some of them are referred in the literatures of fixed point theory
(see [2], [3], [21], [24], [28]).

Definition 2.6. [12] Let M be a non-empty set and s > 1 be a real number. Then the
mapping d : M x M — [0,00) is said to be a b-metric on M if the followings hold:
(Bl) u=v <= d(p,v) =0 for all p,v € M.
(B2) d(p,v) = d(v, p) for all p,v € M.
(B3) d(u, 0) < s[d(u,v) + d(v, 0)] for all p,v, 0 € M.

We then say that (M, d, s) is a b-metric space. It is clear that the class of b-metric
spaces is larger than the class of metric spaces.

There are various examples of b-metrics which could be found in [7], [13], [22]. The

following are some examples of b-metric spaces.

Example 2.2. (1) Consider the space Z of all positive integers. Define d : Zt x ZT — R
by

0 ifz=y
dz,y)=q L f10" | (x—y) but10"f(z—y) forn>1.
% elsewhere

Then (Z*+,d) forms a b-metric with s = 2.

(2) Consider that space M := {p, q,r,s}. Defined: M x M — R by

0 whenzx=y
5 when (z,y) € {(p,q), (¢,p)}
dey) = 1 when (z,y) € {(¢,7), (r,q)}
1 when (z,y) € {(p,7), (r,p)}
3 when (z,y) € {(p,s),(s,p)}
2 when (z,y) € {(q,5),(s,q),(r,5),(s,7)}

Then (M, d,4) forms a b-metric space.

(3) [22] For any metric d on a set M, the function d'(u,v) = d(u,v)®, where a(> 1)
is real number forms a b-metric on M with s = 2471,

(4) [7] The sequence space l,, := {(xn) cR

Z|a:n|p < oo} (0 < p < 1) with the

n=1

[e'e) 1/17
function d(z,y) = (Z |x, — ynp> , where © = (x,) and y = (yn) forms a b-metric with
n=1
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s =2U/P,

(5) [7] The space L,[0,1] := {.T(t) /0 lz(t)]P < oo} (0 < p < 1) with the function

1 1/p
d(z,y) = (/ |z(t) — y(t)|P dt) , where x,y € L,[0,1] forms a b-metric with s = 2'/P.
0

(6) [13] Consider the space M = [0, 2] with the function d : M x M — [0,00) defined

by
(u—v)®>  when p,v € [0,1]
d(p,v) = ﬁ — V% when p,v € [1,2]
|u— v elsewhere

Then (M, d,2) forms a b-metric space.

3. Main Result

First we define extended interpolative Reich-Rus type 1 F-contraction.

Definition 3.1. In a b-metric space (M, d, s) with s > 1, we say that a mapping T : M — M
is an extended interpolative Reich-Rus type 1 F -contraction if there exist F € F and ¢ € ¥
such that for all p,v € M\ Fix(T) with Tu # Tv,

F(sd(Tp,Tv)) < ayp(F(sd(p,v))) + b0 (F(sd(p, Tp))) + cp(F(sd(v, Tv))) (6)
for some constants a,b,c € [0,1] with0 <a+b+c < 1.
Theorem 3.1. Let T : M — M be an extended interpolative Reich-Rus type ¥ F'-contraction
over a complete b-metric space (M,d,s). Let wg € M\ Fiz(T) be such that the series

Yon W”(F(sﬁo))rl/k is convergent, where the constant k € (0,1) comes from (F2) and
Bo = d(wg, Twp). Then T admits a fized point in M.

Proof. Starting from wy € M \ Fixz(T), generate the sequence {w,} given by w, = Tw,_1
foralln=1,2,---.
If there exists m € N such that w,,, = wy,+1 then w,, is a fixed point and then we have done.
So suppose Wy, 7# wm+1 for all m € N. Then using 6 we can have,
F(sd(wpt1,wn)) = F(sd(Twy, Twn—1))
< ayp(F(sd(wn,wn—1))) + b (F(sd(wn, wn+1))) + b (F(sd(wn—1,wn)))
(7)

Now we claim that d(wy,, wn+1) < d(wp—1,wy). Ifnot, then d(w,—1,wy) < d(wn,wnit1)-
As ¢ and F both are increasing so we can write ¥(F (sd(wp—1,wn))) < ¥(F(sd(wn,wn+1)))-
Therefore from (7) we have,

F(sd(wnt1,wn))) < (a+b+ ) (F(sd(wns1,wn)))
< Y(F(sd(wpt1,wn))), asa+b+ec<1.
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— a contradiction, since 1(t) < t for all ¢ € R. Thus our claim stands.

Now by (7) we see that,

F(sd(wni1,wn)) < (a+ b+ c)P(F(sd(wn, wn-1)))
P(F(sd(wn,wn-1)))

¥ (F(sd(wn-1,wn-2)))

°

( (Sd(wn_% wn—3)))

INIA

IN

< P (F(sd(wr,wo))) (8)
— —00 as n — 0.
Therefore lim,,, o F(sd(wp+1,wy)) = —oo, which implies that lim, e sd(wpt1,wn) = 0.
Define, 8, := d(wn,wnt1). i.€., $B, — 0 as n — oo. Then there exists k& € (0,1) such
that(sB,)*F(sB,) — 0 as n — 0o. Again from (8), F(s3,) < ¥"(F(sB0)). As ¥(t) < t for
all £ € R we have the relation
(Sﬂn)kF(sﬂn) < (Sﬂn)k¢n((F(5B0)) < (Sﬂn)k(F(SBO))
Thus by Sandwitch Theorem, lim,, . 859" (F(sf0)) = 0. So corresponding to € = 1, there
exists ng € N such that 3, < |1/J"(F(sﬂo))|_l/k, whenever n > ng.
Hence,
d(wn, wnp) < 8 [d(wn, wny1) + d(wn g1, Wnip)]

< Sd(wna Wn-l-l) + s [d(wn+1vwn+2) + d(wn+2vwn+p)]

< sd(wn, wnt1) + 82 d(Wnt1,Wnt2) + o + P d(Wntp-2, Wnp—1)
+ Sp_ld(wnﬂklv Wntp)

< Sﬁn + SZBnJrl +--- 4+ Spﬁnerfl

n+p—1 n+p—1
<% h < S W
r=n
Since the series > |¢"(F (s80))] /¥ is convergent, so for every p = 1,2,--- we have

d(wp,wn4p) — 0 as n — oo and consequently {w,} is a Cauchy sequence in M and by
completeness of M, {w,,} is convergent. Let lim,,_, oo wy, = w € M.
Now if Tw = w then there is nothing to prove. So suppose Tw # w.
Then
F(sd(wpt1,Tw) = F(sd(Twy,, Tw)
< ayp(F(sd(wn, w))) + by (F(sd(wn, wnt1))) + cp(F(sd(w, Tw)))
< aF(sd(wn,w)) + bF (sd(wpn,wn+1)) + c¢F(sd(w, Tw))

— —0O0 , a8 n — OQ.
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follows that lim,, e d(wp41,Tw) = 0. i.e., d (lim, wp41,Tw) = 0, i.e., d(w, Tw) = 0, proves
that w € M is a fixed point of T'. O

Example 3.1. Consider the sapce M = {1,2,3,4} and define a function d : M xM — [0, 00)
by

0
2 when (p,v) € {(1,2),(2,1)}
. v) = 3 when (u,v) € {(2,3),(3,2)}
1 when (p,v) € {(1,3),(3,1)}
3 when (u,v) € {(1,4), (4,1)}
3 when (u,v) € {(2,4),(4,2),(3,4),(4,3)}
2

Define a map T : M —->Mbyl—3,2—1,3+— 3 and 4 — 4.

Choose F(z) = +Inz and ¢(t) =t — . Then F € .F with k = 2 in (F2) and ¢ € ¥
where Y"(t) =t — {5. Then T is an extended interpolative Reich-Rus type ¢ F'-contraction

(6) witha=b=c= %, for the chosen F € % andy € V.
If we take wy = 1 then By = d(wo,Two) = 1 and then the series ) |¢"(F(sﬂ0))|_1/k
becomes convergent. Thus all the conditions of the Theorem 3.1 are satisfied.

Clearly it is seen that p = 3 and p = 4 both are fived points of T in M.

Example 3.2. The space M = [0,4]U{5,6} equipped with d(u,v) = |u—v|? for all p,v € M
forms a b-metric with s = 2.
Define a map T : M — M by

5 Lifpel04u{s}
4 ifu=6

T(p) =

Take F(z) =Inz. Then F € F with k = § in (F2); and take ¥(t) =t — 5 € ¥. Then
T is an extended interpolative Reich-Rus type ¢ F contraction (6) with a =b = ¢ = %, for
the chosen F and 1.

Also it can be easily verified that all the conditions of the Theorem 3.1 are satisfied.

Clearly T has a fixed point 5 € M.

Corollary 3.1. If we take a = 1, b = 0, ¢ = 0 and s = 1 in (6) then it reduces to
WF-contraction (2).

There may be a mapping T : M — M which is an extended interpolative Reich-Rus
type ¥ F-contraction but not necessarily a 1 F-contraction. The following example supports

our contention.

Example 3.3. Consider the space M = {1,2,4,5,6} C R equipped with the usual metric d,,
of R. Then X is complete metric space trivially (more precisely X is a complete b-metric

space with s = 1).
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Define a map T : M — M by

4 Lifp=1
T(p)=45 ,ifu=2
6 ,ifpe{4,56}

We claim that T is not a Y F-contraction map. If it is so, then by taking u = 1,v =2

and using Lemma 2.1 we have,
F(1)=F(dy(Tp,Tv)) < (F(du(p,v))) < F(du(p,v)) = F(1), a contradiction.

Now we will show that T is an extended interpolative Reich-Rus type ¥ F-contraction.
To verify this we choose F(x) =Inz, ¢(t) =t —0.1 and a =0.1, b=10.8, ¢ =0.1.

Case 1: When =1 and v =2 then,

0=F(1) = F(du(Tp,Tv)) < ayp(F(du(p,v))) + 0(F(du(p, Th))) + cb(F(du(v, Tv)))
V(F(1)) + by (F(3)) + cp(F(3))
(0—0.1)+0.8(In3—0.1) +0.1(In 3 — 0.1)

1
.59

([
HOQ

Q

Case 2: When =1 and v =4 then,

0.69 ~ F(2) = F(dy(Tu, Tv)) < a

Y(F(du(p, ) + bp(F(du(p, Tp))) + cp(F(du(v, Tv)))
ap(F(3)) + b(F(3)) + c(F(2))
0.1(In3 — 0.1) + 0.8(In3 — 0.1) + 0.1(In2 — 0.1)
0.96

Q

Case 3: When p=1 and v =5 then,

0.69 ~ F(2) = F(du(Tp,Tv)) < ap(F(du(p, v))) + 0 (F(du(p, Tw))) + ctp(F(du(v, Tv)))
ap(F(4)) + by (F(3)) + cvo(F (1))

0.1(In4 — 0.1) + 0.8(In3 — 0.1) + 0.1(0 — 0.1)

0.92

Q

Case 4: When =2 and v = 4 then,

0=F(1) = F(du(Th,Tv)) < a(F(du(p, ) + bb(F(du(pt, Tp))) + cp(F(du(v,Tv)))
ap(F(2)) + b(F(3)) + c(F(2))

0.1(In2 — 0.1) + 0.8(In3 — 0.1) + 0.1(In 2 — 0.1)

0.92

Q
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Case 5: When =2 and v =5 then,
0=F(1) = F(du(Tp, Tv)) < app(F(du(p, v))) + bp(F(du(p, Tr))) + cp(F(du(v, Tv)))
=ap(F(3)) + b (F(3)) + c(F(1))
=0.1(In3—-0.1) + 0.8(In3 — 0.1) + 0.1(0 — 0.1)
~ 0.89

Thus all the cases are verified. Moreover it can be shown that T satisfies all the
conditions of the Theorem 3.1. Also it is clear that p =6 € M is a fized point of T

Corollary 3.2. If we consider in particular, ¥(t) = t—k for some constant k > 0 and s = 1

then (6) turns into
F(d(Tu,Tv)) < aF(d(u,v)) + bF(d(p, Tw)) + cF(d(v, Tv)) — (a+ b+ c)k.

which, is nothing but extended interpolative C'irié-Reich-Rus type F-contraction (5) with T =
(a+b+c)k > 0.

Corollary 3.3. Assuming the constants a > 0, b > 0 such that a+b+c =1 and Y(t) =t—p
for some constant p > 0, we consider F'(x) =Inz and s =1 in (6). Then we get,

Ind(Tp, Tv) < alnd(p,v) +blnd(p, Tu) + clnd(v, Tv) — p,

from which it follows that T is an interpolative Ciirié-Reich-Rus type contraction (4) with
k=e"Pel01).

4. An Application to Dynamical Programming

In 1957, Bellman [5] first introduced the existence and successive approximations of
solutions for the various functional equations arising in dynamical programming, one of them

is as follows:
f(t) = sup {n(t,t) + G(t, ', fla(t, 1))} (9)

where X and Y are Banach spaces over the field R. 8 C X denotes the state space (i.e.,
the set of initial state, action and transition of the process) and D C Y denotes the decision
space (i.e., the set of all possible actions of the process) and t,t' denotes the state and
decision vectors respectively.

Here, f(t) denotes the optimal return function with initial state ¢ and p : § x D — R,
q:8xD—-8,G:8xD xR — R. Thereafter several authors analyses the properties of
solution of several functional equations arising in dynamical programming and solve them
by using various fixed point theorems. For these we may refer to [6], [8], [18], [19].

Let By(8) := set of all real-valued bounded functions on §. We define a norm on
Bi(8) by ||0]] = sup,eslf(t)| for all 6 € Bq(S). Then (Bq(S),].]]) forms a Banach space
equipped with the metric defined by d(0,9) := sup,c5|6(t) — 9(t)| for all 8,9 € By(8).

Now we are going to discuss the existence of the solution for the functional equation
(9) by using Extended interpolative Reich-Rus type ¢ F-contraction. For this first we define
an operator 1" : By(8) — By(8) by

@) = fS}elg{p(t, t)+ Gt flalt, 1)} (10)
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for all f € By4(8). Clearly if the functions p and G are bounded then 7" becomes well-defined.

Theorem 4.1. Let T : Bg(S8) — Ba(S) be an operator defined by (10) and suppose the
following conditions hold.

(A1) p:8xD =R and G:8 x D xR — R are continuous and bounded.

(A2) For all 0,9 € B4(8) \ Fix(Y), G satisfies

G(t,t,0(t)) — G(t, ¢, 9(t))] < %{*’/d(@, 9).d(0,76).d(9, T9) (11)

for all (t,t,0(t)), (t,t',9(t)) € 8 x D x R. Then the functional equation (9) has a bounded
solution.

Proof. Let € > 0 be arbitrary real number and let 0,9 € By(8) \ Fixz(Y). Then there exists
t},t5 € D such that for all t € 8,

p(t 1) + G(t, 11, 0(q(t, 1)) > TO(t) — €, (12)
Pt ty) + Gt t5,9(q(t, 1)) > TI(t) — €, (13)
Yo(t) = p(t, ty) + G(t,t5,0(q(t, t5))) (14)
To(t) = p(t, 1) + G(t, t1,9(q(t, 1)) (15)

Now equations (12) and (15) yield the following
YO(t) — Ti(t) < G(t, 11, 0(a(t, 1)) — G(t, 11, 9(q(t, 1)) + €
|G(t,t1,0(q(t, £1))) — G(t, £y, 9(q(t, £1)))] + €

IN

IN

L /a0, 9).d(0, T0).A(0,T0) + ¢ , for all ¢ € § (16)
e

Similarly equations (13) and (14) yield

T9(t) — TO(t) < é{/d(@, 9).d(0,70).d(9,79) + ¢ , for all t € § (17)

Now combining (16) and (17) we can write

70(t) — TI(t)] < é{/d(@,ﬂ).d(@,T&).d(ﬁ, T9) +¢, foralltes. (18)

Since € > 0 is arbitrary, we have |Y0(t)—19(t)| < 1 3/d(6,9).d(0,70).d(0,70) , for all t € 8
and thus d(Y0,79) < 1 {/d(0,9).d(0,70).d(9,70). Taking logarithm both sides,

Ind(Y0,79) < —1+ éln d(o,9) + %m d(6,79) + éln (9, 19)

é[ln d(6,9) — 1] + %[m d(0,70) — 1] + %[m d(9, 79) — 1].

It is observed that the above inequality is nothing but extended interpolative Reich-Rus

type @ F-contraction (6) for the operator 7', taking F(z) = Inz € %, ¢(z) =2z —1€ U,

a:b:c:%ands:l.

Again we have ¢¥"(x) = x — n and for any 0y € By(S) \ Fiz(Y), Bo = d(00,70y) =
sup,cs |0o(z) — Y0o(x)] € RT. Then the series Y, [¢"(F(Bo)|~*/* becomes convergent
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whatever the value of k € (0,1). Hence by Theorem 3.1, 7" has a fixed point in B4(8) and
consequently the functional equation (9) has a bounded solution.
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